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PREFACE. 



Those who are familiar with the subjects of which the 
present volume professes to treat, will readily recognize the 
sources whence most of its materials are drawn. In the use 
of these materials, no distinction of principle is made between 
SOUND and light. Both are regarded and treated as the 
effects of certain disturbances of that particular state of mole- 
cular equilibrium which determines the ordinary condition of * 
natural bodies ; the only difference being in the media through 
which, these disturbances are propagated, and in the organs 
of sense by which their effects are conveyed to the mind. 
The study of Acoustics is, therefore, deemed to be not only a 
useful, but almost a necessary preliminary to that of Optics. 

In the preparation of the part relating to Sound, great use 
was made of the admirable monograph of Sir John Herschel, 
published in the EncyclopoBdia Metropolitana ; and whenever 
it could be done consistently with the plan of the work, no 
hesitation was felt in employing the very language of that 
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eminent phflosoplier. Mucli valuable matter was also drawn 
from Mr. Airy's Tracts, and from the labors of Mr. Robison 
and M. Feschel. 

In addition to the works of the authors just cited, those of 
Mr. CoDDiNGTON, Mr. Powell, Mr. Lloyd, Sir David Brew- 
ster and M. Babinet were freely consulted in constructing 
jthe part relating to Optics. 
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§1. The principle wHch connects ns with the external 
world through the sense of hearing, is called sound ; and 
that branch of Natural Philosophy which treats of sound, 
is called Acoustics. 

To explayi the nature of sound, the laws of its propaga- 
tion through th^ various media which convey it to our . 
ears, the mode of its action upon these organs, the modifi-oijjectaof »ooni. 
cations of which sound is susceptible in speech, in music **«• 
and in unmeaning noise, as well as the means of pro- 
ducing ancl regulating these modifications, are the objects 
of acoustics. 

§ 2. All impressions derived through the senses, imme- ^^^oi^ ^ 
diately follow and may, therefore, be said to arise from 
peculiar conditions of relative motion among the elements 
of which certain parts of our physical organization are 
constructed. These conditions are mainly determined by ^^^^^^^ 

canfie seDsatioA 

the internal state of the bodies with which we are in sen- detennined. 
sible contact ; and it is entirely from the transfer of worh, 
in the form of molecular living force, from them to our 
organs of sense, that all impressions from the external ^"^^^"^ 
world arise. This transfer is unaccompanied by transfer 
of material, and the agents are the molecular forces that 
determine the physical condition, and, therefore, the sensi- 
ble qualities of all bodies. 

§ 3. We have already referred, in the introduction to 
the first volume, to ^oscovich's views upon this subject, 
and shall now give some illustration of the mode in which, 
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according to that distinguished philosopher, all bodies are 

formed. 
Exponential ^^^ ^^^^ purpose let US resumc the exponential curve as 

eoTT*; exhibited in the annexed figure, and which Boscovich sup- 



Fig.!. 



Attractive 
ordinates; 
Bepulsiye 
ordinates ; 



Neutral points; 

Temporary 
molecule; 

Permanent 
molecule ; 



"When 

permanence 

exists. 




on 



poses to represent the law and intensity of the action of 
one atom of a body upon another. We have seen that the 
ordinates of those portions of the curve which lie above 
the line A (7, denote the attractive, while the ordinates of 
the portions below, represent the.repulsive energies of an 
atom A for another atom situated anywhere upon this ' 
line. That at the points C\ D\ C'\ D'\ in which the curve 
intersects the line A {7, the reciprocal action of the atoms 
reduces to nothing, and the atoms become neutral. Also 
that an atom situated at J?', i>," or i>,'" and the atom A 
constitute a temporary moZ^^mfe, while the molecvle formed 
of the atoms A and O^A and (7', or A and C'\ has a cer- 
tain degree of permanence, resisting compression and dila- 
tation, and tending to regain its original bulk when the 
distending or compressing cause is withdrawn. But this 
permanence only obtains when the disturbing force is such 
as to change the interval between the atoms by a distance 
less than that which separates the consecutive positions of 
neutrality ; for if the molecule J. 0\ for example, be com- 
pressed into a less room than A D\ the atom originally at 
(7", will not return to that point, but will be attracted by 
j4, and the molecule will tend to collapse into the bulk 
A G\ HA G" be stretched beyond the bulk A B'\ it 
will tend to take the dimension J. C7'". The only mole- 
cule that cannot be permanently changed by compression 
is AC. 
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Fig. 8. 



The component atoms of molecules thus constituted are, 
when in a state of relative equilibrium, in a condition of 
inactivity upon each other. The approximation or sepa-Howtherecipw 
ration of the atoms by the application of some extraneous ^'^^^^ 
cause, gives rise to the exertion of the repulsive or at- cited, 
tractive forces inherent in the atoms, and thus these forces 
m^j be said to be excited or brought into action. The 
compression or dilatation is the occasion^ not the efficient 
cause of the attractions and repulsions among the atoms. 

§ 4. The intensity of the atomical forces determines the Form of the «>• 
fonn of the exponential curve. If a ^^ "^^T* 

very moderate force produce a sensi- 
ble displacement of the atoms, the 
ordinates E' d\ and Ed^ on each side 
of the position C\ of inactivity, must ""^ 
be short, and the exponential curve will cross the axis very 
obliquely, in order that the ordi- 
nates expressing the attractive and 
repulsive forces may increase slowly. 
If, however, it require great force 
to produce a sensible compression or 
dilatation, the curve must cross the 
axis almost perpendicularly. But in 

every case it must be remarked, and the remark is most sman oompres- 
important, that when the compression or distension bears "*®° "*^ ^'^■' 
a small proportion to the distance between the neutral 
positions of the atoms, the degree of compression or dis- 
tension will be sensibly propor- 



^c JS 



Fig.& 




, Bion. 



Fli^l. 



d' 



1. 



\c' 




r^,jg. 



tional.to the intensity of the dis- 
turbing force. For, when the 
displacement D'E or D'E' is 
very small' in comparison to 
C Z>\ the elementary arc dD'd' 
will sensibly coiacide with a 
straight line, and the ordinates 

E d and E' d\ be proportional to the compression D' E 
or distension D' E\ That is to say, because action and 
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Fig.4 




Their reactlon are equal, a disturbed 

consequenoea. ^^^^ ^^^ U Wgcd locJc Uh 

wards its position of neutrality 
by a force wkose intensity is 
proportional to the distance of 
the atom from that point. 

Moreover, supposing the atom 
-4, Fig. 4, to be kept station- 
ary, and the points JEJ and JE\ to mark the limits of 
the disturbance of the other atom, this latter will return 
to its position of neutrality D\ with a living force due to 
the action of the force of restitution over the path E D\ 
. or E* D'; it will, therefore, pass the point D\ after which 
the direction of the action will be reversed, the living 
force will be destroyed, the atom will again return to its 
Perpetual osciUa- Position of neutrality, which it will pass as before, and for 
tton; the same reason, and thus be kept in perpetual osqillation. 

• But the action between the two atoms of the molecule be- 
ing reciprocal, the atom A will not remain stationary, but 
will move in the same direction as the disturbed atom and 
tend to preserve its neutral distance, and the oscillation 
Checked. t^^^t would othcFwise contiuuc will, therefore, be checked. 

Action of the rim- § 5. Let US ucxt take the case of a molecule of the sim- 
plest moiecuie on piest constitution, to wit, one composed of two atoms, and 
examine its action on a third atom situated on the prolon- 
gation of X Z", joining its elements. 



Pig.& 




Fltstcase; 



Suppose a molecule X T", composed of the two atoms 
JTand Y^ which are placed, the former at A^ and the lat- 
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ter at the last limit of cohesion C, Fig. 5. The dotted and e^»*»«*» 

' o carv«e of tbe 

waving curve beginning at y"and running towards (7, will component 
represent the exponential curve of the atom X, in that *'**"**• 
direction, while the similar curve beginning at the point 
E^ will represent that of the atom Tj and the full curve 
C A D' R'C A!' &c., of which the ordinate corres- 
ponding to any point of the line A C^ is equal to the alge- 
braic sum of the ordinates of the dotted curves correspond- 
ing to the same point, will be the exponential curve of the Tiiat of the 
molecule X Y^ and will give the action of the molecule ™<>^««'^«i 
upon a third atom placed any where on the line A C be- 
yond Y. The curve has been carefully constructed ac- 
cording to the conditions of the case, and shows by simple 
inspection how different the action of even the simplest 
molecule is from that of a single atom. The neutral posi- Neatrai posuiont 
tions of an atom with respect to this molecule will be at rLjl^ctTtirto"* 
^5 (7, 2?', C\ i>" and so on to O. A curve having a moiecuie ; 
cusp at J., the middle point of the distance X Y^ and 
diverging so as to be asymptotic with the lines c h and c' h\ 
will give the law and intensity of the action on an atom 
situated between Xand Y. 



§ 6. If instead of placing the atoms at a distance apart second < 
equal to that of the last limit of cohesion from -4, as in the 
last case, we had supposed them separated by the distance 
A (7\ Fig. 1, the resulting exponential curve would have 
been still more unlike that of a single atom ; for in that case 



Fig. «. 



r\ r\r\rv\ 





KJ U 



several of the attractive branches. Fig. 6, of one of the atomi- 

cal curves would have stood opposed to the repulsive ®^'''""«~'"** 

^^ * on an atom. 

brauches of the other, and the molecule thus rendered in- 
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active on a third atom till the 
latter be removed nearly to the 
furthest limit of the scale of 
corpuscular action. This third 
atom will, therefore, admit of 
considerable latitude of displace- 
ment without much opposition 
Xxempiiflcatioxu or any great effort to regain its 
primitive position; a fact we 
often see exemplified in the class 
of liquid bodies. 



FI^T. 



Third c 



Construction ; 



Construction of 
the exponential 
curve giving the 
action of a 
molecule on an 
atom. 



§ 7. Let us now take the 
molecule composed of two atoms 
placed at the limits A and C'\ 
Fig. 1, and examine its action on 
a third atom somewhere on 
the line B B\ which bisects at 
right angles the distance A G'\ 
Suppose the third atom placed 
at z. Join z with A and (7', and 
construct the single atomical 
curves of A and G" in reference 
to ^5 and suppose the atom z in 
Fig. 7, to have a position with re- 
spect to A and C\ correspond- 
ing to any position ];>etween J?" 
and C"\ Fig. 1 ; thus situated, it 
will be repelled both by A and 
C'\ Fig. 7. In a pair of dividers 
take the ordinate z m. Fig. 1, and 
lay it off from ^, on the prolong- 
ations oi Az and Cz^ Fig. 7, 
and construct the parallelo- 
gram z m n m'\ the diagonal 
z ^, will represent in direction 
and intensity the action of the 
molecule A C" on the third atom. 




(T 




Draw a perpendic' 
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nlar to B B' through the point 2, and take the distance 
R!' equal to s ti, the point R'^ will be one point of the 
exponential curve of the molecule A C" in the direction 
B B\ Other points being determined in the same way, the 
waved lines of Fig. 7 will indicate the action sought; 
the ordinates of the branches j4', J.", J.% &c.,on one side 
of B B\ denoting attractions, while those of the branches 
R\ B!\ K'\ &c., on the opposite side, denote repulsions; 
We see that this action differs remarkably from that of Action diiibw 
a singlfe atom. The curve hais, to be siu-e, like that of a ^^^[t^ ***** 
single atom, many alternations of attractions and repul- 
sions, but these alternations become less marked as they 
approach the molecule ; and instead of insuperable repul- 
sion at the greatest vicinity I^ we find there a neutral 
point. Moreover, iq approaching the molecule, the repul- 
sive action ceases at D\ where attraction begins and con- 
tinues, so far as there is any action, aU the way through 
to D' on the opposite side of A {7". This molecule is ever 
active when approached aloiig the line B B\ except at 
certain neutral positions where the direction of the action 
is reversed, and is easily penetrable in this direction, 
whereas along the line -4 <7" it exerts little or no action 
within certain limits, and is capable of an infinite repul- 
sion within its last limit of cohesion. Thus we see that 
even in this simplest constitution of a molecule, the action 
on an atom is susceptible of great variety by mere diffe- 
rence of position and distance between its component 
atoms ; and it would be easy to show that while the law 
of the atomic action in all bodies is the same, the reci- , ^ , , 

' Law of atomic 

procal action of the molecules com- 
pounded of these atoms may be un- y,g. g^ 
gpeakably various according to the 
relative position and distance of the 
component atoms. 

§ 8. Confining; for the present, 
the motion of the third atom to the .- 
plane of the. lines A G" and B B\ 




action the same 
in all bodies. 
Beciprocal action 
of molecules 
infinitely yarioas» 
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Aedonofa 
molecule on an 




Fig. 7, we see that when it is at s, 
it is repelled by the molecule A C"\ 
when at z* it is attracted, and 
the action is reduced to nothing 
at the point 2>". When the atom is 
drawn aside from its neutral position 
P'\ say to z*\ Fig. 8, it will be re- 
pelled by C* and attracted by -4, 
because the distance from the former 
will be diminished, while that from A will be increased. 
Take «" A to represent the intensity of the repulsion and 
z" that of the attraction ; complete the parallelogram 
s" A g', and we shall j&nd the molecille urged to its neu- 
tral position 2>" by a force whose intensity and direction 
are represented by the diagonal 3" y ; so that, so far as the 
action in the plane A (7" D" is concerned, U* is a posi- 
tion of stable equilibrium, and the three atoms -4, C" and 
2?" will constitute for moderate displacements a peimanent 
molecule, presenting an elementary surface having length 
and breadth. The same would be true were the third 
atom placed at 2>' or 2>'", &c., Fig. 7. 
Oscillation of the The disturbed atom when at 3" being urged back to its 
dtotnxbedatom; ^^^^^ of neutrality by the molecule A <7", will reach that 
point with a certain amount of living force, due to the ac- 
tion of the force of restitution over the path from s" to 2>" ; 
it will, therefore, pass to the opposite side of i?", where 
the action being in the opposite direction, its living force 
will be destroyed, after which it will be brought back and 
made to oscillate about 2?" as long as A and C^" are sta- 
tionary. But while the third atom is on the side 3", that 
at O" will be repelled by it, and that at A attracted ; the 
contrary will be the case when the atom is on the oppo- 
site side from z'\ so that the atoms of the molecule A O" 
wiU also oscillate, and obviously in such manner as to 
to cause the neutral position to follow the displaced 
atom. 



CoDfititation of 
an elementary 
suT&ce. 



That of the 
atoms of the 
molecille. 



Explanation of 
. flgore; 



§ 9. Now conceive a triangle A C <7/', each of whose 
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sides is equal to a distance at which 
two atoms may form a permanent 
molecule, and suppose an atom to be 

placed at each vertex ; these atoms ' ^ tp «. 

will form a permanent molecule. 
Place a fourth atom at the vertex 
iy\ of a pyramid of which the base 
is the elementary plane formed by 
the first three atoms, and each of the 
edges about the vertex is equal to a 
distance necessary for two atoms to 
form a permanent molecule. It will be obvious, from 
what has already been said, that the fourth atom or that 
at the vertex cannot be disturbed without being resisted Permanent 
and urged back to its neutral place by the action of the ^^^^''/^" 
molecules which form the base ; for, if it be moved aside 
in either of the plane faces of the pyramid, it will, § 8, 
be opposed by the force of restitution due to the action of 
the molecule of two atoms in the same plane ; and if 
moved out of these planes, its distance from one at least 
of the atoms in the triangular base must be altered, thus 
exciting a force of restitution. What has been said of the 
atom at the vertex of the pyramid is equally applicable 
to each of those in the base when considered in reference , 
to the three others, and hence the four atoms A^ 0'\ 
C/\ D'\ form a permanent molecule ; and from its capa- 
bility to resist the approach of a fifth atom, another mole- 
cule or particle, in every direction, we derive the idea of 
an elementary solid, having length, breadth and thickness. EiementaryaoM. 
A disturbance of any one of the four atoms will put the i>*sturbancewin 

.1 . ,. T .. Ml , -1. 1 cause the neutral 

otners m motion, and it wiU appear on the slightest con- points to fouow 
fiideration that the directions of these motions wiU be such **»edistarbed 

atoin& 

as to cause the neutral positions to shift in the direction of 
the atoms which have been disturbed from them. 



§10. What has been said of the action of atoms tofl«n«roa««»ing 
form molecules may easily be shown to be true of the^^^i^and 
reciprocal action of molecules to form particles, and of p**^*^*^ 
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particles to form the bodies which, in all their endless 
variety of physical characters, come within the reach of 
our senses. And according to this view, the characteris- 
tic peculiarities of all bodies are to be understood as aris- 
ing solely from differences in the action which their atoms, 
molecules and particles are capable of exerting on each 
other, and upon those of the bodies with which they may 
be brought into sensible contact. 
RedrrocaiacUon ^^^ j^j j^^^^ j^g remarked that all these differences of 

of elements . 

•onfined to smaU actiou are confiued to small and insensible distances which 
disuQoeo. iiq '^thin the limits of physical contact. At all consider- 
able distances we find nothing but the action of gravita- 
tion, of which the intensity is proportional to the number 
of atoms or the mass directly, and to the square of th-e 
distance inversely. 

The most subtile § 11. The most subtilc and attenuated body of which we 
oonreivabie- ^^^ form any conception, according to Bbscovich, is one 
composed of atoms arranged at distances from each other 
equal to that which determines the furthest limit of cohe- 
sion, or that beyond which gi-avitation begins. But such 
a body, when abandoned to itself, would shrink into 
Hwnaller dimensions in consequence of the gravitating force 
between the atoms not adjacent to each other, and the 
contraction would continue till the repulsions which it 
would develope between the contiguous atoms had in- 
whenitivonid cr^ased to an equilibrium with the compressing action, 
permanent form : wheu the body would take its permanent form. 

Such we may suppose to be the constitution of that ethe- 
Kther. j.^gj medium which pervades all space, permeates every 

body, and connects us with the objects of whose existence 
we are made conscious through the sense of sight. 

§ 12. A body similarly constituted, but in which the 

atoms are replaced by molecules or particles arranged at 

etroctureofthe distauccs Icss than the furthest limit of cohesion may give 

atmoep er», ^ ^^ .^^^ ^^ ^^^ physical structure of our atmosphere. 

Here as in the last case the molecules cannot occupy their 
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neutral positions because of the forces of gravitation exist- its moiecniet 
ing between those molecules more remote from each other «"°o*^i» 

o . ^ ^ fheirneatnl 

than the furthest limit of cohesion, which force will cause poeiaou; 
the elements to crowd together ; but we have seen that 
when the elements of a body are brought closer than those 
neutral positions which constitute permanence, the adjacent 
elements will repel, and can come to rest only when these 
antagonistic forces of attraction and repulsion balance. 
Add to these considerations the attraction of the earth 
for this fluid, and the equilibrium of any molecule will be conditions of i^ 
found to result from the mutual balancing of the weight •quUibrium. 
of the superincumbent column of molecules extending to 
the top of the atmosphere, and the repulsive action of 
the molecule in question for that immediately above it ; 
and since the weight of the pressing column decreases as 
we ascend, the density jnust diminish in the same direc- 
tion, all of which we know to be confirmed by the indica- 
tions of the barometer, 

§13. Passing to the denser bodies, whether of the 
organic or inorganic class, as vegetable . or animal tis- 
sue, water, clay, glass, gold, we find variety of structure 
without difference in the principles of aggregation. AH Aiibodk« 
are built up of the same ultimate atomic elements, grouped ^e ultimate 
into molecules, the molecules into particles, and the parti- «tom*c elements 
cles into the various bodies whose places in the scale of 
gi'adation, from the hardest to the softest solid, from the 
most viscous liquid to the most subtile gas, are deter- Their 
mmed solely by the intensity, range and direction of *'^'*^J^* 
the atomic actions which mark their internal structure, determined. 

§ 14. All bodies in nature are physically connected au bodies 
with each other. Those plunged into the ocean are miited ^^^^ 
by sensible contact with its common element.* So of the 
bodies which exist in the atmosphere. The atmosphere Phy«*«»i 
rests upon the ocean, and tliat ethereal medium which ^^^i,y 
permeates the atmosphere and the ocean^ and extends o^^"* 
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AtmospiMmi thronghout all space, carries this' connection to the heo- 
ethar. vcnlj bodies. 

DistorbMiMofA The disturbance of an atom, molecule or particle, will 
totnmnnitted ^^^^ ^^ relative distances from the neighboring elements ; 
throughout the molecular forces on the side of the shortened distances 
*^*" will increase, while those on the opposite side will di- 

minish. The equilibrium which before existed will be 
destroyed, and the adjacent elements must also be dis- 
turbed; these will disturb others in turn, and thus the 
agitation of a single element will be transmitted through- 
out space, and impart motion, in a greater or less degree, 
to the elements of all bodies. 

Kodon affects § 15. Amoug the bodics thus affected are certain deli- 
^lT^™«.«#cate and net-like ramifications of nervous tissue, which 

tbrongh organs oi ' 

mom; are spread over portions of our organs of sense. These 

nerves partake of the agitations transmitted to them from 
without, and by some mysterious process, call up in the 
mind impressions due to the external commotion. The 
structure and arrangement of these nerves differ greatly 
in the different organs, and while they are all subjected 
to the general laws which control the corpuscular action 
of bodies, yet each individual plass is distinguished by 
peculiarities which determine them to appeal to the mind 

AH our only when addressed in a particular way. We hear, feel 

to a'^mon ""* ^^^ ^cc by tl\e Operation of a common principle — amotion ; 

principle-. of this, there is endless variety in perpetual existence 
^ among the elements of the media in whicTi we are im- 

mersed ; and, according as one or another of the organs 
of sense becomes involved in the particular motion adapted 
to excite the mind to. action, wiU our sensation become 
that of sound, light, heat, or electricity. 



OF WAVES. 

Anseosatioiis g jg^ AH seusatious derived from our contact with the 
en upon ^j^ygj^^j world depend, according to this view, upon the 
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state of relative motions among the elements of .bodies ; 

and we now proceed to consider those motions which are ThoMprop^u 

suited to produce the sensation of sound, and we must be ^ ^**** 

careful to distinguish between the properties of solids and 

fluids in thiS|;respect. i 

Conceive a perfectly homogeneous solid, that is, one in 
which the particles occupy the vertices of regular and 
equal tetrahedrons, and suppose its eleiiients in a state 
of relative repose. A single particle being disturbed from 
its place of rest, through a very smaU distance, compared 
with the tetrahedral edges, will be urged back by the 
action of the surrounding elements with an energy which 
^^ § 4:, proportionate to the disturbance. This particle <>***«'• 

•nil 1 1 » M* 1 1 . distnrbod 

Will, when abandoned to itsell under these circumstances, piaiicie; 
describe about its position of rest as a centre, an ellipse, 
or perchance, a circle or right line, the extreme varie- 
ties of the ellipse whose eccentricities are respectively 
zero and unity. Moreover, the time of describing a Time of 
complete revolution will, Mechanics, S 180, be constant, ^^''^p^**'" 

* ' 7 o 7 7 constant; 

no matter what the size of the orbit within the limits sup- 
posed; and the mean velocity of the particle will, there- Mean velocity, 
fore, be directly proportional to the length of the orbit, 
or to any linear element of the same, as that of the semi- 
transverse a3d8. The disturbed particle being acted upon 
by its neighbours, these latter will experience from it the 
action of an equal and contrary force ; they must', there- Neipbboring 
tore, move and describe similar orbits; and the samegjj^u^^^yjg^ 
will be true of the particles next in order, tiU the disturb- Disturbance 
ance becomes transmitted indefinitely. The disturbance*'*"^™*'**^*" 

*' all directions. 

must take place in all directions from the primitive source, 
because the displacement of a single particle from its po- 
sition of rest breaks up the equilibrium on aU. sides ; and 
the disturbance must be progressive, since it is to an ^^^'^^^^ *■ 

*^ o 7 progrewiye; 

actual displacement of a particle that the forces are due 
which give rise to the displacement in others. It follows, 
therefore, that while the first disturbed particle is describ- 
ing its eUiptieal orbit the disturbance itself is being propa- 
gated from it in all. directions, and that at the instant this 
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Fint particle particle has completed one entire revolution, and begins 
luiTing made one a sccond, the disturbance will have just reached another 
jiiBtb^iMto*' particle J.,, in the distance, which particle will then be- 
niore; gin for the first time to move, so that these two particles 

will during subsequent revolutions about their respective 
centres always be at the same angular distance from their 
starting points ; when the first particle A , has completed 
its second revolution, and the particle A^\\a first, the dis- 
turbance will have reached a third particle -4 3, still fur- 
ther in the distance, which begins its first revolution when 
A third begins to -4 J begins its sccoud, and A^ its third, and so onindefi- 
"°^^* nitely. 

Space including Now, after the disturbance has reached the particle A^ 
particles in all i^ jg pi^in that the particles 

positions in their , ^ . i ^ . i 

orbits; between A^ and A^ mclu- Fig.ia 

sive will be in all possible 
situations in their respective 
orbits. For example, taking 

the instant in which A j first returns to its starting point, 
it will have described three Hundred and sixty degrees, 
•the consecutive particle an arc less than this, the next par- 
ticle, in order, an arc still less, and so on till we reach A^^ 
which will only just have begun to move. If then, we 
conceivQ a series of 

concentric spheres ^^ '^ 

whose radii are re- 
spectively j1,-4,, 
-4,^5, ^,ul^,&c. 
it is obvious that 
within the space in-' 



0^^^^^^ - 



mQStration. 



JLt 



A»\ 



Explanation of 
wave length. 



eluded between these spherical surfaces, the particles will 
be in every possible stage of their circuits around their 
respective centres, and will, as we pass from surface to 
surface, be found moving in all possible directions in the 
planes of their several orbits ; and the same would obvi- 
ously be time, if the radii of any two consecutive surfaces 
had been increased or diminished by the same length, the 
only difference being that the pai'ticles at the new position 
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of the sarfaces, instead of being at the origin or places of 
rest from which they began their respective circuits, would 
occupy places more or less •remote but equally advanced 
from these points. Thus, for example, had the radii been 
taken ^,^, + ^^,^3, and^.-l, + i A^A^, then Wave length om 
would the particles at the new surfaces have been at an p^^^i^, "^ 
angular distance from their respective places of primitive position, 
departure equal to 90®, but the surfaces would still have 
included between them in the direction of the radii, par- 
ticles in every possible state of progress in their circuits, 
the particle at the origin of departure being in this, case 
at a distance from the surface of the smaller of the second 
set of spheres equal to three-fourths of the difference be- 
tween the radii of any two consecutive spheres of the first set. 

This particular arrangement of the particles of any 
body arising from the disturbance of one of its elements, 
and by which, after a certain lapse of time, all possible 
positions around their respective places of rest are occu- . . 
pied by the particles, in the order of succession, at the 
same time, is called a Wave. The distance, in the direction ^*^ 
of the radii, between any two of the consecutive spherical 
surfaces above described, is called the length of the wave. 

The term phase ia used to express both the par-PhM«. 
ticular displacement and direction of the motion of a par- 
ticle in any wave. A wave lengthy therefore, is that interval ware length. 
of space which comprises particles in every possible phase. 

Particles which have equal displacements and motions, 
in the same direction, are said to be in similar phases ; stoOar phaaea. 
vhen the displacements and motions are equal and op- 
posite, the particles are said to be in opposite phases, ^^p^*^^^^^'^^ 

The surface which contains those particles of a 
wave which are in similar phases, is called a wave front, '^av* front; 
In sound this last term will be used to denote the surface 
containing those particles which are, for the first time, in Boond. 
beginning to move from their places of rest. 

In fluids the particles are not, as in solids, invariably 
connected, but admit of free motion among each other. 
When, therefore, a fluid particle is disturbed, it acts on 
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PnlBCL 



the Borroundiiig particles as on detached masses^ and 
having given np its motion after the manner of one body 
colliding against another, it comes to rest and continues 
60 till disturbed again by some extraneous cause ; in the 
meantime, the surrounding particles move to assume with 
respect to it their positions of relative rest ; other particles, 
more remote, partake- in tuni of this momentary move- 
ment ; one particle after another comes to rest, and thus, 
but a single wave, denominated a jmUe^ is transmitted 
throughout the medium. If, however, instead of aban- 
dtoing the fluid pai'ticle after impressing upon it its primi- 
tive motion, it were moved to and fro, like air before a 
vibrating spring, waves would succeed each other in fluids 
waverecurrenotas in Bolids, the circmnstauces of wave recurrence being 
determined wholly by the action of the disturbing cause. 
A wave transmitted through any medium tends to 
throw the elements of all bodies which it meets in its 
course into a similar condition of wave motion. When 
the elements composing the nervous membranes of the 
ear become involved in certain of these motions, trans- 
mitted through the atmosphere or other medium with 
which the ear is in contact, we experience the sensation 
of sound; when the nerves of the eye partake of a similar 
class of waving motions conveyed through the ether, we 
have the sensation of light ; and when the waves are of 
that particular character to agitate the surface or cuta- 
neous nerves, the sensation becomes that of heat 



dependent on 
disturbing 



Whence we 
experience the 
sensation ol 
nonnd; 



Of light; 



Of heat 



THE VELOCITY OF SOUND IN AERIFORM BODIES 



§ 17. Now, it is important to distinguish between the 
rate according to which the disturbance is propagated. 
Velocity of wave and that with which each particle describes its orbit about 
▼d^^"a ^^ place of rest. The first is called the wave velocity^ the 
particle. sccoud the velocity of the wave element The first deter- 

drtei^nes an ^^^^^ ^^^ interval of time from the instant of primitive 
Interval of time; disturbance to that which marks the beginning of motion 
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of any remdte particle ; the second, the quantity of action TheMcond« 
commmiicated to this particle. The wave is but a form ^"^'^**' 
or %hipe^ occurring, in the regular lapse of time, at places ^^ve is % fom 
more and more remote from the place of first agitation, <>' s^ape. 
aa from a centre, while the particles whose relative posi- Excnreionsof 
tions determine this form, 'never depart from their places ^J^l^^**^ 
of relative rest but by distances which are quite insigni- compared with 
ficant in comparison with the lengths of the waves. The »^*^«^«"«**»- 
wave velocity is called the velocity of sounds of liglit^ of ^^^^^^^^7 ^ 
Jieat^ or of electricity^ according to the sense to which the wand; ofiight, 
waves address themselves. We now proceed to investi- 
gate the velocity of sound, and shall begin with the 
aeriform bodies, taking the atmosphere first. 

From the definition of a wave, § 16, it follows that 
during the time in which the wave 
element, or single particle a, of air, Rg. la 

describes one entire revolution in its . /p^.>— -^ /O 
orbit, the front of the wave will have L^ v(^ 
progressed over the distance a a\ 
equal to a wave length. Denoting therefore, the wave^ 
velocity by F, the length of the wave a a', by A, and the 
time required for an element to make one complete cir- 
cuit by ^ we shall have. Mechanics Eq. (2), 



t ^■^''' Telocity. 



At 

y z=. — /JN Vtfueforw»T» 



§18. The time ^, is, as we have seen in Mechanics, The time ^ 
§ 180, independent of the distance of the particle from its ^^^^^ 
place of rest, and is determined by the acceleration due the disturbing 
to the intensity of the central force at the distance unity. ^^"^ 
This intensity, in the case of sound, is the resultant of the 
antagonistic action of the force of disturbance and that of 
restitution, and as /the latter is always constant for the 
same medium at the distance unity, or any other given 
degree, of displacement, the value of t must result from 
the character of the disturbing force. Thus when the par- 
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Illutntloii. 



Fig. UL 



tide a, is made by any extraneous 
force to describe a path about its po- 
sition of rest, the adjacent particles ^. .j 
Jj c, rf, «, will be thrown into motion, 
and will only return to their places ^ 
of departure after a has been re- 
stored by the force of disturbance to d' V 
its position of rest; and since the 
places occupied at any instant by the particles J, ^, rf, «, 
depend upon that of the particle a, the rate of motion of 
the former particles in their respective orbits, and there- 
fore the value of ^, will be determined by the greater or 
less rapidity with which a, is made to move imder the 
action of the disturbing force. The motions of the parti- 
cles J, c, rf, ej regulate in turn those of the next particles 
remote from the in ordcr, and so on indefinitely, so that the disturbing 
Stotion! ^^^^® regulates the value of tj for all particles however 
remote from the primitive agitation at a. 



Trnefbrall 
particles however 



r Independent § jg^ ^j^h the value of Fit is not so; this is indepea- 

of the dlaturblng . J r 

ibrofc dent of the disturbing force. We have seen, § 12, that 

when in a state of relative rest, the elements of any me- 
dium are maintained in that condition by the opposing 
forces of repulsion between adjacent elements, and of 
attraction between those which are separated by a dis- 
tance greater than that which determines the furthest 
limits of corpuscular action. These forces are equal and 
opposite. Denote the sum of the re- 
pulsions of the particles which occupy 
a unit of surface by -E Conceive a 
plane A -ff, passed through the me- 
dium, and the particles on the side 
-Tto be removed ; those distributed 
over a unit of surface of the opposite 
side will be pressed against the plane 
by a force equal to J?, and to keep 
the plane from moving would require 
the application of an equal and contrary force. But this 



DIwtratloD. 
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force, in the case of the atmosphere, is measured by the 
weight of a column of mercury whose base is imity, den- 
sity i>^^, and height A, or by i?,^ . j' . A ; whence 

E^D,,.h.g (2). Me«nwof th. 

" ^ ^ ^ elMtlotorceoC 

the atmosplMrti. 

The second member measures the Elastic force of the 
medium. 

§20. Let A B, C D^ E F^ &c., be the positions of 
several strata of particles of air at 
rest and of which the molecular forces j.^ ^5 

are in equilibrio ; and suppose them 

surrounded by a tube whose axis Demonstntfio^ 

is perpendicular to their surfaces. . 
If the stratum ^ J? be moved by 
any extraneous cause towards the 
stratum C D^ the latter will move under the action 
of the increased repulsion between it and the stra- 
tum A B. Suppose the stratum ^ ^ to take the position 
A' B\ at the instant the stratum O D begins to move. 
The distance A A\ will, from the views already given of 
the constitution of a fluid, be indefinitely small. 

Denote the distance A C by a? ; A' Ohy x^] and the 
elastic force exerted by the air in its state of rest on a unit 
of surface by E; then supposing the cross section of the 
tube uniform, and its area equal to a, according to Mar- ;. 
iotte's law 

ax^ : ax: : aE : aE^ ifRriotte'sUw. 

in which E^ denotes the elastic force exerted by the air 
on a unit of surface between A' B' and C D ; whence 

_ a, ElastlcforMor 

JL ^ — JL • — ' • the oompreeaed 

^i air. 

The stratum D]a urged forward by the elastic force 
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acting on A 



^, and ifi opposed by the elastic force 
£; its motion will therefore be due to 



X 



x—x. 






fig. IS. 



jiA' r M 










jBJr Jf J' 



which is the moving force. And denoting the mass of 
the stratum CD by m, the acceleration due to this force, 
or the velocity generated in a unit of time, will be 



Velocity due to 
this force ; 



a E X — X, 



m 



X, 



and the velocity t?, generated in an elementary portion 
of time ty equal to that during which the stratum A B 
moves to the position A' B\ will be given by the relation 



Velocity in 
■maU time <; 



i) = 



a E a? — flj. 



m 



X. 



Velocity 
imparted to the 
■CntomCi). 



Mechanics §83, which is obviously the velocity with 
which the stratum O D will be thrust from its state of 
rest, and is analogous to that imparted to a stratum of fluid 
pressed through an orifice in the bottom of a vessel con- 
taining a heavy fluid. 

The mass of the stratum CD will be the same whether 
we regard it concentrated into the plane CD^ or ex- 
panded in both directions half way to the adjacent strata ; 
in the latter case its volume would be a . a?, and its den- 
sity a mean of the actual density of the whole fluid 
mass. The same being supposed of all the strata, the 
matter would become continuous; and denoting the 
mean density by i?, we have 



m^ D .a.x 



Kassofastratam 
Afair. 



which substituted in the above equation, and writing 
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therein x for x^ in the denominator, from which it does 
not sensibly differ, we have 

JE x-x't v-^^^- 

D X X tUntaaaCD; 

N'ow at the end of the time tj the stratum A B has 
reached the position A' B\ and the stratum CD begins 
to move ; that is to say, the disturbance has been propa- 
gated over the distance from J. to (7 = a, in the time t 
Hence, denoting the velocity of this propagation, which is 
that of the wave motion, by F, we have 

or 

t 1 . 

this in the last equation gives 

^ 2j m Molectitar 

V = -T^i — T>* ' (2)'. ▼elodtf; 

• D ,V X ^ 

which may be wi-itten • 

v.v. ^ =j! 

X "- x^ D 

Here V^ is the wave velocity and r, the actual velocity 
of a stratum of air, and for the indefinitely small time ^, 
these may be regarded as constant ; but the spaces x and 
X — x^ are described with these velocities in the same 
time, and hence 

X -- x^: x\:v lY 
whence 

77 ^ — ^. The8ain«ln 

^ ^ • ~ J vilier ternu; 
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and this substituted above gives 

E 
therefore 



Wtv«T«locity. Y z=.\/ yr ...... (8) 



whence we see, that the wave velocity in the same medium^ 
at a constant temperature and under a constant pressure^ 
will he constant^ being equal to the square root of the 
ratio obtained by dividing the elaatic force of the medium 
by its density. Replacing E by its value as given in 
Eq. (2), the above reduces to 

toelnotiier Y =- \/ O . h . ^ .... .(4). 

torms; ^7) 

§ 21. The density JP, of the atmosphere or any other 
elastic medium, corresponding to any barometric column 
A, and temperature ^, is given by Equation (240)' Me- 
chanics ; that is, by 

^_i ^ 

AtmoBphcric " JU - ^^j^ • 1 4. (^ -- 32°) . 0,00208 

dBMity; ^ 

and this substituted in equation (4), for i?, gives 
F= \/g . 30«-. -^ . [l+ {t - 32°) . 0,00208] . .(5). 



Wave velocity 
for given 
tempeiatare 
udpreseure. 



in which Z>,, denotes the density of mercury, and D^ thai 
of the atmosphere at 32° Fah., the atmosphere being 
under a pressure of 30 inches of mercury. 

Barometric § 22. The quantity A, does not appear in Equation (5); 

^^^^ jfrom which we are to infer that the velocity is indepen- 
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dent of the atmospheric pressure, as it should be ; for, an Velocity of aonnd 
ingrease of pressure will increase the elastic force E ; but j^^^Jric 
this will increase the density i?, in the same ratio, so that, prwure; 
Equation (3), the velocity should remain unchanged. But 
an increase of temperature under a constant pressure 
.dilates the air, and therefore reduces i? for the same 
value of E. Hence, all other things beinff equal, the ^•^'^**3rgrwt«r 
velocity 01 sound should oe greater m warm than m cold ^^.ninooid. 
air ; greater in summer than in winter, and this is what 
is indicated by the quantity ^, in Equation (5). 

§ 23. If in Equation (5) we make t = 32°, we find 



■w 



•»• I) 
J7 . 30 . ^-^ (6). 



The density of distilled mercury at 32* Fah. is, Me- 
chanics, § 275, equal to 13,598, and that of iair at the same 

temperature, and under a pressure of 30 inches = 2.5, of Tabnu^ values 
mercury is 0,001304 ; and the mean value of fl' is, Mecha- *>' the above 

nics, § 72, Eq. (22), equal to 32,1808, which values in Equa- 
tion (6) give 



F=: \/32A808 . 2f5 . 1M?L = 915^69 .... (eV Velodfyofeonnd 
^ , 0,0013 ' ^ ^ without Increase 

of temperature. 

wliich would be the velocity of sound in our atmosphere 
under a pressure of 30 inches of mercury and at the tem- 
perature of freezing water, were it separated from admix- 
ture with all other media. 

§ 24. But it must be remarked that, the value of E^ in 
Equation (3), which is one of the important elements of incroaseof 
this estimate, is assumed to be given by the weight due to*®"P*"*^»®' 
the height of the mercurial column. Now, this only mea- ^bLtion, 
Bures the pressure due to the grosser elements of atmo- P~^^«^'>y 
spheric air, and takes no account whatever of the elasticity ^"^"^ ^^^^ 
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Eiwtidtjdaeto dne to that vastly more subtile and refined atmosphere of 
ether which permeates the air, glass, and torricellion 
vacuum, and which, therefore, presses alike on both endB 
of the barometric column. A motion among the atmo- 
spheric strata will give rise to a similar motion in this 
ether; the equality in its elasticity on opposite sides of 
the strata in the direction of the motion will be disturbed ; 
this inequality will develope a reciprocal action among 
the strata of ether and those of the atmosphere itself; 
hence, E^ in Eq. (3), is too small, and consequently "P^ is 
also too small. 

Denote by^ffj a constant co-efficient which, when multi- 
plied into J?, as indicated by the barometer, will give the 
true elastic force aa it actually exists ; then will Equation 
(5) become 



Corrected yalne 
for Telocity. 



F=nA.30"':^. JT. [l + (^-32°) . 0,00208] . . (7). 



or, replacing the value of the first three factors as given 
by Equation (6)', 



Velocity M f / ~» ; 

itecteciby F=915,69 . sJK . (l + (^ -32°) .0,00208)... (7)'. 

•therial wares. ' ^ \ ^ ^ ^ / ^ 



The quantity K^ may be called the co efficient of iaro- 



or increase of 

temperature. 

Co-efflcient of 

barometric ^ , , t • 

elasticity, ic metric elasticity of the air. 

constant i; V, § 25. To find the value of F", corresponding to any tem- 

mMti)e known, perature ^, it will be first necessary to know that of K. 

But K^ being constant, if the value of V be found for 

any particular state of the air, that of K^ will result from 

Flaifeetedby ^a^^tion (7)'. 

wind; The velocity "T, is the rate of travel of the front of the 

wave from a disturbed particle of air taken as an origin. 
When the wind blows, the whole mass of air, and there- 
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fore this origin, has a motion of translation ; and to find To find r 
F experimentally, the observations should be so con- **^*'^™*° 
ducted as to eliminate the disturbing effect of the wind. 
To understand how this may be 
done, suppose an observer placed ^* 
at j4, midway between two sta- 
tions B and (7, and the wind to ^ 2 c 

blow from £ U) C, Denote the 

velocity of the wind by v y then will the velocity with 
which sound will travel from jff to ^, be F + t?, and 
from to J., it will be . F — v, the mean of which is 
obviously F. 

To eliminate therefore the effect of the wind, let four^^^Jj^. 
remote stations B^ O^ -Z>, ^, be so chosen that the line 
connecting O and Bj shall be perpendicular, or nearly so, 
to that joining ^and -Z>, and place an observer at the inter- 
section A. At the stations B^ i>, (7, -fi', let signal guns 
be fired in succession, and the observer at A note, by a 
stop watch, the intervals of time between his seeing the 
flash and hearing the report. The distances from A, 
being carefully measured and each divided by the corres- 
ponding interval in seconds, will give a value for F. 
The mean of these values and the reading of the thermome- . 
ter, Vhich must also be noted, being substituted in Eq. 
(7)', the value of ^will result. 

The experiments of Moll, Vanbeek and Kutten- ^^^^'^«"*» 
BKouwER, performed in 1823, over a distance of 57839 
feet, in a dry atmosphere, at the temperature of 32° Fahr., 
gave a mean value of F= 1089,42 English feet. These 
values substituted in Equation (7)' give 



^=»i^ = 1,4154. 77 

( 915,69)^ ' 

which in Eq. (7)' gives the general value of 



Besultliig viliw 



Final value of 



F= 1089,42 v/l+(<-32°). 0,00208 (8). 'JTelTrr. 

3 
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PiinotpieorbeaL §26. This vibratory motion among the elements of 
ether, giving rise to a secondary system of waves, by 
v^hich the propagation of sound is accelerated, constitutes 
the principle of ?ieat. And to ascertain to what degree a 
Fahrenheit thermometer would be affected were it sud- 
denly transferred from a perfectly stagnant atmosphere to. 
one agitated by sound waves, could the mercury take 
instantaneously the bulk which would enable its ether to 
vibrate in unison with that of the sound wave, it would 
only be necessary to find the value of ^ — 32°, in Equation 

(5), after substituting for F and .y/^TA^/, their respeo- 

tive values 1089,42 and 916,69. Solving the equation 
with reference to t —32**, and introducing these values, 
we find, 



Amount of latent 
heat rendered 
free. 

Difference 

between 

oompated and 

observed 

velocity 

explained. 



^-32°= _l_r(l^M^r.ll = 199,71. 
0,00208 L\ 915,69/ I 

This is called the amount of heat given out by an element 
of air during its condensation in a sound wave. It was to 
the increased elasticity imparted to air by this sudden 
change of a portion of its heat from latent to free^ that 
Laplace firet attributed the great disparity between *the 
computed and observed velocity of sound. 



Effect on the 
•tratnm CD 
reeomed. 



Two cases nuif 
arise; 



First case; 



Fig. 16. 



44^ 



§ 27. Before proceeding further we must remark, that 
nothing has been said of the conduct 
of the stratum C 2), after it was im- 
pelled forward from its place of rela- 
tive rest by the action of the stratum 
A By which was brought by the 
disturbing cause, say the motion of 
a rigid plane, to the position A^ B\ 

Two cases may occur : either the stratum A B may bo 
retained in the position A'B\ot the disturbing plane 
may, by an opposite movement, leave this stratum unsup- 
ported from behind. In the fii-st case, if the medium bo 



jBjr 
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homogeneous, the masses of all its particles will be equal, in flr«tcMe» 
and the velocity impressed upon those in the stratum ^^^^^ 
CD will, by the principle of the collision of elastic masses, tl»« direction of 
be transferred undiminished to those in the stratum E F^^ diatorbanoe; 
after which the stratum CD will come to rest; and the 
same of the succeeding strata' in front : Mechanics, § 247 ; 
so that there will simply be a pulse, transmitted along the 
direction in which the primitive disturbance acted. In 
the second case, the stratum A* B\ being left unsupported i^ «»• «•««»<' 
from behind, by reason of rarefaction, will be thrust back- ^^"^j^ ^ 
ward by the superior elasticity of the medium in front, tranemittod ia 
and this return or backward motion will take place in all\jj^^^ 
the strata in front, in the same order of time and distance 
from the original disturbance as in the instance of the 
forward movement ; so that a second pulse will be trans- 
mitted in the same direction as before, only diflFering from 
the first in the backward motion among the parti- 
cles, 

Distsnoee 

§ 28. It is easy from the known velocity of sound, to ^vJiodty^ 
compute the distance between two places which may be »^d; 
seen, the one from the other ; and for this purpose let a 
gun be fired at one place, and the interval of time between 
seeing the flash and Rearing the report at the other be ^,^^ 
carefully noted. Thi6 interval, expressed in seconds, mul- 
tiplied by 1089,42 %/ 1 + (/- 32°) . 0,00208, wiH give the 
di^ance expressed in English feet. The value of t will 
be given bj^ the Fahr. thermometer. Accuracy slightly 

The accuracy of this determination will of course be ®* ^^ » 
affected by the wind, should it be blowing at the time. 
To ascertain the probable amount 
of this influence, let J. be a sta- *^- ^^ 

tion midway between the places ^ 

-B and (7, and suppose the wind 2 a 

to be blowing from B to (7, with 

a velocity denoted by v; denote the distance BA^CA ^^r^^'"^* 

ty aS; then Will the actual velocity of sound from ^ to ^, 

^ y\ V, and from C to J., be F — r / and the intervals 
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IntorvalBoftima 



of time observed at -4, between the flash and report from 
B and C, will be, respectively, 

^ -,and ^ 



Y+ V V-v 

or developing these expressions, 



Second Inteml; 



'■ = ^[ 



1 + 



T 



F» 



4- &c. 



■]•. 



Now, the most violent hnrricane moves at a rate less 
than one-tenth that of sound ; so that the neglect of the 
terms involving i;*, would in the worst case only involve 
an error less than ^¥^^5 and. in the ordinary cases likely 
to be selected for experiment their influence would be 
quite inappreciable. Neglecting these terms, we see that 
one of these intervals will be just as much too great as 
the other is too small, and the true interval, denoted by t^ 
will be a mean between them. Hence, 



True interval; 



Besnitliig 
furm^sla for 
distuoe. 

' 4 
Ftttinpki. 



IhsUmcefrom 
Wwt Point to 
Kflwbnigh. 



or 



t 


= F 


2 




8 



•(9). 



Ikample. On the occasion of flring a salute of 13 
minute guns at Newburgh, the mean of the intervals be- 
tween noting the flash of each gun and hearing the 
report at West Point, N. Y., was 36,2 seconds ; and the 
temperature of the^air, as given by a Fahr. thermometer, 
was 76° ; required the distance from West Point to New- 
burgh. 



S^t.Y^ 36,2 . 1089,42 v^ 1 + (76° - 32°) .0,002^)8 
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Oomimtalki. 



S= 36,2 . 1089,42 V 1,0915 
and by logarithmfi : 

36,2 1,5587086 

1089,42 3,0371954 

. 1,0915, (i), .... 0,0 19011^ 

41,202 feet. .... 4,6149158 

5280, feet in'l mile, ac. . . 6,2773661 

7,8034 miles, . . . 0,8922819 

§ 29. We have seen tliat the velocity of sound through v^,ocity 
the air is independent of the barometric pressure, and independent of 
experiments show it to be sensibly unaffected by itSg^^^^"^/*"^ 
hygrometrical state of moisture and dryness ; the actual atmoephero, 
weather characterised by fog, rain^ snow, eunshine ;. the ^^^^e. 
nature of the sound itself, whether produced by a blow, 
gunshot, the voice or musical instniment; the original 
direction of the sound, whether the muzzle of the gun is 
turned one way or the other ; the nature and position of 
the ground over which the sound is conveyed, whether 
smooth or rough, horizontal or sloping, moist or dry. 

§ 30. Eesuming Eq. (7), and denoting by F' and F"^*^*^^^'"^ 
the velocities of sound through any two gases whatever, 
by ^' and ^" their co-efficients of barometric elasticity, 
and by -Z>' and J?" their densities ; then, supposing the 
barometric column exposed to the pressures of the gases 
to be 30 inches, and the temperature of the gases 
to be the same and equal to t degrees, will, Eq. (7), give 



and 



V = \/^.30«- ^.irll +{t- 32^) . 0,00208 j Vidueinflm; 



F" = \/g.SO^'^ . ^" r 1 + (^ -, 32°) . 0,00208] ; 



Valne in second; 
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Dividing the first by the second, we have 



Velocities 
oompared. 






K" jy 



(10) 



OonoluBloaAi 



That is, the velocities of sound in any two gases, at the 
same temperature, are to each other as the square roots of 
their coefficients of barometric elasticities directly, and 
depsities inversely. 



From Equation (10) we readily obtain 






V'^ D' 



yff2 J)'t 



-fvT V-^r 



Atmospheric air Taking ouc of the ga^s atmospheric air, and the other 
«nd hydrogen; hydrogen, and assuming the velocity of sound in hydro- 
gen, as determined by the experiments of Van Bees, F»a- 
MEYER and Moll, to wit, 2999,4 English feet, we have, 
after substituting the known values of the quantities in 
the second member, 



Katio of their 

constant 

coefficient»; 



Inference; 



Conforms to 
BoBOovlchli 
theory. 






/ 2999,4 y 
\ 1089,42/ 



0,0688 = 0,5215. 



Hence the coefficient of barometric elasticity of air is 
nearly double that of hydrogen ; a result which appears 
to indicate that the velocity with which sound is propa- 
gated through gases is in some way dependent upon their 
chemical or jphysical constitution. This would seem but 
the natural consequence of the views of Boscovich. 



VELOCITY OF SOUND IN LIQUIDS. 



BsperimentsoD § 31. From the experiments of Canton, Oersted, and 
liquids. others, liquids as well as gases are found to be both com- 
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pressible and elastic ; and are therefore fit media for theEzp«rtnMnts<m 
tranflmission of sound. From the experiments of Colla- '"* ^*'*'' 
DON and Stukm, on what may be regarded as pure water, 
Sib John Heeschel deduces the compression of this fluid, 
by one standard atmosphere, to be 0,000049589 = «/ that 
is to say, an increase of pressure equal to that arising from 
a column of mercury having an altitude of 30 inches tod 
temperature of 32® Fahr., will produce a diminution in 
the bulk of water equal to , ^ » oVoV> 9 ^^ ^^^ entire ^ 
Tolome which it had before this increase. 

§ 32. All bodies may be stretched or compressed by the 
application of force, and when unaccompanied by perma- j^^ ^ ^^^^^ 
nent change of molecular arrangement, the degree of com- uoo. 
pression or extension is directly proportional to the intensity 
of the force which produces it. 

§33. Denote by if and B, the intensities of two forces 
capable of stretching a body, whose cross-section is equal 
to unity, to double its natural length X, and to Z + ^ 
respectively ; then will 

L : I:: M: B; .\ B=^M.^^M.e, 

m which Jf is called the coefficient or modulus of elasticity. 

§ 34. Let A By and OB^ be two consecutive strata of 
water, and suppose the stratum ABy to 
have been suddenly moved by some *^ i»- 

disturbing cause to the position A^ R, jla* c x 
Denote the distance BD by a?, and 
B'D by a?^, then, regarding the area 
of the stratum as unity, will the dif- 
ference of volume between ABGD and ^'iJ'C'jD, be 
represented by a? — a?„ and the degree of compression 
referred to the original volume, by 



7 MemiMor 



asr 



niiistnitioa; 



g ^ W Degreeof 
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OomprMBinf and the force J5), necessary to produce this compressioD 
**"*'* will, § 4, be given by the proportion 



Me : M. 



'X. 



B: E, 



in which B^g . D^^ . A, denotes the pressure due to a stan- 
dard atmosphere, being the weight of a .column of mer- 
cury whose density is D^^ and height A. Whence 



its Tftlaci 



^. = 



B X — X, 



preesureon a 
Btratum b«low 
tbesoifiioe; 



But any stratum of water situated below the surface 
is already subjected to the pressure of the. atmosphere, 
and that arising from the weight of the column of the 
same fluid above it. Denoting this combined pressure 
by p^ we shall have the stratum A' B\ and therefore 
C Dy since the resistance to compression arises from the 
reaction of the latter, urged forward toward EF^ by 
E^ + p ; but the motion of CDiQ resisted by the pres- 
Movingforc«on surc J?, whcucc the moviug force becomes^ +p —p = ^. 
" The mass of the stratum CD will, § 20, be 



a Btratum; 



HaBBof a 
stratum; 



D.x 



whence the acceleration due to the moving force, or the 
velocity generated in a unit of time, becomes, after substi- 
tution for jB, its value. 



Velocity 
generated in a 
unit of time; 



Dx "" B*D X X 



viocityinan ^^^ ^^ vclocity V, imparted to the stratum C^ 2), in an 
dementary elementary portion of time ^, will be given, Mechanics, 
portiooof time, -g^^ ^^^^ ^^ ^^ equation 
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but, § 20, 



"~ e'J) X X 



i 1 . V x — x. 
- = -t;.? and -r^ = • > 



x" V V X 



which substituted above gives, §33, after clearing the 
fraction and extracting the square root, 



^=v/^ = ^ • • ■<'^> 



Wave Tdodty i» 
water; 



and substituting the numerical valuesof ^=32,1808; A = 

SO'*- = 2,5 ; D^^ = 13,598 ; and denoting by Jf, what we NamcricaiTaiiM* 
*have before termed the co-efl5cient of barometric elasti-^'^**** 
city, we finally have 



^ ^ / 32,1808. 2,5. 13,598 ^ AaaAa^ /^ EesuHlngwar. 

T^-V 0^000049589 . Z> '^=^^^«^^6V ;^ (13).e.>.t.; 

in which D must be taken from the table given in §272, 
Mechanics, corresponding to the temperature of the 
water. If the temperature of the water be 38°,75 Fahr. 
D will be unity, and if we assume J^= 1, then will 

F= 4696,86. density and 

constant 

§ 35. A careful and doubtless most exact experimental each equal to 
determination of the velocity of sound in water was made "^**y- 
in 1826, by M. Colladon. After trying various means for Experim«ntBor 
the production of sound under water, he adopted the bell, Coii»don; 
as giving the most instantaneous and intense sound, the 
blow being struck about a yard below the surface by 
means of a metallic lever. The experiments were made 
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ExpiuAtion; at night, the better to avoid the interference from extra- 
neous sounds, and to enable him to see the flash of gun- 
powder which was fired simultaneously with the blow. 
To receive the sound from the water and convey it to the 
ear, a thin cylinder of tin, about three yards long and 
eight inches in diameter, was plunged vertically into the 
water, the lower end being closed and the upper end, to 
which the ear was applied, open to the air. By means of 
this arrangement he was enabled to hear the strokes of the 
bell under water across the entire width of the Lake of 
Geneva from Eolle to Thonon, a distance of about nine 
miles. 

§ 36. From 44 observations, made on three different 
days, it appears that the distance of 44249,3 feet was 
Mmhot traversed in 9,4 seconds, this being the mean of the 

iiito.vAi8; intervals between the instant of seeing the flash and 
receiving the sound at the cylinder, the greatest deviation* 
from which of any single observation not exceeding 
three-tenths of a second ; which gives 

aoand in water; y^ ■ ' = 4707,4 .... (14) 

FoM times as thus making the velocity of soimd in water more than 

great as In air. « ^. x • • 

four times as great as m air. 

'4 

§ 37. The mean temperature of the water, taken at 

both stations and midway between them, was 46°,6 Fahr. 

and its specific gravity was found to be exactly that of 

distilled water at its maximum density, viz. : unity, the 

expansion arising from the excess of temperature being 

Experimental just Counterbalanced by the superior density due to the 

determination of gjQine couteuts. This circumstauce furnishes at once the 

tor wlisr; mcaus of finding the numerical value of the coefiicient IT/ 

for by making D =1, in equation (13), and equating the 

resulting value of F, and that given above, we have 
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ValMofJT; 



^ \ 4696,86 / ' • 

which differs but little from unity, and from which we 
infer that there is but little heat developed in the trans- 
mission of sound through water. And the experiments ^^^^^ 
hitherto made indicate that this is also tnie of other 
liquids. To find the velocity of sound in any liquid it 
will only be necessary to know its compressibility. A 
valuable table of the compressibility of different liquids 
is given by Sir Johk IIebsghel, in his Treatise on Sound, 
Encyc. Met., Vol. 1, p. 770. 



§ 38. In these experiments of M. Colladon, it was found DUbrent ton« 
that the sound of the bell when struck under water if of •oandin 

, waterandAtr. 

heard at a distance had no resemblance to its soxmd m 
air. Instead of a continued tone, a short sharp sound 
was heard like two knife blades struck together; it was 
only within the distance of about six hundred yards that 
the tone of the bell could be distinguished. 

§ 39. M. CoLLADON also found that sound in water does sound in wat«r 
not like sound in the air, spread round the comers of "^*°^^** 

, *■ around oomcn 

interposed obstacles. In air, a listener situated behind a as in air. 
projecting wall or comer of a building, hears distinctly, 
and often with very little diminution of intensity, sounds 
excited beyond it. But in water this was far from being 
the case. When the tin cylinder, or hearing tube, before 
mentioned, was plunged into water at a place screened 
from rectilinear communication with the bell, by a wall 
running out frpm the shore, and whose top rose above the 
water, a very remarkable diminution of intensity was 
heard in comparison with that observed at a point equally 
distant from but in direct communication with, the bell, 
or " out of the acoustic shadowy 

The reason of this apparently singular phenomenon will -^«>"'*«"*^*^- 
appear further on. 



44 



NATUBAL PHILOSOPHY. 



VELOCITY OP SOUND IN SOLIDS. 



Boiida propagate g 40. Solids, when clastic, are even better adapted to 
tilan gases or the transmissiOQ of sounds than gases or liquids. But for 
liquids; this purpose, they should be homogeneous in substance, 

and uniform in structure. The general principle upon 
which the propagation of sound through solids depends is 
the same as in liquids ; and the same formula, Eq. (12), 
may be employed when the intensity of the specific 
elastic force Me, § 83, of the solid is known. There are, 
however, two very important particulars in which they 
difter. Fir^t, the molecules of liquids admit of a perma- 
nent change of relative position among themselves ; those 
of a solid are, on the other hand, as before remarked, 
§ 16, subjected to the condition of never permanently 
altering their relative arrangements without altering their 
physical character. Second, each particle of a liquid is 
similarly related to those around it in all directions; 
while every particle of a solid has distinct sides and 
different relations to space and surrounding particles. 
Hence arise a multitude of qualifying circumstances, 
cottBeqnences of -v^hicli modify the propagation of sonorous waves through 
solids, which have no place in liquids, and peculiarities of 
wave motion become, therefore, possible in the former 
which are impossible in the latter. 



Same formula 
employed; 



Differenoe In 
strnctnre of 
Bolide and 
liquids ; 



thiBdiflSarenoe; 



Solids differ f^om § 41. Solids differ much among themselves in the 
eechotherin particulars here referred to. Thus, the cohesion of the 
a^gement; particlcs of Crystallised bodies differs greatly on their 

different sides, as the facility with which they admit 

of cleavage in some directions and not in others, shows. 

They have different elastic forces in different directions, 
Efect upon the ^j^^ ^jjjjg j.]^q yclocity of souud through them nmst de- 
I^d.^"* pend, Eq. (12), upon the direction in which the sound is 

transmitted. A disturbed particle in a perfectly homo- 
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geneous medium becomes the centre of a series of con- 
centric spherical waves which proceed outwards with 
equal velocities in all directions. But if the elastic force ¥P^*"" "®* 
and density of the medium vary in different directions 
from the place of disturbance, Equation (12), shows that 
the shape of the wave front will no longer be spherical. 
§ 42. The most general hypothesis with regard to the 
constitution of solids, is that which attributes a diflFerent 
elasticity in three directions at right angles to one another; 
and if these elasticities may be nieasured by three lines, 
drawn from a common origin in these directions, and whose 
lengths are denoted by a, h and c, respectively, and r meas- 
ure the elasticity in any other direction, then will 

7^ = a^cos^a + J2cos2/3 + c^cosY ^fZ,"^ 



elasUdtf. 



in which a, ^ and y denote the angles which r makes with 
a, b and c, respectively. (Analytical Mechanics, § 818.) 
The surface of which this is the equation is called, the sur- 
face of elasticity, and the lines a, b and c, are called axes 
of elastidiy. 

In a solid thus constituted, the wave shape will be given 
by the equation. 



(a?+y' + aO(a'a^+JY+c''^" 






-a'(6»+c^a:> 




Genend wvr% 
sorfaoe. 


-6'(a« + c»)y» 


= . 


• (16) 


^ -c'Ca' + J^z* 






+ a«&V 







in which a?, y, z are the co-ordinates of any point of the 
wave surface. • (Analytical Mechanics, § 819.) 

If the elasticity in the direction of two of* the axes be 
equal, that is, if Z/ = c, then will Eq. (16) become 

Partlcnlar 

(a:* + »*+<-c')[a'x-^ + c-(y' + 8^-a'c']=0 . (17) 
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Wave resolution. ^^^ ^^® wavc resolvcs itsclf into two distinct waves, the 
one a sphere, of which the radius is c, and the other an 
t ellipsoid, of which the semi-axes are a and d. 

And thus, a wave of sound entering such a body from 

Gonseqaences of . . , . . . ... 

wave resolution, ^hc aiF OP Other homogcneous medium, would separate into 
two components which would travel with diflFerent velo- 
cities in every direction except that of the axis a. This 
difference of velocity would vary with the inclination of 
the wave motion to the same axis, and the distance by 
Different waye ^^^^^ ^°^ Component would lag behind the other on any 
veiodtiea. givcu line through the centre, would be measured by the 
difference between the radius vector of the ellipsoid and 
radius of the sphere coincident in direction with this line. 
(See § 142, Optics.) 

Upon these facts depend some of the most curious and 
important phenomena of optics. 

§ 43. By a series of experiments similar in principle to 

those already referred to, and which it is uniiecessary to 

detail, it is found that the following are the velocities of 

sound in different solids, that in air being taken as imity, 

Velocity of yiz. \ Tin = 7| ; Silver = 9 ; Copper = 12 ; Iron (steel ?) 

sound in rarlon. ^ ^^ . ^^^^ ^ j^ . ^^^^^ ^j^^ (pOrCclain?) ^ 10 tO 12; 

Woods of various species = 11 to 17. 

It was found by IIerhold and Eafr, that when a metal- 
lic wire 600 feet long, stretched horizontally and held at one 
end between the teeth, was struck at the other, two dis- 
tinct sounds were heard; the one transmitted through the 
wire, teeth and solid materials of the head, to the audi- 
DupUcation of tory ncrves, the other through the air. A similar dupli- 
cation of 6ound was observed by Hassenfrats and Gay 
LussAo from a blow struck with a hammer against the 
solid rocks in the quames of Paris; thi^t propagated 
through the rock arriving almost instantly, while that 
transmitted by the air lagged behind. 



§ 44. From this it is easy to estimate the time required 



•oond. 



ELEMENTS OP ACOUSTICS. 47 






to transmit the effect of a force applied at one end of a TJmereqniwdto 
solid, or arrangement of solids, to the other. In iron, for eflfectof aforoet 
instance, the effect of a push, pull or blow, will be propa- 
gated towards its point of action at the rate of 11090 feet 
a second after its first emanation from the motor. For all e»°»pi« ; 
moderate distances, therefore, the interval is utterly in- 
sensible. But Sir John Herschel remarks, that if the sun 
were connected with the earth by an irpn bar, no less 
thaqj^ft^ days, or nearly three years,* must elapse before snnaadetrth. 
' the effect of a force applied at the former body could 
reach the latter. Yet the force actually exerted by the 
mutual gravity of the sun and earth may be proved to 
recjuire no appreciable time for its transmission.' 

PITCH, INTENSITY AND QUALITY OF SOUND. 

§ 45. We have seen that the velocity of sound, in the veiodtyooiwtMi 
same homogeneous medium, is constant; and that thejj*^^ ^^^^ 
particles in anyone wave, or set of waves, arising from the medium; 
same disturbance, all perform their revolutions in ^q^^l^^J^nd^of 
times. And hence. Equation (1 ), the waves flowing from the position ; 
same agitating cause are of the same length, no matter to 
what distance they may have been transmitted. Tliis 
length of wave. Equation (1), varies directly as the time 
of revolution of a single particle. In proportion as this . 
time is shorter, so will the wave be shorter, and in propor- 
tion as it is longer, will the wave be longer. And since But variea 
the particles of the auditory nerves vibrate in harmony ^^^"**** 
with those of the waves which agitate them, the number revolution or » 
of recurrences of the same condition of these nerves, in a p"***^^** 
given time, will depend upon the length of the waves. 
The greater or less mimber of these recurrences deter- 
mines the character of the sound ; in proportion as this 
number is greater will the sound be less grave or more Acute md 
acute, and in proportion as it is less, will the sound be*"^*' 
less acute or more grave. This particular character of 
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Pitch. 



sound by which it is pronounced to be grave or acute, 
more grave or more acute, is called the Pitch. 
Time of ij^Q ^jjjj^ ^f vibration of a single particle in any wave 

revolution of a . . 

particle dependa dcpcuds, §18, upou the disturbing cause. The waves 
on disturbing projected through the air by the sluggish vibrations of 
the coarse and heavy strings of the largest violins, called 
" dovhU hasSy^ are, therefore, long, and the correspond- 
ing sound is grave; while the waves produced by the 
more rapid vibrations of the fine and tense strings of the 
violin proper, are shorter, and the sound is acute. In the 
latter case the pitch is high ; in the former low ; and hence 
the terms high and low notes in musical instruments. 



Short and long 
wavee; 

High and low 
nctea. 



Ware length 
independent of 
excursions of 
particles; ' 



Waves may be 
equal in length 
while the 
particles have 
different 
yeloctties; 



Quantity of 
action in particles 
different; 



Intensity or 
loudness; 



Examples, yiolin, 
plana 



§ 46. A wave being once excited, the time of vibration 
of any one of its particles, and therefore the length of 
the wave itself, becomes wholly independent of the dis- 
tance to which the particle may recede from its place of 
relative rest. But, in order that the time may not vary, 
those particles must move at the greatest rate which 
make the greatest excursions. Hence, there may exist 
many waves of the same length while the particles of 
one possess very different velocities from those of 
another. The quantity of action in each particle being 
equal to half of its living force, or equal to half the pro- 
duct of its mass by the square of its velocity, the par- 
ticles of air in these different waves will assail the audi- 
tory nerves with very different efforts ; and this it is 
which constitutes the distinction we observe between two 
soimds of the same pitch possessing different degrees of in- 
tensity^ or, as it is usually expressed, different degrees of 
loudness. Thus, when the string of a violin or of a piano is 
drawn aside and abandoned to itself, it will vibrate about 
its position of equilibrium for some time, and finally come 
to rest. The sound, which at first is loud, gradually dies 
away, and ultimately ceases. But we only hear one con- 
stant pitch as long as the string moves bodily to and fro. 
It is easily shown that the time of each vibration of the 
string is the same from the beginning to the end of the 
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motion; the lengths of the sonorous waves impressed ^"■'"^y ** 

upon the air must,, therefore, be invariable, and hence 

the constancy of pitch. On the contrary,' the distanciB by 

which the string departs from its place of rest in each 

ribration, gradually diminishes, and so does that of the 

aerial particles, whose motions are regulated by those of ®~^«i<i««*y«' 

the string; this explains the gradual decay of the ^ 

sound. 

§ 47. Sounds may have the same pitch and intensity 
and yet be very different. We never confound, for ex- 
ample, the sound of a trumpet with that of a violin, not- Q«»»iit7 <>'»»»*; 
withstanding these sounds may have the same degree 
of acuteness and loudness. And this fact gives rise .to a 
distinction of qiLolity. 

Thus far nothing has been said of the peculiarities 
which mark the mode of vibration of the elements of 
a sonorous wave; whether, for instance, the particles 
describe elliptical, circular, or rectilinear orbits ; whether 
the planes of these orbits are perpendicular, inclined, or 
parallel to the direction of the wave propagation. Nor 
has it been necessary to discuss these particulars, since 
the velocity, pitch and intensity are wholly independent 
of these considerations. But while the amplitude and 
time of vibration of the particles of the auditory nerves, 
induced by different sonorous waves, may be the same,Detennin6dby 
thus inducing a constant intensity and pitch, yet the cor-P*^^^*"**3r<rf 
responding sensations may derive a peculiarity of hue, so 
to speak, from the variations in the mode of molecular 
motions Above referred to, sufficient to account for the 
distinction of quality. 

§ 48. To ascertain what length of wave corresponds toi^'^s*^®'^^* 
our sensation of a particular pitch, we must have theH^X^piteh 
means of measuring the lengths of different waves. These determined by 
are furnished in an elegant little instrument called the *** * 
Svren ; a device of Baron Cogniabd de la Toue. In 
this instrument the wind of a bellows is emitted through 
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^«i a small hollow tube A, 

before the end of which 
a circular disc J?, pierc- 
ed with a number of 
equal and equidistant 
holes arranged in the 
^ circumference of a cir- 
cle concentric with the 
axis of motion (7, is 
made to revolve. The 

tube through which the air passes is so situated that the 
holes in the disc shall pa$s in rapid succession over its 
open end and pennit the air to escape, being at the same 
time so near to the plane of the disc that intervals be- 
tween the holes serve as a cover to intercept the air. If 

OoMtraction and ^jj^ holes bc picrccd obliquely, the action of the current 

we explained; _ , . , /r» • -it. 

01 air alone will be suflicient to put the disc m motion ; 

if perpendicular to the surface it must be moved by 

wheel work, so contrived as to accelerate or retard the 

rotation at pleasure. The bellows being inflated and 

the disc put in motion, a series of rapid impulses are 

communicated to the air in front of the holes ; and, 

when the rotation is sufficiently rapid, a musical tone is 

produced whose pitch becomes more acute in proportion 

as the velocity of rotation increases. To sjiow that the 

Bellows may be air of the bcUows Only acts as a mass in motion to im- 

mervoirof* prcss by its living force successive blows upon the ex- 

^*ter; temal air, the bellows may be replaced by a reservoir 

of water, the liquid being under sufficient head to cause 

■ it to spout through the holes of the disc as they come 

successively in front of the duct pipe ; the effect is the 

game. 

Connected with the axis of rotation of the disc are a 

stop-register, which indicates the number of revolutions, 

and a stop-watch, to mark the time in which these revo- 

Btop-regtetep and lutions are actually perforaied. The instrument being 

•top-watch; ^^ .^ motion and accelerated to the desired pitch, the 

register and watch are relieved from the stops, and after 



ELEMENTS OF ACOUSTICS. 61 



the sound has continued for any desired length of time, Beading ©ftht 
the stops are again interposed, and a simple inspection of ^ *** * 
the dial plates of the watch and register will give the 
time and number of revolutions. 

Now, suppose the disc to be pierced with m holes, the 
number of revolutions to be n, and the number of second^ 
to be T. The number of impulses, and therefore the 
number of waves, will hem .n; and the number of waves 
produced in one second will be 



^ '^ _ NmnberofwiTW 



in on« seoond; 



But these waves, generated in one second, occupy the 
entire distance denoted by F, the velocity of sound ; and 
hence, denoting by A, the wave length, we have the 
relation, Equation (8), 



f7t . n 
whence. 



A = F = 1089,42 . V 1 + (^ - 32°) . 0,00208. FormuU; . 



1089,42 . T. >/l+(^ - 32*^) 0,00208 ,.^. Valnefor 

A = — — . . (iaj. length. 

TTh . n 

JExample. Suppose the revolving disc to be pierced with Example; 
100 holes, the time of rotation 20 seconds, the number of 
revolutions in this time 102,4, and the temperature of the 
air 84° Fahr. Then will 



m = 100; n = 102,4; r= 20'- ; t = 84°, 
which in Equation (Ig), give 



_ 1089,42 . 20 . y/ 1+52 . 0,00208 J,,, 
^ 100 . 102,4 = ^>^* 



Value or X. 
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RMoitsof thus making the length of the ware two and a quarter 
**'**'*°*'**' English feet, nearly. 

The results of the experimental researches of M. Biar^ 
on this subject, are giren in the following table : 



TaMtL 



HnmbtfofTlbntlomi Lmgth of nsnhiiig 

In on* MeoQd. In English fMt 

1 . 1091,34 

2 646,67 

4 272,83 

32 .34,10 

64 17,05 

128 8,62 

g ^ 286 4,26 

512 . 2,13 

1024 1,06 

3 / 2048 0,53 

4096 0,26 

8192 0,13 



Lowaat audible 
pitoh. 



pitoh. 



§ 49. From these experiments it has been inferred that 
the lowest pitch audible to the human ear, is that pro- 
duced by a wave whose length is 34,10 English feet, and 
of which there are generated, in one second of time, 32 in 
mghestaadibie number ; and that the highest audible pitch is given by a 
wave whose length is 0,13 of an English foot, or about 
one and a half English inches, and of which 8192 are 
generated in a second. But in such experiments much 
must depend upon the ear of the experimenter ; we know 
that this organ differs greatly in different persons, even 
aiuong those who are unconscious of any defect in their 
sense of hearing. Some have contended for a high pro- 
bability that a body making 24000 vibrations in one 
second, produces a sound which, to a fine ear, is distinctly 
audible ; and M. Savakt, by means of a rotary cog-wheel, 
R««iM»Twfwith80 arranged that each tooth should strike a piece of card, 
•zperimenten. found that 12000 strokes on the card in one second, pro- 
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duced a sound perfectly audible, as a musical tone of high ^oww ot tha 
pitch. Although different authorities differ in regai^d to ^ ' 
the powers of the ear, they nevertheless all agree in 
ascribing to them a limit And thus, of the almost end- 
less variety of waves which must, fix)m the existenqe of 
ceaseless sources of disturbance, pervade the air, our 
organs of hearing appear to excite the mind to impres- 
sions of those only whose lengths range within certain 
prescribed limits. Kor is this limitation peculiar to the 
ear. We shall have occasion, wjien speaking of light, to 
remark the same thing of the eye. We shall find that fiM«» true for the 
when, from too small or too great lengths, the waves of ^*' 
ether lose the power of stimulating the optic nerve to the 
sensation of light, they nevertheless do, when addressed 
to other organs, give rise to the further and obvious sen- 
sations of heat And to what extent we are uncon-oarwmsea cannot 
sciously influenced by those agitations of surrounding ]^^^. "'^ 
media which fall beyond the range of the ordinary senses 
to appreciate, it would be out of place here to inquire. 

§50. There is nothing in the constitution of theTheMnsatioBsor 
atmosphere to prevent the existence of wave P^ses "^^^ ^*^^ 
incomparably shorter and more rapid than those of which wbewounend; 
we are conscious ; and we are justified in* the belief that 
there are animals whose powers in this respect begin 
where ours end, and which may have the faculty of hear- 
ing sounds of a much higher pitch than any we actually 
know from experience to exist And it is not improba- 
ble that there ture insects endued with a power to excite, 
and a sense to perceive, vibrations of the same nature as 
those which constitute our ordinary sounds, yet of wave 
dimensions so different, that the animal which perceives bw 
them may be said to possess a different sense, agreeing ™*3'^'^^*» 
with our own in the medium by which it is excited, yetdii»«wit» 
entirely unaffected by those slower and longer vibrations 
of which we are sensible. 
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DIVERGENCE AND DECAY OP SOUND. 

Z^^^ § 51. We have already stated, § 16, that when the pri- 

homogeiMoai mitive agitation of a medium is confined to a small space, 

™®^' the initial wave front is of a spherical shape, and we have 

seen, Equation (12), that the sound wave proceeds with 

equal velocity in all directions in which the density and 

elastic force are the same/ In all homogeneous media, 

the wave front will, therefore, retain its sphericity to 

whatever distance it may be propagated, and a sound 

And sound heard ppQ^^^g^ at a givcu poiut, as from the blow of a ham- 

direetionft; ' mcr, or the explosion of gunpowder, wiU be heard equally 

well in all directions. 



Not true wb«i 
density and 
elastic fbrea 
vary; 



ninstrated by 
timing fork; 



FI|^1». 



§ 52. When, however, sounds proceed from a series of 
points situated upon the surface or face of a solid, the 
body of which interposes to prevent the existence of 
equal density and elastic force in all directions from the 
points of disturbance, this equality of transmission in all 
directions no longer obtains. This is well illustrated by 
an experiment •due to Dr. Youno. A common tuning 
fork, a piece of steel, whose shape is repre- 
sented Jn the figure, being struck sharply 
and held with its handle A against some 
hard substance, is thrown into a state of 
vibration, its branches J?, -B, alternately ap- 
proaching to and receding from each other. 
Each branch sets the particles of air in 
motion, and a sound of a certain pitch is 
produced. But this sound is very unequally 
audible in different directions. When held 
with its axis of symmetry vertical and at the 
distance of about a foot from the ear, and 
turned gradually about this axis, it is found 
that at every quarter of a revolution, the 
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sound becomes so faint as scarce- 
ly to be beard, tbe audible posi- 
tions of the ear being in planes 
EE and O 0, perpendicular 
and parallel to tbe broader faces 
of the fork ; the inaudible, in 
iJanes E' E' and 0' 0\ mak- 
ing with the first, angles of 

45^ 





AndibtoMid 


Fi^ja 


tnandibto 





posltioiMortiM 




§ 53. To resume the consideration of sound propagated j^^^^^ 
from a central point. The intensity or loudness of sound "ound 
is, §46, determined by the living force with which the ' 

particles of a medium in sensible contact with the ear 
act upon the auditory nerves. At the primitive poi^^ijoioasofUTiiiff 
of disturbance the living force is impressed by the dis- force in eiastie 
turbing cause, and is transferred from the particles of ™*^' 
one wave to those of another without loss, provided the 
molecular arrangements of the medium in the process 
are not permanently altered. Mechanics, § 64, which is 
the case in all elastic media, such as the air and other 
gases when not confined. The sum of the living forces g^^j^^^jj^ 
of the particles in a wave must, therefore, be constant, forces of particiei 
to whatever distance the wave be propagated, and equal ^^J]^t? 
to double the quantity of work expended . by the dis- 
turbing motor. The living force of any single particle 
is equal to the product of its mass into the square of 
its velocity, and from the nature of the wave, §16, thcsanietnieftr 
living forces of all the particles on any spherical sur-w^yfip^*^*^^ 
face whose centre is the point of primitive disturbance 
must be equal to each other ; for the velocities are equal, 
and the medium being of homogeneous density, the masses 
of the particles have the same measure. 

Denote by H the radius of any spherical surface in-ninstnrtioii; 
termediate between the interior and exterior limits of 
the wave in any assumed position, by n the number of 
particles on the unit of surface, then will the number 
of particles on the entire sphere be 
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N«mb««f . n .^1T J?, 

partioles on a 

■phtrlcalBQTlkoe; 

and the Bum of their living forces 



6ii]nofth«lr 
ttving forces; 



in which V denotes the velocity common to all the paf- 
ticles, and m the mass of a single particle. 

For another spherical surface, whose radius is S', and 
the common velocity of whose particles is V\ we will 
have 

B«nefor.Bother n . 4 TT jB'« . m F'«. 

•pbMieal soi&oe; 

Now, if these spherical surfaces occupy the same rela- 
tive places in the wave in any two of its positions, be 
living forcM their distances from the centre of disturbance ever so 
•qwi; diflferent, these living forces must, from what is said 

above, be equal; whence we have, after dividing out 
the common factors, 

Oo«aeqn«nc; J?» . W F« = J?'» . m F'« 

or resolving into a proportion 

Bokflnt; jh^t is to Say, the intensity of BOfumd varies inversely 

as the square of the distance to which it is transmitted. 

Again, the particles describe their orbits in equal 

times ; their greatest velocities will, therefore, § 16, bo 

proportional to their greatest displacements, and ths ifv- 

BviesMxmd. tensity of sound to the squares of these same displace 
ments. 

§ 64. The greatest distance to which sounds are audi- 
ble does not admit of precise measurement. It depends 
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principally upon the absolute intensity of th^ sound itself, ^",^J^ 
the nature of the conducting medium, and the delicacy medu; 
of hearing possessed by individuals. Generally speak- 
ing, a sound will be heard further, the greater its ori- 
ginal intensity, and the denser the medium in which it 
is propagated. 

The greatest known distance which sound has been Gr«rt<»t known 
carried through the atmosphere is 345 miles, as it ig ^*^<» *» •»'; 
asserted that the very violent explosions of the volcano 
at St. Vincent's have been heard at Demerara. Sound m^^ loader on 
travels further and more loudly in the earth's surface •"^'**"*«» 
than through the air. Thus, for instance, in 1806, the 
cannonading at the battle of Jena was heard in the open 
fields near Dresden, a distance of 92 miles, though but 
feebly, while in the casements of the fortifications it was 
heard with great distinctness. So also it is said that 
the cannonading of the citddel of Antwerp, in 1832, was ^*«"«"5 
heard in the mines of Saxony, which are about 370 
miles distant. 

When the air is calm and dry, the report of a musket ^•p**^ of • 
is audible at 8000 paces ; the marching of a company * 
may be heard on a still night, at from 580-830 paces 
off; a sq[uadron of cavalry at foot pace, 750 paces ; trot- ^"^'^^^^'^•^•^'y 5 
ting or galloping at 1080 paces distant ; heavy artillery, w artniery. 
travelling at a foot pace, is audible at a distance of 660 
paces, if at a trot or gallop, at 1000 paces. A power- 
ful human voice in the open air, at an ordinary tem- 
perature, is audible at a distance of 230 paces, and""™"' 
Captain Parry tells us that in the polar regions a con- 
versation may be easily carried on between two persons 
a mile (?) apart. 
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MOLECULAR DISPLACEMENT. 

To find the § 55. Let U8 HOW Bcek an expression for the distance 

J!^iTfr^mit8 ^^ ^^7 molecule from its place of rest, at any time, dnr- 
place of rest at ing the transmission of wave motion. This displacement 
any instant; obviously dcpcnds upon the intensity of the disturbing 
cause, the distance of the molecule under consideration 
from the place of primitive disturbance, the velocity of 
wave propagation, and the time elapsed since the primi- 
tive disturbance was made. 

Disregarding, for the present, the diminution of the 
amplitude of vibration due to the loss of living force 
in the successive molecules as we proceed outward 
suppoeed from the source of sound, let 

disi,iacementof j^^ ^c the poiut of primitive ^^ ^ 

Jl^i^* disturbance, and jB, the place \ 

of rest of any assumed mole- j^ ^ j, Jrc c 

cule. Denote by a?, the dis- / 

tance of JB from -4, and by V 

the velocity of wave propagation. At the expiration 

of the time ^, after the instant of primitive disturbance 

at -4, let the wave front be at TT, and the molecule at 

jB, be disturbed by the distance B 5. The distance of W 

from Aj will be F. t 

Consequent Now, from the nature of the motion transmitted, any 

MothCT™*^*^' other molecule whose place of rest is 67, beyond J?, must 

experience an equal displacement Co, at the expiration 

of the time ^ + ^, which is as much in excess over the 

time required for the wave front to. reach (7, as the 

time ^, was over that required to reach JB. In other 

words, the displacements must be equal for successive 

molecules whose places of rest are at equal distances 

behind the wave front; and hence the displacement 

aftinction of tu must be B. fuuctiou of this distance, that is, of F. ^ — » ; 

distance r.«-«a and denoting the displacement by rf, we may write 
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^ d]splM«iiMnt 

in which i^, denotes the form of the function to be em- 
ployed. 

Moreover, from the definition of a wave, the nature Fnn««on 
of the function i^, must be periodic ; that is to say, it ^ 
must, within a given interval of time, pass through all 
its possible values, and resume and repeat these values 
in the same order during the following equal interval 
of time. This ia a property possessed by the circular 
functions, and hence we may write the above 



ysinfa*'.:—^ —\ Itaform; 



in which 2 tt,. denotes the circumference of a circle whose 
radius is unity, and y the radius of the small circle of 
which the sine of some one of its arcs will give the dis- 
placement sought. The radius y, is equal to the greatest 
displacement of a molecule in the same wave ; for, a simple 
inspection will show that the function takes its maxi- 
mum value when the quotient, 



Y. t—X Whan • 
n J 



becomes equal to one|^ourth, or to any odd multiple of 
one-foui-th ; the value being in that case 

y . sin 90"*, or y sin 270°, or y . sin 450, &c. = y. 



}i/[ f\.j \ mv m yallHk 



But the intensity of sound diminishes as the square ofiAwofvariatioa 
the distance from its source increases ; and the intensity ^^^^^^^ 
being directly proportional to the square of the greatest 
displacement, § 53, if «, denote the radius of the small 
circle at the distance unity from the source of primitive 
disturbance, we have 
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BzprMrioBof 
the tew; 



(1)2 a« ^ a,« 



or 



BadlofloTtlM 
elrd« whose iliMt 
give the 
displeeementi; 



Second valoe of 
dtopIaoemeDt; 



y = -?» 



which substitated for y above, gives 

^ ^ «:« To -. y- t—x\ 



^ Whenltlsseio; 
When A 



The quantity V.t^ denotes the linear distance of tie front 
of the wave or pulse from the source ; V.t — a?, the dis- 
tance of the molecule's place of rest from the wave front ; 
and when this distance contains the length A, either a whole 
number of times, or a whole number of times plus one- 
half, d becomes zero. When the remainder, after the divi- 
sion of F.^ — a?, by A, becomes \ or |, &c., the value of d 

becomes —5— its maximum value, 
K the arc 



2 7r. 



V.t-x 



Arbitrary 
qoaotity; 



Final yalne of 
dSapIaoement; 



be increased by an arbitrary quan^ty J., it is plain that 
we may assign to -4, such a value as to cause any given 
displacement, and therefore the maximum displacement, to 
occur at a given place and time. Introducing this arbi- 
trary quantity, we finally have the general equation 






(19) 



in which — , determines the intensity of the sound; A, its 

X 
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pitch; and -4, the particle whose place of rest is at a dis- Meaning of «!• 
tance x from the somxCj to have anj 
znent at the expiration of the time t 



tance x from the somxCj to have any particular displace- *"*" 




INTERFERENCE OF SOUND. 

§ 66. "We have seen, in Mechanics^ that a body may 
animated by two or more motions at the.same time ; that mouona!'"'^'* 
the ultimate result of these motions, as regards the body's 
position, will be the same as if these motions had taken 
place successively ; and that one or more of these motions 
may be destroyed at any instant without aflfecting in any 
wise the others. These coexistent motions, estimated in any 
given direction, become, as it were, superposed upon each oo^xtetonoe and 
other, and when very small, give rise to a principle known Bnperpoaitionof 
as the "caea?f«fonc«an{?«(p«7y(?5iYw>7i^*maZZm^i(?7w''; a ™" *"*' 
principle most fruitful of results in sound and light. By 
it we are taught that when the excursions of the parts of what it teadMa: 
a system from their places of rest are very small, any or 
all the motions of which, fi'om any cause, they are suscep- 
tible, may go on simultaneously without disturbing one 
another. 

The truth of this important principle will appear from its truth . 
its application to the particular case in question. * 

It has been shown, § 4, that when a molecule of any 
body is very slightly disturbed from its place of rest, 
as in the case of sound, the forces exerted upon it by the 
surrounding molecules give rise to a resultant whose in- 
tensity is proportional to the amount of displacement. ^ 
This displacement may arise from the action of a sin- 
gle of from several causes operating at the same time ; 
but in every case, the expression which gives the value 
of the resultant action must be a function of those which 
express the values of the partial actions, and, like each Explanation, 
of these latter functions, being proportional to the dis- 
placement it is capable of producing must, as well as 
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Partial, ta well as the partial functions, be linear. In any such function, 
maatbeUDcw^ if we attribute a slight change to one of the disturbing 
causes, the corresponding change in the displacement 
must be proportional thereto; and whether the change 
in aU the partial causes, or in the functions which 
measure them, be simultaneous or successive, the final 
• result will be the same ; for, the change in the entire 
function in the first case must be equal to the algebraic 
sum of the partial changes in the second. To those far 
miliar with the calculus, it wiU be sufficient to say, that 
the first power of the total differential of the sum of a 
number of functions, is always equal to the firat power 
of the sum of the partial differentials. 

We conclude, therefore, that the function which gives 
the displacement may be broken up, so to speak, into 
several partial functions equal in number to that of the 
disturbing causes ; that these partial functions will be 
similar to each other and to the entire function; and 
that this latter will be equal to the algebraic sum of the 
former. (Analytical Mechanics, §§ 204 and 306.) 



lUwtntioii; 



Flg.flL 




§ 57. To illustrate : 
let the straight line 
A jB, be the locus of a 
series of molecules in 
their positions of rest ; 
the fine waved line 
ah^ that of the same 
molecules at a particu- 
lar instant of time, when disturbed and thrown into a 
wave by the action of some single cause ; and the waved 

Partial waves; line a' J', that of the same molecules at the same in- 
stant had they been thrown into a different wave under 
the operation of some other insulated action. If these 
disturbing causes had acted simultaneously, the locus of 

Oonatructionof the disturbed molecules would be represented by the 
heavy waved line X 3^, constructed in this wise : At 
the various points of the line A J?, erect perpendiculars 



nsaltant ware. 
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and produce them indefinitely; lay off from AB^ onB««ai*«t«»^«; 
these perpendiculars, distances equal to the sura or dif- 
ference of the corresponding ordinates of the component 
curves, according as these pnrves intersect the perpen- 
diculars on the same or on opposite sides of the IJne 
A -ff, — ^the points thus determined will be points of the 
resultant curve, which will give the law of displacement 
at the instant of time in question. Were there three, same for thweor 
four, &c., component curves, the resultant curve would ^l^^^^^j^ 
be determined by the same rule. 

§ 58. Taking it, then, as a fact, that the <ijsturbance ^^^^^^^^^^ 
of every molecule produced by the coexistence of two of two equal 
ox more causes will be the algebraic, sum of the dis-^ 
turbances which they would produce separately, let us 
consider the nature of the displacement produced by 
the superposition of the action of two waves of the 
same length on the same molecule, the waves being 
supposed to come from any directions whatever. 

We shall have for the displacement of the molecule 
by the first wave, Eq. (19), 



_ wares on a 

pardde; 



and by the second, 



(20) Dteplacement by 
the flist waT«; 



(21) 



Samebyth* 



in which a' and a", 
determine the intensi- 
ties of the sound in 
the two waves at the 
unit's distance ; and A' 
and A/\ the places of 
the maximum displace- 
ment at the expiration 
of the time t 



Fig:29L 
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opewtioiii Taking the sum, and developing the circular fanctipn 

by the usual formula for the sine of the sum of two 
arcs, we find, after reduction, 

displaoementi; *-K' ' ^ • ^l^ '• -J-J+^^ ^ ' '^l^'-J-J' 

and making, 

i*appo8iti<m; a . COS J. = a' COS J.' + a" cos A'\ •••(«) 

a .sin A = a' sin J.' + a" sin J.", ... (ft) 

Notation; |j^^ above bccomcs, afker writing d for the total displace- 
ment, 

dtopi3oement; d = —' [cos ^ . sin / 2 TT _j|z?j+ sinJ. . COS (277 _:-Z:?j I ; 

replacing the quantity within the brackets by its equal, 
• viz. : the sine of the sum of the two arcs, we have 



d 



= i. sinr2*.^i^ + ^1 . . . (22) 
a? L X J 



Squaring Equations {a) and (J) and taking the sum, we 
find, 

Tranatormntlon.; ' ^^ = «'* + «"' + 2 «'«" COS {A' - ^") ... (23) 

and dividing Equation (J), by Equation (a), we obtain 
» ^ ^ . ^ a'.sin J.' + a". sin A" /^.v 

BedncttoDs; tan ^ = t7~i 77-- 777 .... (24). 

a'.cos-4' + a".cos J." ^ 



From Equation (22) we see that the' length of tlie 

coneLiisiolu; resulting wave is the same as that of the partial waves ; 

but the value of J. in that equation differing from jA\ 
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and A\ Equation (24), shows that the maximum dis-*"™*®' 
placement for a given molecule does not take place dispiaccm«ntia 
with the same value of ^, as for eithe.r of the compo-"»^'*°*^*^«J, 
nent waves. 

The maximum displacement — , which determines the 

intensity of the sound, in the resultant wave, is given by 
Equation (23) to be 



^ = 1 . ^ /S'm^^"^ +2aV'.co8(-4'-^") 
a? X y/ 



which depends upon the arc 
A! — A!\ Its greatest va- 
lue is obtained by making 
A! — A!' = 0, in which case 
we have 



Fig. 23. 




(25) Ck)Qeralyala6ar 
tills 
displacement; 



When this valoe 
is greatest; 



X "" 



X 



Greatest yaloe; 



its least value results from 
making A' - A'' = 180*^, in 
wliich case A 



a 

X 



a' — a" 

X 



Fi|p24. 




X^ 



la the first case Equation (24) gives 

+«^ J (a' + a") . sin J.' . ., . ,f, 

tan ^ = )-_ — J- = tan ^' = tan^"; 

(a' + a), cos J.' ' 



When this yalne 
is least; 



Least Taloe; 



First case; 



whence J[, is equal to A\ and to A'\ and the maximum Conclusion* 
displacement will occur at the same place and at the 
same time in the resultant wave, and in both compo- 
nent Tvaves. 

In the second case, if we substitute in Equation (24) 
A' = 180^ + A'\ we find 

5 
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8«oond( 



Condii8l<m; 



Intensity of 
sound Buppoeed 
equal in 
oomponent 



(a"-a)c68^" ^^ 

that is, A is equal to one at least of the arcs A' and 
A'\ and the greatest displacement in the resultant wave 
will occur at the same place and time as in one of the 
component waves. 



§59. If the intensity of 
sound in the component 
waves be supposed equal at 
the place of superposition, 
then will a' = a", and Eq. 
(25) becomes 



Fll^llk 




Conseqaenee; 



a 2a' ^^A'-A" 
— = . cos 

XX 2 



(26) 



BedQetiom; 



VelneoT 
arbitraiy 
constant; 



and Equation (24) reduces to 



cos ^' + cos A" " * 



2 



or. 



A = 



A' + A' 



When A' - A" = 0, then will Eq. (26) give 



(27). 



Supposition ; 



* = ^, and A=A' = A"; 

X so 



mmtntiooL 



that is, the intensity of sound 
in the resultant wave is quad- 
ruple that in either of the 
equal component waves; and 
the greatest displacement 
will occur at the same time 
and place in the component 
and resultant waves. 



Fig:26L 
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If a' and a" continue equal, and we make -4.'— -4"=180*, snppositioii; 
then will Equation (26), give 

- =^ O; 126). 

X 



Fig. ST. prodnotd; 




or in words, one of the equal 
sounds will destroy the other. 
Thus it appears that two 
equal sounds reaching the 
> same point may be in such 
relative condition that one 

will wholly neutralize the other, and the two produce 
perfect silence. This phenomenon is called the Inter- !»*«*»«»«• ^ 

*■ /.J Bound. 

ference of sound. 

With any other values for J.' and A" than those which 
give A' - A'' = 180 or 0°, Eq. (26), shows that 

£, ^ 2g , B««atofp«rtW 

X j0 ' ooinddenoe of 

twoaoundwATM 

that is, the sound in the resultant wave is less than quad- 
ruple that in either of the equal component waves. 

§60. To ascertain the precise relation between two ^°*****°* *^ 
equal waves, which will cause one to destroy the other, eqiuiwuvM to 
makie, in Equation (20), nentmiiM^Mii 

^' = ^" ± 180^ = ^" d: ir 
and we have 



> = |^8in[2c^ + ^"d=.], 



bat 

tr " ^ * ^ TYanafomiitfcMii; 

2Tx 
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and this substituted above, the equation becomes 



Besaltaat 
dIsplfMMment; 



^=i'.Bin[2..ZLt:fii-S^"] 



Conditions for 
interference. 



Fig. «T. 




When waves 
Interfere only at 
point of anion. 



whicJh becomes identical with 
Equation (21) by writing 
a?, ior xzpi K That is to 
say, one wave will destroy 
another ^ equal length and 
intensity J ifj starting from 

the same origin^ in the same jphase^ they meet^ after trav- 
elling over routes that differ in distance by half a wave- 
length. 

And since a difference of route equal to any whole num- 
ber of wave lengths produces no difference of phase in the 
undulation, it is obvious that a difference of route equal to 
any odd multiple of half a wave length, produces the same 
effect as a difference of a single half. . 

Thus, two waves will destroy one another, if they be 
of the same length, have the same maximum molecular 
displacement, travel along the same route, and have, at 
any point, opposite phases. If they travel over different 
routes and meet, they can only interfere at the point of 
union. This mutual destruction of two waves, having op- 
posite phases at their place of union, is illustrated at § 52. 



Same 

oonsideratlonB 
applicable to 
three or more 
equal waves; 



§ 61. The same process of combination may be ap- 
plied to three, four, &c., waves of equal lengths. Thus 
let, there be the Equations 



r = ^' sin U* 
X L . 



r.t-x 



'■]• 



Equations to be 



rf"=^'8in [2* ^^ + ^"] 
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d' 



«'" r 

X L 



2*.^^+^'"] 



Opentioai 
perfoniMd; 



adding these, developing the 
sine of the sum of the two 
arcs within the brackets, col- 
lecting the common factors 
and denoting the resultant 
displacement by t?, we have 



Flfr s& 




-a mnstratioD; 



^=f?-cos^.sm2*. J-^— + Jsm^.cos2flr _ , ^^^,^^, 



or 



t?=^.sinr2*.Z4z? + ^l; 
aj L A J 



Theeame; 



in which 



a cos J. = a' cos J.' + a" cos A" + a'" cos JL"' = X 
a sm ^ = «'sin^' + a" sin ^" + a'" sin^'" = r 



« =Y/JP+r^; tau^ =-y • 



Notatiofl. 



§ 62. Although it is possible for two waves of sound, 
virhose lengths are the same, to neutralize each other, it is 
not so when the 

• r Fig. 89. 

waves have un- ^ 

equal lengths; 
for, Eq. (22) 
was deduced 
by making V 
and X the same in the two component, waves, the sum 
of d' and d" being in that case reducible. If these con- 
ditions were not fulfilled, this sum would not be reducible, 
and there would be the two arcs 




Two unequal 
waves cannot 
nentralize each 
other; 



nioBtraUon; 
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Xzplaiutloii; 



Gonolmrion 
respecting 
unequal wares; 



2. ^'^-^,and2.Zg:i^, 

in the final value for (?, with different coefficients, which 
could not be made equal to zero at the Bame time. The 
values of F", will, J;o be sure, be the same in any two 
waves of sound, but this need not be so with those of X ; 
and in waves which produce light, in which subject we 
shall have most occasion to refer to the doctrine of in- 
terference, the values of F, as well as those of X, may 
differ. The discussions of waves of different lengths may, 
therefore, be kept perfectly separate, as the combined 
effect of such waves will be the same as the sum of 
their separate effects, without the possibility of their 
destroying or modifying one another. 



NEW DIVERGENCE AND INFLEXION OP SOUND. 



An J ^torbed 
IMirticle causes 
aubeeqnent 
disturbance In 
another; 



Same true for all 
particles in a 
wave ih>nt; 



Dliutratlon; 



Flip 80. 



§ 63. We have seen that every disturbance of a mole- 
cule at one time is truly a cause of disturbance of an- 
other molecule at some subsequent time. All the mole- 
cules in a wave •front become, therefore, simultaneously 
centres of disturbance, from each one of which a wave 
proceeds in a spherical front, as from an original dis- 
turbance of a single molecule. Thus, 
in the wave front ABjB. molecule 
at X becomes a new centre of dis- 
turbance as soon as the wave front 
reaches it; and if with a radius 
equal to V.t a circle be described, 
this circle will represent a section c 
of the spherical wave front proceed- 
ing from a, with the velocity F, at 
the end of the interval of time de- 
noted by t. And the same being 
true for the molecules x\ x'\ &c., of the primitive 
wave, there will result a series of intersecting circles 
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having equal radii, and the larger circle ^'^'^^^J^^^f 
tangent to all these smaller circles, will obviously be a front; 
section of the main wave front at the expiration of the - 
interval tj after it was at A B. Anj molecule situated 
at the intersection of the smaller circles will obviously 
be agitated by the waves transmitted to it from mole- juwiitMit 
cules at their respective centres; and the resultant dis-^'^p^^"^*^' 
placement will, §55, §56, be the algebraic sum of the 
displacements due to each when supei'posed. 

Hence, to find the disturbing effect of any wave upon 
a given molecule at a given time, divide the wave into 
a number of muM jparta^ consider each part as a centre 
of disturbance^ and jmd hy summation the aggregate of 
all the disturbances of the given molecule by the waves 
coming from aU the points of the great wave. 

The cause which makes the disturbance of a smgle 
molecule at one instant the occasion of the simultaneous 
disturbance of an indefinite number of surroundinff mole- ^ ^ . , 

^ PrindptooTiMV 

cules at a subsequent instant, is called the principle of diTergenoe 
new divergence^ of which frequent use will be made in"****^* 
the subject of light. 

§ 64. Let us trace the consequences of this principle ^^"^pp'***"*"** 
in its application to the passage of sound through aper- iorndttTogh 
tures and around the edges •pertnros and 

of objects. Take a parti- "^ ^ «oundeome«; 

tion M If^ through which 

there is an opening A B^ 

and suppose a spherical 

wave of sound to proceed 

fi'om a centre C. Only that 

portion of the wave which 

comes agaipst the opening 

can pass through, and the wave front on the opposite 

side of the partition will be found by taking the diffe-^™*"**®»« 

rent points of the segment A -ff, within the opening as 

centres, and radii equal to Y. tj and describing a series 

of elementary arcs, and drawing a cm*ve tangent to them 
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Eiplanatlon an^ 
MDBtractlon ; 




Bound that Ib not 
reinforced hj 
particles from the 
primitive wave; 



Sectors wherein 
the sonnd is due 
to superposition 
of waves from the 
edges; 



Intensity 
increased \>j 
•oineidence; 



Decreased bj 
Interference. 



Points taken 
l>etween the 
edges; 



all. That portion of this tangent curve included be- 
tween the lines CA' and 
CB\ drawn from <7, and 
tangent to the limits of the 
opening, will obviously be 
the arc of a circle having O 
for its centre. The elemen- 
tary circles described about 
the limits A and B as cen- 
tres, cannot be intersected 
at points exterior to the angle A' 0J3' by those described 
with equal radii fit)m points of the wave front lying 
between A and JS ; the wave front within the angles 
A' AM and B^ B iT, will have their centres at A and 
B respectively; and the sound proceeding from these 
points will be diffused over the arcs A' 2£ and B' N 
without reinforcement from molecules of the same primi- 
tive wave. 

But other waves from C reaching the opening in suc- 
cession, a spherical wave diverging from j5, and of which 
the radius is B <?, will be overtaken by a subsequent one 
from -4, having for its radius A O } so that, the intensity 
of sound in the angle A' A Jf will result from the super- 
position of the disturbances from B and A. The same 
will be true of the sector B' B N. 

Now, if 5 <? — J. <?, be equal to X, 2X, 3X, . . .n\ in 
which 7i is a whole number, then will the intensity of the 
sound be increased above that due to either of the com«^ 
ponent waves. But \l B O— AO^ be equal to i\ |X 
(^ + i) N ^ being still a whole number, the compo- 
nent waves will interfere at O, and the intensity of the 
sound will be lessened at that point by the prevention 
there of the disturbance due to either of these two 
component waves. 

Taking another molecule J?^, nearer to A^ the wave 
from -B^, will interfere with the wave from A^ but at 
a point 0^, nearer to the partition, in order to pre- 
serve the diflference B^O^ — A 0^, the same as before, 
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to wit, (n + I) X. Assuming other points in succession constniotion; 
nearer to -4, Ve shall find the interference to take 
place at molecules still nearer to the partition; and 
finally, when we come to a molecule §, in the main 
wave front whose distance A Q^ from A is equal to 
(^ + i)N ^^ interference will occur at a molecule situ- 
ated against the partition at P. 

Now, making n = 0, in which case A Q will equal 
\ X, and applying 
\ X from a to a^ , ^^ 

the waves from a ^ x , |^' ' ^^ ^* '-^ '^ ^ „„„„, ffi , m«t»«^«: 

and a^, will inter- 
fere at P. Applying \ X, from J to S^ , the waves from 
h and J^ will also interfere at the partition ; and in the 
same way it may be shown that all the partial waves 
from molecules in the distance A Q^ will interfere with 
those from the molecules in the distance Q D, Q D 
being equal to AQ. Commencing the same process at 2>, 
we see that the opening may be such that on applying 
f X from a' to a\ , this latter point a\ may be in the posi- ExpianaUon of 
tion from which there can be no new divergence to inter- '®"^**» 
fere with that from a' ; and the same for the whole of 
the arc D B^ of the main wave. This latter is, therefore, 
left, as it were, undisturbed, and sound from it may or 
may not be audible at P, depending upon the extent of 
this arc and the intensity with which the sound reaches 
the opening. 

The distance ^ ^ is equal to \ X. But X, we sound heard at 
have seen, § 48, varies with the pitch, whence the sound p»»^«o° ^ependa 

, ' " . IT JT 7 on pitch, and 8ix» 

heard at P^ will depend upon its pitch and the sizeofcpening. 
of opening through which it may pass. 

§ Q6. From what precedes we see that at the line Aoonstio shadow 
A (?, Fig. 31, there begins, as it were, an acovstic shadow^ ^*' 
which deepens more and more as we approach the 
partition towards P, where the sound becomes least ^^«=^<>^<*' 
audible. This bending of sound around the edges of an '**™ 
opening is called the Inflexion of sound. 
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Case of sound § 66.When the opening is continued indefinitely in one di^ 
bending aronnd rection onlv, wc have the case of sound bending around a cor- 

onrnen; * -n \ i 

nox. But when the opeur 

ing is continued indefinite- ^^ ®- 

\y in one direction, there ^ m mmntmm^ ^ ^ 1 ^.1, ^^ 

can be no arc of the main 

wave as D J&, (last figure), without a corresponding arc 

D^ B^ , further on, to neutralize it in part at least by 

interference, and hence, were the component sounds of 

the same intensity at the point of superposition, they 

would produce perfect silence, and no sound could be 

heard at P. 

The sound from the main wave is of the same intensity 
throughout on reaching the comer; the new diverging 
waves leave their respective centres, which are distri- 
buted along the front of the main wave, with equal 
intensities ; they can only interfere after having travel- 
led over routes which differ by ^X; the intensity of 
sound varies inversely as the square of its travelled dis- 
tance ; and the intensities cannot be equal at the places 
of interference, and therefore can only partially neutralize 
each others' effects. This is shown by Equation (26)', in 



EzpUuiation; 



No perfect 
neatrallzation ; 



which — is 

X 



zero, only because a?, under the conditions 



Grave sonnds 
more audible 



there imposed, is the same denominator for a' and a'\ 
In sound, X varies, as we have seen, § 48, from a few 
inches to many feet, and as the difference of intensities in 
the interfering waves will be greater as X is greater, the 
oian thell^ute; gravcr souuds would be heard, under the circumstances 
we have been considering, more audibly than the more 
acute. If the lengths X, were insensible in comparison 
with the route travelled, there would be but little in- 
flexion ; since, in that case, the intensities of sound in the 
interfering waves would be sensibly the same, and it 
would require but a slight obliquity from the direct 
course of the main wave to make a difference of route 
B O — A 0^ Fig. 31, equal to ^X, necessary for one wave 
sensibly to destroy the other. 



GaseofUttle 
Inflejdon. 
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An auditor placed behind a wall 
at P, would hear, the bass notes 

from a band of music playing at a A^ waii listening to 

position A on the opposite side, nauch • p Km * • ^^*^ ^ ""*•• 
more distinctly than the acute notes. 
At P, the notes of the tuba, for 
instance, might be heard distinctly, 
while those of the octave flute would 
be lost to him. Ii; passing from the 
position P to <?, he would catch in 
succession the higher notes in order of the ascending 
scale, and finally, when he attained a position near the portion when«» 
direct line A (?, drawn from -4, tangent to the corner, he ^ *^« 
would hear all the instruments with equal distinctness, if equaiiywdibto. 
played with equal intensity and emphasis. The facts 
and explanations here given have an important applica- 
tion in the subject of optics. 

If we suppose the lengths of sonorous waves propagated 
through water to be much shorter than those through the 
air, we have here a full and satisfactory explanation of 
the phenomenon cflbserved by M. Colladon, mentioned at 
the close of § 39. Indeed, taking the acoustic shadow Foregoing 
there referred to as established, it must follow as a conse- ^*^?.^"®"', ^ 

' ^ eonfbnnable t» 

quence, from the principle of new divergence, that the •xporiment* 
lengths of the sonorous waves in liquids are shorter than 
in air * (Analytical Mechanics, § 348.) 



KEFLEXION AND REFRACTION OF SOUND-ECHOS. 

§ 67. There is no body in nature absolutely hard and jj,g^|^ 
inelaftic. Whenever, therefore, the molecules of a vi- particiee of one 
brating medium come within the neutral limits of those ^^^ ■^'**® 

, ^ those of anothei^ 

forming the surface of any solid or fluid, they will and transmit* 
agitate the latter with motions similar to their own, and p^^ 
a pulse wifl be transmitted into the solid or fluid with 
a velocity determined by its density and elastic force, 

*See Appendix No. 1. 
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Befennoes; § 68. Eeferring to the transmission of sound through 

flir, and resuming Equation (2)', we have, after substituting 
the value of F, as given by Equation (3), 



Vdocltf of » 
particle; 






X ^ X, 



X 



Now, by reference to § 34, it will be seen that 



Excess of 
eondensation ; 



X — X, 
X 



expresses the excess of condensation on one side of a 
molecule over that on the opposite side. Making 



Expressed by an 
equation; 



X — X^ — 



= c; 



the q,bove Equation may be written 



Velocity of a 
particle; 



v= C'W ^ 



(28). 



Bnle for 

bomogeneons 

mediiu 



Wben a particle 
^HU come to rest 



In the same homogeneous medium E and D are con- 
V stant, whence we conclude that the actual velocity of a 
molecule^ which is the same as that of the stratuna to 
which it belongs, is directly proportional to the excess 
of condensation on one side of it^ over that on the oppo- 
site side. 

When, therefore, by the forward movement of a mole- 
cule the condensation becomes equal on opposite sides, 
the molecule comes to rest, and remains g^ till again 
disturbed by some extraneous force. This explains why- 
it is that a puke transmitted through a medium of tmi- 
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form density sends back no disturbance, but leaves eveiy living fcwe 
molecule behind in a state of rest. The Jiving force im- 
pressed upon any given stratum is transferred to the next 
one in front, and this to the next in order, and so on in- 
definitely. 





r 
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V 
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X. 



ApalM 
transmitted ia 



§ 69. When the »*"^ 

" 4 7> • Fig. 88. disturbed; 

stratum AB i& mo- 
ved by some source 
of disturbance to 
A' Ji\ the stratum 
CD will move in 
the same direction, and a pulse will be transmitted on-^^®®*^**°^' 

^ - distnrbance; 

ward towards W, the excess of condensation being on the 
same side of the moving stratum as the place of the ori- 
ginal disturbance. But a shifting of the stratum AB 
to the position A' B\ leaves the excess of condensation And also out !■ 
which acts on the stratum CZ>' on the opposite sidej^^^. 
from AB ; the stratum CD' will therefore close in 
upon -4' B\ and the same occurring in succession with 
all the strata on the side towards W\ a pulse will be transr 
mitted in an opposite direction from that which begins 
"with the motion of CD, Thus, every case of an original 
disturbance of a molecule will give rise to two pulses pro- Every 
ceeding in opposite directions, with the same velocity, the duces t^^^uk*; 
two pulses differing only in this, viz. : in the one the 
wave velocity will be in the same direction as that ofT>»«^^fl'^«>»<»' 
the molecules, and in the other in an opposite direc- 
tion. 



§ 70. The elastic force E^ of two media in contact and Elastic force of 
at rest, must be the same ; otherwise motion would ensue. contwt»nd«t 

When, therefore, in the progress of a pulse, it reaches a rest 
stratum X YJ of a density or elasticity different from that 
of those which precede it, Equation (28), shows that for the 
Bame excess (7, of condensation, the velocity of the stratum Effect when tbe 
will be altered; that is, the actual motion of the molecules ^^^"^„*7^J°°* 
will either be accelerated or retarded. If the new stra- greater density. 
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turn be of increased density, the next preceding stratnm 
jBTZ, wUl be checked in its progress by the gi'eater mass 
of X JT, and brought to rest before it reaches its neutral 
distance from that behind; the excess of elastic force 
thus retained will react upon the next preceding stratum 
wiiich has already come to rest, and will thus give rise 
to a return pulse in which the velocity of propagation 
and that of the molecules will be in the same direction. 
Efltectwhen jf^ ^^ ^^ contrary, the new stratum have a dimin- 
meetfioDeofieas ishcd dcusity, the motiou of KL will be accelerated, the 
density. density in front of the next preceding stratum will be- 

come less than that between those behind which have 
come to rest ; these latter strata will therefore move for- 
ward in succession, and thus a return pulse will be pro- 
duced as before, but with the difference, that the velocity 
of propagation and that of the molecules will be in oppo- 
site directions. 

Wave moctiiig a § ^1. It foUows, therefore, that when a pulse or wave 
medium of ^f souud in any medium reaches anothw medium of 

different density , , . . . i i • 

to resolved into greater or 'less density, it is at once resolved into two, 
*^» one of which proceeds on through the second, while the 

other is driven back through the first medium, 
caoseof this This divisiou of an original pulse into two others, arises 

reMiuUon. entirely from the reciprocal action of the two media on 
each other. K the media be perfectly elastic, there can 
be no loss of living force, and the sum of the intensities of 
sound in the component pulses will be equal to that of the 
original pulse. K the media be not perfectly elastic, 
there will be a loss of living force, and the sum of the 
intensities of the component pulses will be less than that 
of the original pulse. 
Incident, The Original pulse is called the incident; that transmit- 

wflTted^p'dL *®^ ^^^ *^® second medium, the refracted; and that 
driven back through the original medium, the reflected 
pulse. 

To an ear properly situated, the reflected pulse will be 
audible, and is, for this reason, called an echo. The sm-- 
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face at which the original pulse is resolved into its two i>«viatinft 
component pulses, is called the deviating sujfiice. 



F1»86L 




§ 72. To find the law which regulates the direction of i>»'««"«nofth« 
the reflected piflse ; let il Jf be a _ determined; 

portion of the front of an incident 
spherical pulse, so small that it may- 
be regarded as a plane. Draw MA!\ 
A' N and A (?, normal to the pulse, 
and suppose the latter, moving 
in the direction from NU> A\ to 
meet the face E G oi ^ second me- 
dium. Each molecule of the pulse 
as it recoils from the surface E Gy 
becomes the centre of a diverging 
spherical pulse which will, Eq. (28), 
be propagated with the velocity of 

the incident pulse. Accordingly, when the portion Jf ExpLmatioB tnd 
reaches the face of the second medium at A'\ the por- **°" ^* 
tiou A will have diverged into a spherical pulse whose 
radius is .^ ^ = A" M. In lik6 manner, if AM' be 
drawn parallel to AM^ the portion diverging from A' 
will, in the same time, have reached the spherical pulse 
whose centre is A' and radius A' B' = A"M'. The same 
construction being made for all the points of the incident 
pulse as they come in succession to the deviating surface, 
the surface which touches at the same time all these 
Bpherical surfaces will obviously be the front of the re- 
flected pulse. But because A' B' and A B are respec- 
tively proportional \k} A! N and A!* J/, and as this is true 
for any other similar lines drawn from points of the 
deviating surface to the corresponding points of the in- 
cident and reflected pulses, this tangent surface is a plane, incident and 
Moreover, since ABv& equal to MA'\ and the angles "*^««*®<ip^»J««« 
A MA" and A!' B A are right, the angles MA A" and^g^^^ith 
BA" A are equal, and the incident and reflected pulses ^v**^ 8™*^ 
make equal angles with the deviating surface. 

Any line which is normal to the front surface of a 



80 



NATURAL PHILOSOPHY. 



Bftjof ioand. 



Anele of 
iDcfdenoe; 



Angle of 
Kflexton; 



These angles 
•qoaL 



¥ig. ST. 



pulse, is called a ray of sound. The angle JVA Dj 
which the normal to the incident pulse makes with the 
normal to the deviating surface, is called the angle of 
incidence. The angle £ AD, which 
the normal to the reflected pulse 
makes with that to the deviating 
surface, is called the angle of re- 
flexion; and because the angle 
made by two planes is equal to 
that made by their normals, we 
conclude from the foregoing, that 
in t?ie reflexion of soundj the angles 
of incidence and of reflexion are 
equal. 




wrectfonofthe § 73. The law which determines the course of the re- 
doterroin^; fractcd pulsc is equally simple, and is deduced in a man- 
ner analogous to the preceding. 

Let A M\>Q an inclined element- 
ary plane pulse, incident upon a de- 
viating surface E G^ at any instant. 
In the interval of time during which 
the point Jfis moving from M to -4",. 
the agitation which begins at A will 
have reached some spherical surface 
within the second medium of which 
^ ^ is the radius ; and in like man- 
ner, the agitation which begins at 
A\ will have reached some spherical 
surface of which A' B' is the radius, 
by the time the portion of the inci- 
dent pulse at M\ will have passed on to A" ; and the 
same of intermediate points of primitive disturbance on 
the deviating surface between A and A!\ the first and 
CcMtracUon and last points of incidence. The surface tangent to all these 
"* ^ spherical surfaces will be the front of the transmitted or 
refracted pulse ; and because A B and A! B* are respec- 
tively proportional to A!' J!f and A'N^ this surface is a plane. 
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The angle W AD^ mdde by 
the normal to the refracted 
pulse and that to the deviating 
surface, is called the aiigle of 
refraction. Denote the angle 
of incidence If A />, which is 
equal to the angle M A A'\ 
Fig. 38, by 9 ; and the angle of 
refraction IT A D^ which is 
equal to the angle A A" Bj 
Fig. 38, by 9' ; then will 

MA'' = A''A 
AB=^A''A, 



Fig. 89. 



BefractedBoand; 




Sin 9; 
sin 9' ; 



niTistntioB; 



and dividing the first by the second 



MA'' _ sin 9 
TB 



sin 9 



7"' 



but A" M and A B^ being described in the same time, Expianatioii; 
the first by the incident, the second by the transmitted 
puke, are respectively proportional to the velocities in 
the two media. Denoting the velocity of the^ incident 
pulse by "F, and that of the transmitted pnlse by V\ 
we haye 



whence 



V MA" sin 9 
V" AB "■ sin 9' 




BatlooT 
velocitJMof 
Incident and 
redacted sou 


XT 

sin 9 = yj- sin 9', . . 


. . (29), 





That is to say, in the refraction of sound the sine of the sniei 
ari^le of incidence is equal to the sine of the angle of re- 
fraction multiplied into the ratio obtained hy dividing 
the velocity lefore incidence ly that after refraction^ 

6 
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AppHoatlon to 
•Ir and wftt«r; 



IlhiBtntlon; 



Thus, if sound proceed through the atmosphere at 32* 
Fahr., and be incident upon the surface A JB, of water at 
the same temperature, then will V = 1089,42, F'= 
^TOY^i, and 

F^ 1089^ 31^3 - ^ 

F' 4707,4 ' 

which in Eq. (29) gives 

sin. 9 = 0,23142 . sin 9' 



or 




Example; 



sm 9 
0,23142 



= sm9 



(30). 



Now, suppose the angle of incidence jB /ilT, to be given, 
say 30°. With the point of incidence i^ as a centre and 
radius unity, taken from any scale of equal parts, de- 
scribe the circumference of a circle ; from a table of natu- 
ral sines take the sine of 30°, and by means of the same 
scale lay it off from I to H; through H draw H O pa- 
rallel to the normal NI^ and through the jwint 0, in 
which this parallel meets the circumference and the point 
of incidence /, draw H I, This gives the incident ray. 
coMtrucUon of Divide the sine of 30° by 0,23142, this will give the sine 
of 9' ; lay off its value from / to JB\ and draw H' O' 
parallel to N I; join the point in which this parallel cuts 
the circumference with the point of incidence /, and we 
have the direction of the refracted ray I R\ 



incident and 
refhicted reyfl. 



WliensoDDd 
eannotpaasiato 
a fleoond 
medlnm; 



§ 74. The sine of an angle can never exceed unity. 
When, therefore, the angle of incidence becomes so great 
that its sine divided by the ratio of the velocities exceeds 
unity, refraction, or which is the same thing, the passage 
of sound from one medium to another in whjch its velo- 
city is greater, becomes impossible. In the case of air 
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and water, the limit of the greatest angle of incidence g»«»*«' ««*•«' 
corresponding to which we may have aay transmission of ^i,,^g^,^ ^j^ 
audible sound to the second medium, is found from Eqna-i** from •*'*»*• 



tion (30) by making sin 9' = 1, which gives 



wattr; 



or. 



sin 9 = 0,23142 



9 = 13** 22'. 




§ 76. When the sound is thrown back from the surface 
separating the two media and continues in the first medium, 
the velocity retains the same value, but its sign will be 
changed. This will make V =^ — V^ and 



Befleotodioiind; 



v 



= -1, 



which reduces Equation (29) to 



sm 9 = — sm 9 , 



or 



9 = - 9 
the law of reflexion as given in § 72. 



Fl&^L 



Batloof 
.yeloeities of 
inddent and 
refldctad sonnd; 




Angle of 
incidence equal 
to that of 
reflexion. 



§ 76. When the pulse proceeds in 
a homogeneous medium from a point 
of disturbance, it takes a spherical 
8hax>e, the normals all meet at the 
centre of the sphere, and the rays 
are then said to di/oerge from a point, 
in which case the sound becomes 
less intense as it proceeds. 



Flg.42L 




Diverging aoimd; 



Intenidty 
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ConyergiDg 
sound; 



Intensity 
increases; 



Flg.48L 



When in the progress of the pulse it retains its spheri- 
cal shape, but any portion of it be- 
comes so modified as to present its 
concavity in front, the rays will meet 
at some point in advance, and are 
said to converge / the sound will be- 
come louder and louder as it pro- 
gresses, and finally, when it reaches 
the point of union of the rays, it will 
attain its maximum intensity ; for in 
this position the living force, which 
was before distributed among the molecules of an ex- 
tended pulse, is concentrated in the few molecules of a 
very contracted pulse. 




ninstration of 
diyergence and 
conveigence of 
sound; 



Decreases In 
londncfls before 
reflexion ; 



Increases after 
reflexion ; 



intensi^. 



Fig. 44 




§ 77. To illustrate, conceive a disturbance to take place 
at the focus F^ of an ellipsoid ; a 
pulse* will proceed from this 
point in all directions. Any two 
rays, as FD and FF^ will, from 
the law of reflexion just explain- 
ed and the geometrical properties 
of the ellipsoid, pass to the other 
focus F\ as will also the portion 
of the pulse included between 

these rays and which is reflected at the surface D E. 
The living force impressed upon the molecules in the ver- 
tex of the^ angle D F E^ will, as the pulse proceeds from 
F^ become more and more diffused, and when the pulse 
reaches the point D^ this living force will be distributed 
among the molecules of the surface D D\ After re- 
flexion, the concavity of the pulse is turned to the front, 
its extent becomes less and less as it approaches the 
second focus, and the living force of its molecules will 
be more and more concentrated, till finally, when the 
pulse reaches the focus F\ the living force of a single 
molecule will be a maximum, and will be capable of pro- 
ducing the greatest impression upon the ear. 
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What has been said of the portion of the pulse within Anthewnnd 
the sector D FE^ is equally true of any other sector ^^^^^^ 
and of the whole spherical pulse ; so that all the sound the other. 
which originated in the focus F^ will, after reflexion, be 
concentrated in the focus F\ 



Constraction of 
the refracted and 
reflected pulses. 



§ 78. When a spherical pulse is incident upon a plane spherical pniM 
deviating surfece, it -will be easy fronuthe principles i^^w *"^^®°^^^. 
explained to' construct both the refracted and reflected 
pulses. For this purpose, let 
A B represent the deviating 
surface ; D^ the point of pri- 
mitive disturbance ; D C, any 
incident ray ; G Q and GR^ 
the corresponding refracted 
and reflected rays respec- 
tively. From the point D^ 
draw ED^ perpendicular to 
the deviating surface. Extend 

the refracted ray C O^ back till it meets this line in the 
point H. At the point of incidence (7, draw (7 J^parallel 
to ED. i>enote the angle of incidence D CM= GBE^''^''^ 
by <p ; the angle of refraction JifGII= GITEhj 9'; the 
distance i> ^ by/ ; and the distance JST J? by/'. Then 
will 




whence 



/tan9=C'^ = /'tan9' 



sin 9 
/./_/. tan 9 _ /. cos 9 - sin 9 cos 9' 



tan 9 



sm9 
cos 9' 



8m9 cos 9 ' 



EquatlonB; 



making, Equation (29), 



m = 



sm 9 
sin 9 



> » 



(31). 



TVuuBfoimatloni* 
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operatioiit and Substituting for cos 9' and cos 9, their values 
\/l — sin* 9' and \/l — sin* 9 and eliminating sin 9' hj 

its value ?i5L? , we finally have 
m 



f'=/.m. 




sin* 9 
m* 



1 — 8in*9 



(32). 



Direction of 
refhu^tedray 
ddtermlned. 



Point from 
which the 
reflected rays 
will diverge ; 



The distance of the point D from the deviating suriace 
• and the nature of the two media on the opposite sides of 
the latter being given, the value of/*, Fand V will be 
known ; and assuming the direction of the incident ray 
D Gy the angle 9 also becomes known, and the value of 
/\ which determines the point S^ will result from 
Equation (32), and the direction of the refracted ray 
HO Gy will thence become known. 

For the reflected ray, V and V become equal with 
contrary sjgns, and m will be equal to minus unity. This 
will reduce Equation (32) to 

/'= -/; 



that is to say, all the reflected rays will diverge from 
Reflected puiao a poiut Z>', as far behind the deviating surface as the 
•phericai; . point D of disturbance is in front of it. The reflected 

pulse will, therefore, be spherical. 
From the point ^ as a centre 

and radius D K^ equal to that 

of the spherical pulse at any 

instant, describe the arc (? ^(7 ; 

this will represent a section of 

the incident pulse by a plane 

normal to the deviating surface. 

Make the distance EU equal 

to D E^ and with i?' as a centre, 

and radius J?' K^ equal U)DKy 



Iirastration; 
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describe the arc O K^ 0'; this will represent a section, conatroction of 
by the same plane^ of the reflected pulse. Draw aiiyjrf^!^and 
incident ray 2A D C\ through the point H^ given by the wfl^stodpuiaa^ 
value of f in Equation (32), and the point (7, draw J?" (7, 
which being produced ^ill give the refracted ray GX' ; 
through 2>' draw the line D' CX^ and multiply the inter- 
cepted portion CX by the ratio of the velocities F' and T^ 
and lay off the product from C to X\ and we have the 
point X of the refracted, corresponding to the point X 
of the reflected pulse. An ear situated at X will hear 
the direct sound transmitted along the ray D X, and an Podtion whence 
echo of the same sound reflected at the point C\ the*^«^*"«*'^'*°* 

and the echo ftro 

interval of time, or number of seconds intervening be- both audible; 
tween the two, being equal to 

DC+ CX- DX 



Time between 



1089,42 \/ 1+ ^^ _ 32°) . 0,00208 ' thelmpiewlonB; 

on the supposition that the sound is transmitted through ^^YAon wbenee 
the atmosphere, and the linear distances are estimated inthetrangmitted 
EngUsh feet. An ear situated at X Will hear the trans- '*^""^^^**^ 
mitted sound at the instant the one at X will receive 
the echo. 

§ 79. An ecTio is always produced when the ear is ^^^^ ^ ^^o n 
able to distinguish the direct sound from that which is produced; 
reflected. A good ear will perceive about nine succes- . 
sive sounds in one isecond of time ; that is to say, the 
sounds must succeed each other at intervals of one-ninth Powers of the 
of a second in order to be heard singly. The sound and *"* 
the echo are to be regarded as successive sounds, of * 
which the latter will be distinctly heard if it fall upon 
the ear after this organ has conveyed to the mind a dis-Ti™*^*^**"* 

... ° •' Boimdandit« 

tinet impression of the former. The interval of time echo; 
between the sound and its echo, depends upon the dif- 
ference of route travelled by the direct and reflected 
sound, and the least difference x for a distinct echo, will 
result from the Equation 
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LMStdliferenM 
of route for a 
distinct echo; 



1^ 

9 '' 



1089,42 Vl+{tf - 32^) 0,00208 » 



or, taking the temperature of the air at 



32« 



8«meata2o. 



1089,42 ^f. 
X = g^— = 121,04. 



Bound and echo When the difference of rontes exceeds this distance, the 
interval of time between the two impressions upon the 
ear becomes distinctly perceptible ; apid in proportion aB 
that difference becomes less than a?, will the impression of 
the echo begin before that of the direct sound ends ; and 
this overlapping, as it were, of impressions will give rise 
to confusion, which will continue to a greater or less ex- 
tent till the difference of routes becomes so small as to 
afford no sensible interval between the instants that mark 
the beginning of both impressions, in which case the echo 
will strengthen the effect of the direct sound. 



distinctly 
perceptible; 



Echo causes 
eonfhsion ; 



Effect of sonnd 
strengthened by 
echo; 



Fig. 47. 



Ilhistration ; 



§ 80. Let an observer place him- 
self at (?, midway between the plane 
walls A B and C Dy of which the 
distance apart is some 250 feet or 
more. The sounds which he utters 
will be reflected back to him by the 
two walls, and having traversed equal 
distances will reach him at the same 
instant; they will, therefore, rein- 
force each other, and he will hear 
one distinct echo. Now let him move towards one of the 
walls. At first he will perceive little or no difference of 
effect, but presently one echo will seem to lag behind the 
I'erson assnmfaig Other, coufusiou will soou foUow, and this will continue 
different ^ill twice the difference of his distances from the two 

between two walls bccomes cqual to or greater than 121 feet, when he 
wans; ^iu \^Q2x two distiuct echos, which will separate more and 
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more from each other as he progresses ; when he gets jajfeds obwrvwd. 
withm sixty feet of the nearest wall, the first echo will 
begin to confound itself with the sound of his voice heard 
directly; he will now enter a second space of indistinct- 
ness, from which he will emerge at a distance from the 
wall of about fifteen or twenty feet. 

§ 81. It thus appears that refiecting sm-faces situated at sorfiw^sat 
different distances from a speaker may throw back to him distances refleet 
numerous echos of the same sound. Of this many re- "»°y <»*»<» ^ 
markable instances are recorded. At Lurley-Fels, on the 
Rhine, is a position in which a sound is repeated by echo 
seventeen times. At the Villa Simonetta, near Milan, is 
another where it is repeated thirty times. An echo in a 
building at Pavia used to answer a question by repeat- 
ing its last syllable thirty times. The rolling of 
thunder has been attributed to echos from clouds situated 
at unequal distances from an auditor ; and the propriety 
of this view has been sustained by the observations of ^®^*"^ 

A -»«- T T* 1 •! • • remarkable 

Arago, Matihieu and Peoney, while experimenting upon instMces; 

the velocity of sound. They found that when the weather 

was perfectly clear the reports of their guns were always 

single and sharp ; whereas when the sky was overcast or 

a single cloud of any extent was present, they were fre- Eip«rira«nto; 

quently accompanied with a long continued roll like that 

of thunder, and occasionally a double sound would arrive 

from a single shot. 

But it is proper to remark that the rolling of thunder 
admits of another explanation. Thunder is caused by a 
disturbance of electrical equilibrium in the atmosphere ; 
experience shows that this takes place over a long and 
sinuous line, the different points of which are at unequal Eouingof 
distances from the auditor, and the sounds from these ***°"^®'' 
points can, therefore, only reach him in succession and 
without sensible intervals. 

§ 82. When reflected sound and that proceeding di- 
rectly from the same source, are made to fall upon the 
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|K«fl«cted sonnd 
Duty increase the 
effect of direct 
•ound; 



ninstnted by 
the speaking 
tnunpet; 



Its constraclion 
and use 
•xpiained; 



Fig.4& 




By its use sounds 
are rendered 
audible that 
could not be 
heard without it 



ear simultaneously, or nearly so, they strengthen each 
other and become audible in positions where neither 
could be heard separately. The Speaking Trum^ 
affords an illustration pf this. The Speaking Trumpet 
is a funnel-shaped tube, of which the object is to throw 
the voice beyond its ordinary range. In its best form 
it is parabolic. 

It is a geometrical property 
of the parabola that a line 
FT^ drawn from the focus 
F^ to any point T of the 
curve, and another TK^ 
drawn from T parallel to the 
axis FA^ make equal angles 
with the tangent line to the 
curve at T. A portion of 

the diverging rays of sounds proceeding from a mouth 
at the focus F^ will be reflected by the trumpet in 
directions parallel to the axis A F ; and the living forces 
of the aerial molecules which, without the trumpet, 
would have been diffused over that portion of the spheri- 
cal surface on the outside of a cone of which F R and 
F R are the most diverging elements, become, by its 
use, concentrated within the limits of a circle whose 
diameter MN^ is equal to that of the trumpet's mouth, 
and superposed upon the living forces arising from the 
action of the direct sound. The axis of the trumpet be- 
ing directed upon a person at a distance, sounds of audi- 
ble intensity may thus be conveyed to him, which he 
could not hear from the unassisted organs of speech. 



§ 83. The Hearing Trumpet^ 
which is intended to assist per- 
sons who are hard of hearings 
is similar to the speaking trum- 

Hearingtrumpet;?^*; ^"^^ ^^^ Operation is re- 
versed. The rays of sound en- 
ter this instrument at the larger 



Fig. 49. 
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opening and are bo reflected as to become united at the oowtnidka 
smaller end, which is inserted into the ear. ' 



Fig. JO. 



§84. Whisp&nng GaUerieSy so called from the fact wuBpering 
that the faintest whisper uttered at one point may be dis- * 

tinctly heard at another and distant point, without its be- 
ing audible at intermediate positions, depend upon the 
operation of the same principle, to wit, the convergence 
of the rays of soimd by reflexion. The best form for^wttonn. 
these galleries is that of the ellipsoid of revolution. In 
such a chamber two persons, one in either focus, could 
keep up a conversation with each other which would 
be inaudible at other points. The ear of Dionysius iflEarofDionyrimt 
celebrated in ancient history ; it was a grotto cut out ^ 
of the solid rock at Syracuse, in which a person placed 
at one point could hear every word, however faintly 
uttered, in the grotto. It was doubtless of a parabolic 
shape. 

The same principle is employed in 
the construction of Speaking TubeSy used 
for the pui-pose of communicating between 
different apartments of the same building, 
now coming into very general use. 

§ 85. Halls for public speaking, such as 
lecture rooms, theatres, churches, and the 
like, should be so constructed as to diffuse 
the sounds that are uttered throughout the 
space occupied by the audience, unimpaired 
by any echo or resound. Were the speaker 
to occupy constantly the same position, the 
paraholic form would,on theoretical grounds, 
undoubtedly be the best ; but in debating 
halls, where every speaker, occupies a dif- 
ferent position from another, these conditions are very Principle <» 
difficult to fulfil, especially when the room is large. Every- ^^^^ ^^ 
thing should be avoided that would at all interfere with oonBtmctad. 



SpeaUng tabct 
on same 
principle. 




Library, 



> 
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the uniform diffusion of Bound, and especially all need- 
less hollows and projections which are likely to gene- 
rate echos. 

The following experiment will illustrate, in a very 

Bzperiment; simple manner, the consequences arising from the re- 
flexion of the rays of sound from the interior of a pa- 
rabola. 

Place a watch in the focus ^ of a parabolic mirror MN^ 
and all the rays of 
sound that fall on the ^^ ^ ^ 

concave surface will be 

nioBtratioii; reflected in the direc- 
tion indicated by the 
arrows. The ticking 
^ of the watch will be 
plainly heard within the space MN P^ in which the 
rays fall, but it will not be audible at a small distance 
on either side. 

Now place a second reflector O P^ opposite to the for- 
mer, and at some distance from it ; the rays of sound 
^ill be received by it and thrown into the focus B, K 

Expianatfon. the ear, or, better still, the mouth of a hearing-trumpet, 
be applied to this point, the ticking of the watch will 
be heard as plainly as at J.. 

§ 86. While it is important to diffuse sound uttered 
Partiuonwaiifl; or in any way produced, uniformly, so as to render it 
distinctly and equally audible in all directions, it is 
'also necessary to prevent its passage from one apart- 
ment to another for which it was not intended. Parti- 
tions are usually made of solids ; but solids, if elastic, 
such as wood, metals, and stone, are, as we have seen, 
better adapted to transmit sound than air itself; an 
essential condition, however, for this transmission is homoge- 
nepusness of substance and uniformity of structure. Where 
How eonstmcted thcsc are Wanting a sonorous pulse transmitted through 
temfi^iMion of ^ ®^^^ ^® ®^?^ changing its medium, and soon becomes 
aound. broken up by reflexion and refraction, retardation and 
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acceleration, into a multitude of non-coincident waves, E»unpies of 
and these from the laws of interference must, to a greater ^j^id^^^ 
or less extent, destroy each other. 

As an instructive instance of this stifling effect on a 
Bonorous pulse, we may mention the example afforded 
by a tall glass filled with champagne. As long as the 
effervescence lasts and the wine is full of bubbles, the 
glass cannot be made to ring by a stroke on its edge, 
but will give a dead and puflFy sound. As the effer-oiawof 
vescence subsides <^e tone becomes clearer, and when***"^*^*°*' 
the liquid is perfectly tranquil, the glass rings as 
usual. On re^exciting the bubbles by agitation, the 
musical tone again disappears 

So of a solid or union of several solids, in which Heterogeneoai 
there are frequent changes of density and elasticity, ***^^' 
and especially where there is a want of adhesion among 
the different parts; sound penetrates these with great 
difficulty, and materials so -united as to satisfy to the 
greatest extent possible the condition of non-homogeneous- 
ness should, therefore, be employed whenever it is an object 
to prevent the transmission of sound. The influence of 
carpets, curtains, and tapestry hangings, in preventing 
reflexion and echos in large apartments, is due to the 
causes above mentioned. The mixture of the unelastic carpets, enrufan^ 
fibres of the cloth with its numerous layers of entangled *** 
air, intercepts and deadens the sonorous waves before 
they reach the more solid and elastic media behind. 
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MUSICAL SOUNDS. 



Audible Boonds §87. Everj impulse mechanicallj commanicated to 
pradvoed; jt^q g^jj. ^j. other elastic medium is, as we have seen, 
propagated onward in a wave or pulse; but in order 
that it may affect the ear as an audible sound, a cer- 
tain force and suddenness are necessary. The slow wav- 
ing of the hand through the air is noiseless, but the 
' sudden displacement and collapse of a portion of that 
medium by the lash of a whip, produces the effect of 
impreedonoii an cxploision. The impression conveyed to the ear will 
tiie ear depends (j^p^^^j upon the uaturc and law of the original impulse^ 
which being altogether arbitrary in duration, violence 
and character, will account for all the variety observed 
in the continuance, loudness tmd quality of sound. The 
auditory, nerves, by a most refined delicacy of mechan- 
ism, appear capable of analyzing every pulsation, and of 
appreciating the laws which regulate the motions of the 
molecules of air in contact with the ear ; and from this 
Auditory nenres arisc all the qualities — ^grave, acute, hareh, soft, mellow, 
*|^]^jjg. and nameless other peculiarities which we distinguish 
whence grave, between the voices of different individuals and different 
]^^*J^^^^^ animals, and the tones of different musical instruments 

mnsical bclls, flutcS, COrds, &C. 

iiiatmnient& 

jj^j^. § 88. Every irregular impulse communicated to the 

air produces what we call noisCy in contradistinction to 
musical sound. If the impulse be short and single, we 
hear a crack ; and as a proof of the extreme sensibility 
of the ear, it is to be remarked that the most short and 

^3,^^. sudden noise has its peculiar character. The crack of a 

whip, the blow of a hammer against a stotne, the explo- 
sion of a pistol, are perfectly distinguishable from each 
other. If the impulse be of sensible duration and irrc- 

Grash; ff^^y we hear a crash ; if long and interrupted, a rattle, 
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or a rumble, according aB its parts are less or more con- Rninbi«L 
tinuous. f 

§ 89. The ear retains for a portion of time after the conttonoos 
impulse is communicated to it a perception of excitement. *ojmd produosd; 
If, therefore, a short and sudden impulse be repeated 
beyond a certain degree of quickness, the ear loses the 
intervals of silence and the sound appears continuous. 
The probable frequency of repetition necessary for the 
production of continuous sound is stated to be not less 
than sixteen times in a second, though the limit will be^*^^***'^**' 
different for different ears. 



§ 90. If a succession of impulses occur at exactly equal Mmicaisoundi; 
intervals of time, and if all the impulses be exactly simi- 
lar in duration, .intensity, and law, the sound produced 
is perfectly uniform and sustained, and takes that pecu- 
liar and pleasing character called musical. In musical 
sounds there are three principal points of distinction, 
viz.: the pitch, the intensity, and the quality. Of these ]^^^J^^°'**^ 
the pitch depends, as we have seen, solely upon the fre- 
quency of the repetition of the impulses ; the intensity, 
on their violence ; and the quality, on the peculiar laws 
which regulate the molecular motions in any particu- 
lar instance. All sounds, whatever be their intensity or sonnda having 
quality, in which the elementary impulses occur with **™® ^^'^^ ^' ^ 
the same frequency, have to the ear the sanie pitch, and 
are said to be in unison. It is on the pitch alone that 
the whole doctrine of harmonics is founded. 

§ 91. The means by which a series of equidistant im- „ . , 

. Til Musical sound! 

pulses can be produced mechanically upon th« air are mechanically 
very various. If a toothed wheel be made to turn with ^^"""^'^ 
a uniform motion while a steel or Other spring is held 
against its circumference with a constant pressure, each 
tooth as it passes will receive an equal blow from the 
spring, and this, being communicated to the air, a wave 
of sound will proceed from the place of collision. The 
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Thetlrea; 



Aeeriesof 



Whistling of a 
bullet 



number of such blows in a second will be known when 
the angular velocity of the wheel and the number of 
teeth upon its circumference are known, and thus every 
pitch may be identified with the number of impulses 
which produce it. The Siren, another instrument by 
which the same results may be evolved, has been de- 
scribed in § 48. A series of broad palisadea^ placed 
edgewise in a line running from the ear, and equidistant 
from each other, will reflect the sound of a blow struck 
at the end nearest the auditor, producing a succession 
of echos which reach the ear at equal intervals of 
time, thus producing a musical note whose pitch will be 
determined by the number of reflexions in each second 
of time. This number will be equal to the quotient 
arising from dividing the velocity of sound by twice the 
distance between two adjacent palisades. A similar ac- 
count may be given of the singing sound produced by a 
bullet while moving through the air and turning rapidly 
about its centre of inertia. The angular motion of the 
bullet being uniform, the actual velocity of its surface 
on one side will be greater than that on the other, and 
any inequality in the figure of the buUet will be made to 
vary its action upon the air periodically, thus producing 
a musical sound. 



Most ordinary 
way of causing 
musical sonnds; 



Modes 
oonsidered. 



§ 92. The most ordinary way of producing musical 
sounds is to set in vibration elastic bodies, as stretched 
strings and membranes, steel springs, bells, glass, co- 
lumns of ail* in pipes, &c., &c. All such vibrations con- 
sist in a regular alternate motion to and fro of the 
molecules of the vibrating body, and are performed in 
strictly equal portions of time. They are, therefore, 
adapted to produce musical sounds by communicating 
that regularly periodic initial impulse to the aerial mole- 
cules in contact with them, from which such sounds re- 
sult. We proceed to consider their modes of production, 
and especially in the first and last named cases, these 
being the njost simple. , 
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VIBRATIONS OF MUSICAL STRINGS. 

§93. If a string or wire be stretched between two vibrations of 
fixed points, and then struck or drawn aside from its™"^**^^®*^**? 
position of rest and suddenly abandoned, it will vibrate 
to and fro till its own rigidity and the resistance of the 
air bring it to rest ; but if a fddU how be drawn across 
it, the vibrations will be renewed and may be maintained 
for any length of time, and a musical sound will be heard 
whose pitch will depend upon the greater or less ra- 
pidity of the vibrations. 

Thus, if JfiTbe ^ „ 

' Fig. 52. 

any stretched cord, 

struck at right an- ^ V 's^ ^^ ^ ^ ^ mustratton; 

gles to its length at 0^ 

it will be suddenly bent at that point into the curved or 

waved shape indicated by the dotted line /S, which shape will 

run along the cord in both directions till it meets with 

some obstruction to its further progress, when it will be 

either wholly or partly reflected, and return upon its 

course in a manner and for the reasons to be explained wave runs along 

presently, the successive positions in the diverging mo-*^**^®"^*^^*^ 

tion being S\ S'\ &c., on the one side, and aS^, S^^^ &c., 

on the other. 

§94. To find the velocity with which the wave runs to find the 
along the cord, it is plain that we may either regard ^®^**''"^^^*"' 

XI, . ,. 1/.. wave motion; 

tlie cord as contmuous, or as bemg composed of a series 
of detached points, kept in relative position by their mu- 
tual attractions for each other, each point being loaded 
with the mass of so much of the cord as extends half 
way on either side to the adjacent point, and of which 
the length is equal to the distance between any two con- 
secutive points. 
7 
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Flg.6& 



-»• 



A M C 



Suppose MNto be 
the cord's position of 

naitntioB; rest, and the wave to 

proceed in the direc- JM 

tion from Cio D ; let 

the point A^ be just on the eve of motion and the place 

B\ the position of the point B at the same instant. 

snppoBittoiis; While, therefore, the actual motion of the point B has 
been from B to B\ that of disturbance' has been from 
B to A. 

The duration of these simultaneous motions is indefi- 
nitely short ; the motions themselvefe may, therefore, bo 
regarded as uniform. Hence, denoting the actual Telo- 
city of the point B by v, and the velocity of the dia- 
turbance by Fj we have 



OoDseqaenoeB; 



v: Y\:BB'\AB. 



F. 



bb: 

AB 



or, denoting the angle ^^1^ b/ 9, in vMch case^ 



* BB' . 



we find, 



Velocity of » 
point of the cord; 



V ^ V. tan 9 



(33). 



The tension of the cord between A and -B, acts to 

draw the point -4, from A towards jB, and the tension 

between A and D acts to draw the same point from A. 

Tenwoiwof parts ^^g^^^g jy Peuotc the tensiou of the cord when at rest 

•rtiieoora; 

by (7, that between A and B'hj C\ then because the ten- 
sion of the same portion of the cord will be proportional 
to the length to which it is stretched, will 
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C: C W AB\ AB! BelaUonof 

tendons C aiMl 

whence ' | 

AjB ' 

and thi& being resolved into two components, one acting 
from ^ to ^5 at right angles to JfiT, the other in the 
direction of JfiT, will give for the first 

0'. sin V = C". :?4J = a 45 = C. tan p, ^"t-""" 
A jS a jB ' 

0'. COS ? = C". ^ = O; 

the Second will be destroyed by the tension from A to oo« J« de«troyed 
J?y while the first will alone produce motion in J., and^^^^^ti^^fo^. 
IB, therefore, the motive force. Denote by w?, the weight 
of a unit's length of the cord while at rest, then will ' 
the mass with which A is loaded be expressed by 



^ A _Q Maw on which 

^ ' ' the motiY« force 

^ acta; 



m -which y denotes the force of gravity; anA the accele- 
ration due to the motive force will be 

(7. y. tan 9 , Acceleration do* 

y) ^ JS ^ to the motive 

force; 

and therefore the velocity of A, in the small time t, which 
velocity will be equal to that of £" when 2? begins to 
move, will be given by the relation 



^•9 tan© _L vd^ityof. 



Umtt; 

Bat 

* 1 
AB^T' 
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and denoting by Z^, half the length of the cord whose 
weight is equal to the tension (7, we have 

Value of tension = 2 W. Z^ 

which values substituted above give 

Velocity of «, __ ^ ? ^s' ^^ ^ 
)>article In small '*' — t^= ] 

and replacing tan <p by its value found fi-om Equation 
(33), gives 

or 



Velocity of ware V =^ V 2 g L^ (34). 

along a cord; 

Euie. That is to say, tJie velocity with which p, wave or palm 

will run along a tense cord is constant^ and equal to 
that acquired hy a heavy hody in falling in vacuo^ tin 
der the action of its own weighty through a height eq^.ial 
to half the Tength of the cord whose weight is equal to 
the tension. 

Example; . Emmplc, A cottou thread 73 feet long and weighing 
904: grains, is stretched by a weight of 12840 grains; 
with what velocity will a wave move along this cord ? 

First 

904 : 12840:: 73 :2Z, 

whence 

o«»P^- ^ m . 12840 ^ ,,3g/^3_ 

904 * 
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Second 



F = V 2 flr. A = -/~32n^8Tl036,83 = 182,64. w»^* ^^^<>^^ 

' * . along the cord; 

§ 95. Substituting the above value for Fj in Equation 
(33), the latter becomes 



t? = V 2 flr Z,. tan (p, . . . . (35) 

^ ' ^' ^ ^Velocity of a 

point of the cord; 

from which it appears that the actual velocity pf a point 
of the cord is directly proportional to the tangent of the 
inclination of the cord, at that point, to the cord's posi- 
tion of rest; and when this condition ceases to obtain, 
as it does when the pulse comes to lighter and more 
movable portions, or encounters obstacles less mova- 
ble than the rest of the cord, it will be divided into^''^'^"'*'^^ 

. .1 • along acord 

two, one of which will continue to move m the same resolved into 
direction while the other will run back, or be reflected, *^®5 
and produce a kind of echo, just as in the case of a 
wave of air encountering a medium whose molecules are 
either more movable or less so than those of air. 
If one end of the 

Fig. 64. 

cord be fixed at Jif, its ^ one end of uie 

molecules adjacent to .^-^ /"^ x^-— s ^^ cord Axed; 

those in contact with 
the fixed obstacle tend- 
ing, when the pulse 
reaches the latter, to 
move at right angles 

to the cord's length, ^ ^^ ^^-^ .^^ ^ -uy 

will be resisted by the "*~* 

stationary molecules; m:\-—^. — t^ — -p^ ^^ 

the reaction will throw "^ **" 

them to the. opposite jf, - — -, w 

side, and this reaction <- 

extending to the mole- of the cord and 

cules behind, the pulse will pass to the oppoite side of "'^^™*» 



W — ^::r-p ""^^ ' -^ 



Poise thrown to 
the opposite aide 
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Both ends of the tliG cord and return along its entire length, following 
^ ' after the direct pulse in the same direction. If the 
second end be fixed, the direct pulse proceeding towards 
it will conduct itself in the same way ; the reflected pulses 
will proceed to meet each other, and being on the same 
side of the cord will conspire at their place of union to 
Reflected poises p^oducc a single rcsultant pulse, in which the molecules 
meet and of the cord wiU depart from their places of rest by the 

conspre, ^^^ ^^ ^j^^ distauces of the same molecules in the com- 

ponent pulses. These component pulses will, however, 
Separate and are immediately separate, 

a^ain reflected; and prOCCcd tOWards 

the fixed ends, where 

they will be reflected 

as before, and return 

to meet again, having 

once more changed 

sides. The point of 20:1 /"^ ^ 

Meet a second secoud meeting will be 

time at the point g^|. ^^^q place of primitive disturbance, from which the 

of primitive \,_ -, i /. i i -. 

disturbance; waves Will depart, as before, to undergo the same round ; 
and thus, but for the resistance of the air and want of 
perfect elasticity in the cord, the latter would vibrate 
for ever. But every pulse communicated to the air, is 
an elimination from the cord of so much of its living 
force^ and as this must soon become exhausted, the cord 

c5ord brought to wiU comc to rest. 

rest 



M\ r; -7-^ -p QSr 



jUi <:^=^^ ^::=:^i» — or 



§ 96. Suppose the 
whole length of the 



Fig. 56L 



Whole length of ^ord M JV, to bc dc- «- [: ^ , T^ 

cord divided into , , , ^ i , if ^ 

twoparte; noted hj L = I, + I , 

of which l^ represents 

the distance J/", from the point of primitive disturb- 
ance 0, to the fixed obstacle on one side, and Z' the dis- 
tance OJSr to the obstacle on the opposite side. Then 

, denoting the time of describing V by t\ and that of de- 

scribing l^ by ^^, we have 
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whence 



V =: F. ^, Lengths of tlM 



y^ I Tim«6 required 

TT ' IbrspalsetopMt 

^ Along them. 



the first pulse being reflected at JT, will describe the 
entire length Z' + Z^ in the. reyerse direction in the time 



V l^ Time la which 



* + ^f = tF" + "i^ 5 theflTBtpatee 



describes the 
whole length; 



and the second pulse being reflected at Jf, will describe 
the entire length V + Z^, in the same time, or 



jf V I ^ ^« same for the 

^ + ^^= -y=- H — T^J lecond pulse; 



the first pulse being reflected a second time at J/J will 
describe the length l^ in the time 

1 Time in which 

tg = * ■• first pnlse paseee 

V over second part; 
\ 

and the second pulse being reflected a second time at iT, 
will describe the distance l\ in the time 



I' That In which 

-=- \ second pulse 

'^ passes oyer first 

part; 



and at the expiration of all these times the pulses will 



104: 



NATURAL PHILOSOPHY. 



PnlBM return to 
•torting point; 



Conspire and 
produce a 
resultant polae; 



be at their firat starting point, and each haying been 
twice reflected, they will be on the same side of the 
cord that they were originally ; they will, therefore, pro- 
duce a resultant pulse precisely the same, abating the 
qualification due to the air and imperfect elasticity, as 
that produced by the initial impulse. Hence, if T de- 
note the time of one complete vibration of the cord, that 
is to say, the interval betw8en the instant of primitive 
disturbance and that at which the cord resumes its in- 
itial condition, we shall have, by taking the half sum 
of these several intervals — ^because both pulses are mov- 
ing dm'ing the same time, 



Time of vibration 
of the cord ; 



=2 {)! + t^) = ^(^' + ^^) = 1^ 



and replacing F by its value, Equation (34), 



The same 
reduced. 



T= 



2 L 



y/^gL, 



(36) 



Example; 



Ecamjple. Taking the example of § 94, in which L = 73, 
and 2 Z^ = 1036,83 feet, we find 



Besult 



T = 



^•'^^ = o'm 



>/ 32,18 . 1036,83 



Experiments; 



§ 97. The truth of the foregoing theory has been fully 
confirmed by the experiments of Weber. He stretched 
a very uniform and flexible cotton thread fifty-one feet two 
inches in length, weighing 864 grains, horizontally, by a 
known weight. The thread was struck at six inches from 
the end, and the time of the wave's running a certain 
number of times over the length of the string, back- 
ward and forward, carefully noted by means of a stop- 
watch that marked thirds (the sixtieth part of a second). 
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The mean of a great many trials, agreeing well with Mean of nBoiti 
each other, gave the results in the following table : 



Tension in 
grains. 


Length ran over 
by the wave. 


Time in thirds. 


Timeofranning 
over the length 

lO^SSin thirds 
by observation. 


Time by calca- 
lation from the 
formula 

T- ''' . 


10023 
10023 
10023 
33292 
69408 


102^4 
204,7 
409,4 
409,4 
409,4 


46 

92 

184 • 

99 

65 


46 

46 

46 

24,72 

16,25 


46,012 
46,012 
46,012 
25,246 

17,485» 



Table. 



A more complete confirmation could not have been 
desired. The slight discrepancies are doubtless owing 
to a want of perfect uniformity in so long a thread, 
which must necessarily have fonned a catenary of sen- 
sible curvature. 

Denote by iT the number of vibrations performed in 
a given time 7], then will 






Time of one 
vibration of tlM 
cord; 



which substituted for T in Equation (36) gives, after 
taking the reciprocal of both members, 






(37). 



Beciprocal of th« 
same. 



Xn the foregoing equations 2 Z^, denotes the length of 
the cord of which the weight measures the tension. 
Denote this weight by TT, the diameter of the cord by 
J)^ and its density by d ; then will 



W^..^ 



2L^.d.g 



Weight of cord 
whose length 
measures the 
tension; 
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whence 



Length of half y. 2 TF 



which substituted in Equations (36) and (87), give 



TlbnUon; 


• 


t 




.L. y/d 


Itonetprooal; 




IT 1 




n/TT 



(38) 



1]-V^' D.L.Vd' • • • • <39) 



Bule first; 



from which it appears that, the time of vihration of a 
tense cord varies as its length^ diameter and square root 
of its density^ directly / and tJie square root of the stretch- 
ing force^ inversely. And that, the number of vibrations 
Bule second. p&rfoTmed by a tense cord in a given time^ varies as the 
square root of the stretching force directly^ and the diame- 
ter^ length and square root of the density inversely. 

Vibrating cord ^ Qg. The tCUSe 

ends and strack cord JziV_ being lixed 

in the middle; ^t both cuds and in a ^i "^^(iS^ (3r 

state of vibration, ap- 
ply the finger, or any otlier partially obstructing cause, 
at the middle point JF^ and then withdraw it. The law 
of Equation (34), will be suddenly interrupted at this 
point, the progressing pulse will be resolved into two, 
one of which will continue to move in the same direc- 
tion and on the same side of the cord, while the other 
will be reflected and return along the opposite side. 

Primitive pulse Thcsc compoucut pulscs haviuff equal distances to tra- 

resolved into x j. ox 

two; vel before they reach the ends, will be reflected at the 

fixed points at the same instant, return on opposite 
sides of the cord, and meet in the centre. They will, 
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therefore, solicit simiil- Th« t^® 

taneously the central Pi^sa^ wflectodpiita 

point 0^ in opposite di- ^^ iniddi* of the 

rections, and if the ' ^^ 

pulses be equal, they "^ 

will wholly interfere at 

that point, which must, therefore^ remain stationary. The 

effect of the reciprocal action of the two waves being to fix the 

point {?, these waves will both be totally reflected there, 

wiR return to the ends, be again reflected, return to the'^®**'*!**^**^'* 

' ° ' reflected and so 

centre, from which they will be thrown back towards on. 
the ends, and so on till the living force of the cord is 
totally expended upon the air. Thus the two portions 
MO and ON of the cord may vibrate as though the 
point had been originally fixed. 
If the fincrer be ap- _, ,, . ^ 

o r p, ^^ Finger applied at 

plied but for an in- ' one third the 

stant at O, at a dis- p::^^ ^^ 1?"^!^""^.^ 

' -^1 1;— — y ■ ■ -^ [jsr from the end; 

tance from M equal ^ 

to one-third of the jy , y — s , ^ 

whole length M N^ ^ 

«^hile the wave is pro- m\ ^ r ^ ^ y 

gressing from J/" to- *- 

wards (9, the latter 

will be resolved, as before, into two component waves. Primitive pniM 
one of which will continue to move towards If on the ^^7 
same side of the cord, the other will return to JIf on the 
opposite side. The distance MO being equal to one- 
half of iT, tbe return component will be wholly re- 
flected and change sides at M^ and come back to the 
point by the time the direct component arrives at iT, 
where the latter will be totally reflected and pass to 
the opposite side of the cord. Tlie component waves 
being now on opposite sides ofc the cord, and moving 
towards each other, one starting from and the other 
fi-om i\r, will meet at 0\ half way from (? to iT, component 
making N O' equal to one-third of M If. HereP°^*^*«*«*» 
they wiU interfere, be totally reflected, and proceed from 
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Areagtla 

refleetod; 



^<n: 



Fig, (Ml 



:::2i_ 



-4ir 



Jf\- 



.--'•^N 



-<y 



Again moot at 
their sturting 
point and so on. 



-Jf^- 



9 r-^ 



<y 



-^ 



Finger kept on 
tbo cord ; 



Mv- 



-^ 



One reflected 
component 
resolyed into 
two; 



Reciprocal 
action between 
tliese two sets of 
components; 



Cord broken np 
into portions, 
each one 
vibrating. 



Kodal points. 



0' as they did from 0; 
they will meet again in 
this latter point and 
there be totally reflect- 
ed, and thus each com- 
ponent wave will be 
made to describe, as 
long as the cord **" 

retains any of its 

living force, alternately one-third on one side and two 
thirds on the opposite side of the entire length of the 
cord, as though the point were to become alternately 
fixed at and 0\ after every reflexion at M and N. 

Were the finger to 
be kept at the point (?, Fig. 6o. 

till the first reflected 
component returned to 
that point, this compo- 
nent would be there subdivided, giving rise to a second 
return as well as a second onward component ; the lat- 
ter would meet the first onward component at 0\ and 
by its action upon it resolve this also into two com- 
ponents, the onward one of which would meet the 
second return component at (?, and being on opposite 
sides would interfere and hold this point at rest. Thus 
the whole cord may be broken up into three equal 
pai-ts, each of which will vibrate as though the points 
of division, and 0\ had been stationary or fixed. 

A similar explanation would show that if the finger 
were applied at any other point of which the distance 
from one of the fixed ends .were an aliquot part of the 
whole length of the cord, the cord would in like man- 
ner be broken up, as it were, into equal aliquot portions, 
each of which would vibrate as though its extremities 
were fixed. 

Molecules or particles of a vibrating body thus ren- 
dered stationary by the simultaneous action of opposing 
waves or pulses, are called Nodal points. The interme- 
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diate portions which vibrate, are termed bellies^ or venr yentna 
tral seginents. segmenta. 

§ 99. If Z, denote, as before, the entire length of the 
cord, and n, the number of ventral segments into which 
it divides itself, then wili the number of its nodes be , 
n — 1, and the length of each segment, 

jl/ Length of • 

"^5 segment 

which substituted for Z in Equation (36), gives for the 
time of vibration, 

2 L /4QX Time of 

^^2^1' ^*^^' vibration; 

and in Equation (37), the number of vibrations in the 
time T;, 



If n V ^ g 'Lf Nmnber in time 



and for the number in one second, by making T^ equal 
to one second, 



ly 7^ V 2 g »JLi^ (ArW Nmnberlnon* 



2 L 



second. 



All of this is confirmed by experience. If the string Above 
of a violin, or violincello, while maintained in vibration deductions 
by the action of the bow, be lightly touched by the^^^nl^ 
finger, or a feather, exactly in the middle or at one-third 
of its length, from either end, it will not cease to vibrate, 
but its vibrations wiU be diminished in extent and increased 
in frequency, and a note will become audible, more faint 
but more acute than the original, or fundamental note, 
as it is called, and corresponding, in the former case, to 
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inortratedbyfl»a double, and in the latter, to a triple rapidity of vibra- 
▼ioiin; i^iQji. The note heard in the first case being, in the 

scale of musical intervals, an eighth or octave, and in 
the second a twelfth, above the fundamental tone. If 
a small piece of paper cut in the form of an inverted V, 
be set astride on the string, it will be violently agitated 
or thrown off if placed on the middle of a ventral seg- 
ment, but at the node wift ride quietly as though the 
string were at rest The sounds thus produced are termed 
Harmonics, 



Harmonios. 



Coexistence and 
taperposition of 
tmall motions; 



Its application 
iUnstrated; 



Sxplanatlon; 



Resnlts 
eonflrmed by 
•xperionoe^ 



Fig. 61. 



§ 100. But further, according to the principle of the 
coexistence and superposition of small motions, referred 
to in § 56, any number of the various modes of vibra- 
tion of which a cord is susceptible, may be going on 
simultaneously. 

Thus, if we suppose a 
mode of vibration repre- 
sented by figure (a), in 
which there is no node, 
and another of the same 
cord represented by figure 
(5), with one node, to be 
going on at the same time, 
there will be a resultant 
vibration represented by 
the curve in figure (c), of 

which the ordinates are equal to the algebraic sum of the 
correfeponding ordinates of the curves in figures (a) and 
(5). If a thh'd mode of vibration, represented by figure 
id)^ be superposed upon the other two, there will arise a 
resultant vibration represented by the curve in figure {e\ 
of which the ordinates will be equal to the algebraic 
sum of the corresponding ordinates in figures (a), (J) and 
{d\ or, which is the same thing, the algebraic sum of the 
corresponding ordinates of figures {c) and (rf). 

This is also confirmed by experience. It was long 
known to musicians, that besides the fundamental note 
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of a string, an experienced ear could detect in its sound, Harmonio 
when in motion, • especially when very lightly touched **°"*^^' 
in certain points, other notes related to the fundamental 
one by fixed laws of harmony, and which are therefore 
called harmonic sounds. They are the very sounds that 
may be heard by the production of distinct nodes as ex- 
plained in § 99, and thus insulated as it were from the 
fundamental and other coexistinoj sounds. 



'*o 



§ 101. The Monochord is an instrument adapted to ex-Themonochord; 
liibit these and other phenomena of vibrating strings. 
It consists of a single string of catgut or metallic wire 
stretched over two fixed and well defined edges to- 
wards its extremities, which effectually terminate its 
vibrations in the direction of its length ; one end is 
permanently fixed, and to the other is attached a 
weight which determines the tension. The interval be-Ewentiaipwii; 
tween the two edges is graduated into aliquot "parts, 
and the instrument is provided with a movable hridge 
or piece of wood capable of being placed at any 
point of the graduated scale, and abutting firmly against 
the string so as to stop' its vibrations, and divide it into 
two equal or unequal parts, as the case may be. 

By the aid of this instrument may readily be found its qm; 
the number of vibrations which corre8p€)nds to any given 
note of any particular instniment, as a piano-forte, for in- 
stance. To this end, it will only be necessary to know, 
when the note of the monochord is the same as that of the 
instrument, the distance L between the edges, the 
stretching weight, and the weight of a imit's length 
of the string. The quotient obtained by dividing tha 
former of these weights by the latter will give the va- 
lue of 2 Z^, in Equation (37), and making T^ equal to one 
second in that Equation, we have for the solution of the 
question 
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Nnmberof This gives the nuHiber of impulses made upon the ear 

!!r^!^ndingto ^^ ^ second, corresponding to the fundamental note. To 
any higher note, obtain the numbcr which answers to any note sharper ^ 
higher^ or more acute^ we have but to apply the bridge 
and slide it to some position such that the portion of 
the cord between it and one of the edges gives the 
note in question ; the scale will make known Z, which 
in Equation (42), will give the nmnber N. 

Harmonic ton«fl § 102. The coutact of a strctchcd cord with solid sub- 
produoedby gtances is not the only means of producing its fundamen- 

caasing air in «/ x o 

motion to tal and harmonic tones. Tlie sonorous pulses proceed- 
s^tehed^TOiT'^^^S from a vibrating cord are but the consequences of 
repeated conflicts between the elastic force of the cord 
and that of the air. The former impresses upon the air 
a certain amoimt of living force, and the latter by its 
reaction transmits this living force through the atmos- 
phere to a distance. Reverse the process. Impress upon 
the air the same motion, and subject a stretched cord to 
its influence. Action and reaction only change names, 
and the cord must take up the motion of the air. Two 
Two cords near cords equally Stretched, and in all other respects similar, 
^olTmt^eto*^^^ the length of one only a half, a third, or any ali- 
vibrate; quot part of the other, being placed side by side, and 

the shorter put in motion, the longer will soon assume 
a mode of vibration by which it will be divided into 
ventral segments, each equal to the length of the 
shorter cord. The sonorous pulses diverging from the 
shorter cord will arrive at the longer; and the mole- 
cules in the first of these pulses will, in their forward 
movement, press upon the stationary cord and give it a 
slight motion in their own direction. On the retreat of 
these molecules, the excess of aerial condensation will 
change to the .opposite side of the cord ; the latter will 
yield to the action of this inverted force and that of its 
ita vibrations owu elasticity, and pass to some position on the oppo- 
^^ :.. ^u Bite side of its place of rest, where being met by a second 

transferred to the ^ ' /• 

vongercord; ouward pulsc, it will bc throwu back in the direction of 
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its first ] notion, and thus made to undergo the same 
round as. before. 

This process being repeated a number of times, the ^ ^^^j^^^^j 
cord will be set in full and audible vibration. But vibrauons; 
these vibrations will obviously be synchronal with the 
aerial pulsations^ and therefore^ with the vibrations of 
the shorter cord^ a condition that can oi)ky be fulfilled by ^^ rcordisia 
the longer cord breaking up, as it were, into portions effect broken up; 
of which the lengths are equal to the length of the 
shorter cord; for, the tension, diameter and density, of 
the cords being the same, the times can only be 
equal. Equation (38), when the vibrating lengths are equal. 
All motions of the longer cord which are inconsistent 
with this, though they may be excited for the moment 
by one pulsation, will be extinguished by the subsequent 
one. Hence, if two cords can have any mode of vibra- 
tion in common, that mode may be excited in either 
of them, and that only, by exciting it in the other. For 
example, if two cords, in all other respects alike, have 
lengths which are to each other in the proportion of 
2 to 3, and if either be set in motion, the mode of niuBtration. 
vibration corresponding to a division of the first into 
two and of the second into three ventral segments, will, 
if it exist in the one, be communicated by sympathy to 
the other. Indeed, if it do not originally exist, it will, 
after awhile establish itself; for, all the ^circumstances 
which may favor such a division, howev.er minute, will 
have their effect preserved and continually accumulated, 
and thus become sensible. 

And it is important to remark that whether the primi- 
tive portion disturbed be large or small, whether it occu- 
py the whole string at once or run along it like a bulge ; 
whether it be a single curve, or composed of several ven- 
tral segments with intervening nodal points, we must not 
forget that the motion of a string with fixed ends is no string wRhSxed 
other than an undulation or pulse continually (/ot^Z^i? Ja(?Z; ends la anaiogouj 
upon iiself and retained within the limits of the cord retained tithin 
instead of running off both ways to infinity. certain limits. 

8 
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Tibrations § 103. It is Very seldom that the vibrations of a string 

to thTw^^^ can lie in the same plane. They most commonly consist 
plane; of rotations more or less complicated, except when pro- 

duced by the sawing of a bow across the string. The 
actual orbit described by any one molecule may be made 
matter of ocular inspection by throwing the solar rays 
through a narrow slit so as to form a thin sheet of light. 
Orbits described A polishcd wirc strotchcd in such manner as to penetrate 
b7 particles may ^his shcct at right angles, will appear, when stationary, as 

be obserred * 

' a bright spot where it pierces the light, but when in mo- 
tion, the point of intersection will form a continued lumi- 
nous orbit, just as a live coal whirled round appears like a 
circle of fire. The figures exhibit specimens of such 
orbits observed by Dr. Young. 

Fig. ea. 



Specimens. 









VIBRAT[NG COLUMN OF AIR OF DEFENITE EXTENT. 



Vibrating 
eolumn of air of 
definite extent; 



§ 104. The circumstances of the molecular vibrations 
of a stretched cord of indefinite extent, are, as we have 
seen, similar to those of a sounding column of air; and the 
facts which have been stated respecting a vibrating cord 
are equally true of a vibrating column of air of definite 
extent 
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Fig. ea 



A W i 



Thus, if such a cylindrical 
column be enclosed in a pipe 
AB = Zj stopped at both 
ends by immovable stop- 
pers, and an impulse be com- 
municated in the direction 
GA^ to one of its sections C, 
at the distance AC=l, from 

the end J., and B C=l\ from the end B^ this impulse 
will, § 69, give rise to two pulses running in opposite 
directions. In the pulse from C^ to .^ the air will be con- 
densed, and in that from (7 to ^ it will be rarefied. 
These pulses will be reflected at the stoppers, and the 
condensed pulse, after passing over the distance I be- 
fore and I ' after rfeflexion, will meet the rarefied pulse 
at the distance I from the end 5, and produce a com- 
pound agitation in the section G* similar to that of the 
original disturbance ; thence the partial pulses will sepa- 
rate, and after each undergoing another reflexion will 
unite in their original point of departure, constituting, 
as it were, a repetition of the first impulse, and so on, 
till the pulses are destroyed by the gradual transmis- 
sion of the whole of their living forces through the sub- 
stance of the tube to the open air. 

If the section first set in motion be maintained in a 
state of vibration synchronous with the return of the 
reflected pulses, it will unite with arid reinforce them at 
every return, and the result will be a clear and strong 
musical sound, resulting from the exact combination of 
the original periodic impulse with its echos. 



Tube dosed al 
bothenda, 
containing air; 



Ixnpalae 

oomxnnnicated to 
a section in 
direction of tba 
length of the 
tabe; ' 



Two pulses win 
be started 
ninnlng in 
opposite 
directions; 

Pulses gradually 
destroyed. 



Consequence of 
maintaining in 
vibration the 
section first 
disturbed. 



Fig. 64 



§ 105. Let us suppose the 
section first set in motion and 
fio maintained, to be exactly 
in the middle of the pipe. 
Then, when once the pe- 
riodic pulsation of the contained air is established, the 
motion will consist of a constant and regular fluctu- 



Middle section 
maintained in 
-vibration; 
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Air oondensed In 
one half and 
rarefied in the 
other ; 



Positions of 
greatest and least 
condensations 
andrareliactions; 



Several oolomiiB 
end to end ; 



Illustration; 



Nodes; 



Ventral 
segments; 



Distance between 
two alternate 
nodes. 



ation to and fro of the whole mass, the air being always 
condensed within one-half of the pipe while it is rare- 
fied in the other. The greatest excursions from their 
places of rest will be made by the molecules in the 
middle, while the molecules at the ends abutting against 
the solid stoppers will have the least motion, the ex- 
cursion made by each intermediate molecule being 
greater in proportion as it is nearer the centre. On 
the other hand, the rarefactions and condensations are 
greatest at the extremities and diminish as we approach 
the middle, where they are the least. 

Now, conceive several such columns of vibrating 
air to be" equal and to be placed end to end, so that 
the condensed portions shall be turned towards each 
other; it is plain that all the stoppers, except the ex- 
treme ones, may be removed without in anywise sen- 
sibly changing the interior motions, and there will re- 
sult a single column of air 
broken up into equal por- 
tions vibrating in a manner 
similar to that of the ventral 
segments of a tense cord, _^ .t- — > -t- 

§ 98, the nodes being at X 

and Z", where there wiU be alternately a maximum and 
minimum of condensation, the hellies lying between — 
in the middle of which the condensation will be the 
least. It is also obvious that the distance XX^ be- 
tween two alternate nodes, will be the shortest dis- 
tance from any one section of air to another having 
the same phase, and that this distance answers to the 
length of a wave of the same pitch propagated in an 
indefinite column of air. 



Fig. es. 
X r 



An opening in 
the middle of a 
segment; 



§ 106. At C, half way be- 
tween two consecutive nodes, 
or in the middle of one of 
the cylinders A B^ let an 
opening be made ; and sup- 



Fig. 66. 
c 
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pose a vibrating body to be inserted whose vibrations Ana a yibrating 

are executed in equal times with those in which the^^^y*°^'®^°*^*» 

excursions to and fro of the included aerial sections 

are performed in the stopped pipe. Its vibrations will 

be communicated to those of the contained air, the 

latter will be maintained and strengthened, and the 

sound from the pipe will become full and clear. Such Emboncbure, 

an aperture is called an emhouchure. 

Next conceive one-half one hair of the 

B 0, of the cyUnder A B, ^^ ''■ . ;r:Sr 

to be removed, and in its I <"sc; 

place a disc substituted ex- J— ^, — : ^ 

actly closing the aperture, • 

and maintained by some external cause in a state of 
constant vibration, such, that the performance of one 
complete vibration, going and returning, shall occupy 
as much time as a sonorous pulse would take to tra- 
verse the whole length of the stopped pipe A B^ or 
double that required for the half pipe A C. Its jSrst 
impulse on the air will be propagated along the half 
pipe C A^ and reflected at the stopped end J, and will 
again reach the disc just as the latter is commencing 
its second impulse. But the absolute velocity of the 
disc in its vibrations being excessively minute compared 
with that of sound, the reflected pulse will undergo a 
second reflexion at the disc as though it were a fixed 
stopper. It will, therefore, in its return exactly coincide Eeflected puis* 
and conspire with the second impulse of the disc, and "^^^ ^J"*^*^® ^ 

^ ^ ^ ' with the second 

the same process being repeated at every impulse, each impulse of the 

will be combined with all its echos, and a musical tone ^°'"**^^*^°* 

will be drawn from the pipe vastly superior to that 

which the disc vibrating alone in the open air could 

produce. This is the simplest instance of the resonance 

of a cavity. Now, it is manifestly of no importance Resonance of « 

whether the pulses reflected from the closed end -4. of ^ ^* 

the semi-pipe undergo a second reflexion at the disc 

and are so turned back, or whether we regard the disc i 

as penetrable by the pulse, and suppose the latter to '^ 
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6ameefR)cts niii run on and be reflected at the extremity B cf the olher 
^tiirou^h^uie ^^^ ^^ ^^ entire tube, and on its return again to pass 
disc and be freely through the disc and be again reflected at the 
!JIhwen«L ^ ^^^ ^' "^^ souud will be the same on the principle of 
the superposition of vibrations. Thus the fundamental 
sound of a pipe open at one end is the same as that 
of a pipe closed at both ends and of double the length, 
and has the same pitch as that due to waves propa- 
gated in the open air, and of which the length of each is 
four times the length of the pipe open at one end. 



fta,p ftnental 
k.ostration ; 



Tuning fork and 
pipe; 




Flute male to 
epeak. 



§107. Tlie mode here supposed of exciting and sus 
taining the vibrations of a <jolumn of air in an open tube 
may easily be put in practice. Take a common tuning- 
fork and by means 
of sealing wax fas- 
ten. a circular disc 
of card on one of its 
branches, sufficient- 
ly large to nearly co- 
ver the open end of 
a pipe. The upper 
joint of a flute with 
the mouth hole stop- 
ped will answer well 
for the purpose; it may be tuned in unison, that is, 
made of proper length by the sliding stopper. The 
fork being set in vibration by a blow on the unloaded 
branch, and held so as to bring the disc just over the 
mouth of the pipe, a note of great clearness and strength 
will be heard. Indeed, a flute may be made to '^speah^ 
perfectly well by holding a vibrating tuning-fork close 
to the embouchure, while the fingering proper to the 
note of the fork is at the same time performed. 




§ 108. But the most usual method of exciting the vibra- 
tions of a column of air in a pipe is by blowing across 
the open end, or across an opening made in the side 
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or by introducing: a current „. ^ Eeaonanceof* 

i. . • .. -^ xT_ 1- n FIg.«. ' pip« produced br 

of air into it through a Bmall ^.*-t>^— ^^^ • »ed ; 

aperture of a peculiar con- 
struction called a "rc^," 
provided with a " Umgue^'* 
or flexible elastic plate which 
nearly stops the aperture, 
and which is alternately 
forced away by the current 
of air and brought back by 
its own elasticity, thus pro- 
ducing a continued and regularly periodic series of in- 
terruptions to the uniformity of the stream, and a sound 
in the pipe corresponding to their frequency. 

Except, however, the reed be so constructed as to be in conditions to i>« 
unison with some one of the possible modes of vibration 
of the column of air in the pipe, the sound of the reed 
only will be heard, the resonance of the pipe will not be 
called into play, and the pipe will not speak ; or will 
speak but feebly and imperfectly and yield a false tone. 




flilflUod. 



§109. Let us consider what takes place when the vi-E«Bct of Mowing 
brations qf a column of air are produced by blowing ^^ ^y^!* 
across the open end of a pipe or an aperture in the 
side. The current of air being so directed as to graze the 
opposite edge, a small portion will be caught and turned 
aside down the pipe, thus giving a first impulse to the 
contained air and propagating down it a pulse in which 
the air is slightly condensed. This will be reflected at 
the end as an echo and return to the aperture where the 
condensation will go off, the section condensed expanding 
into the free atmosphere. But in so doing it lifts up and 
for a moment diverts from its courge the impinging cur- 
rent, and thus suspends its impulse upon the edge of the 
aperture. The moment the condensation has escaped Th*p«>^^c**»" 
the current resumes its former course and again ^jpi^n^j. 
touches the opposite edge, creates there a second conden- 
Bation and propagates down the pipe another pulse, and 



120 



NATURAL PHILOSOPHY. 



carrent g^ qj^^ Th\}3 the curront passing over the end or aperture 

grazes and misses IS kept 111 a constaut State 01 fluttering agitation, alter- 
the edge. nately grazing and passing free of its edge at regular in- 

tervals equal to those in which the sonorous pulse can run 
over twice the length of the pipe ; or more generally, 
in which the condensation and rarefaction recui' in vir- 
tue of any of the modes of vibration of which the column 
of air in the pipe is susceptible. 



Point of 
maximum 
excursions of 
moleculesj 



Vibrations of a 
eolnmn of air 
and of a cord ; 



Gases made 
analogoos. 



§ 110. In general, whenever there is a free communi- 
cation opened between the column of air in a pipe and 
the free atmosphere, that point becomes a point of 
maximum excursion of the vibrating molecules, or the 
middle of a ventral segment. At such a point the rare- 
faction and condensation assume their smallest possible 
values by the air reducing itself constantly to an equi- 
librium of pressure with the external air. Hence, if the 
pipe speak at all, it will take such a mode of vibration 
as to satisfy this condition, but, consistently with this, it 
may divide itself into any number of ventral segments. 
But here there is a practical difference between the 
affections of a vibrating aerial column and those of a 
tense cord. In the case of the cord both ends in prac- 
tice must be fixed to secure the requi&ite elasticity ; this 
the air possesses in its natural state, and to make the 
cases analogous we must suppose the cord to be extend- 
ed in one direction to infinity, so that its pulses like 
those of the aerial column may run off indefinitely 
never to return. 



Qm be no half § 111. In cords with fixed extremities aU the ventral 
!^Sed e^* segments must of necessity be complete, no half segment 

can exist. In pipes.it is otherwise. The air in a pipe 

closed at one end vibrates as a 

half, not as a whole of such a 

segment.' It is owing to this 

that a pipe open at both eiids 

can, if properly excited, yield a 



Kot so with 
pipes; 



rig. TO. 
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both ends; 



musical sound. The column of air vibrates in the mode ^^^^^y* 

middle of the 

represented in the figure, in which there is a node in entire segment 
the middle, and each ventral segment is only half a 
complete one. 

§112. To find the time of vibration or the number p*?© open »* 
of vibrations in a riven time „. ^ 

° ■ Fig. n. 

coiTesponding to any mode of 

vibration, denote by m the 

number of nodes in a pipe 

open at both ends; the number of . complete ventral 

segments between them wiU be 

^ ^ Namberof 

^ ■'• ) complete ventral 

segments; 

and denoting the length of the pipe in feet by Z^^, the 
length of each complete ventral segment will be 

J^ ' Length of each 

— — \ segment; 

TJfh ^ 

and denoting the velocity of sound by F", and the time 
required for the sonorous pulse to traverse one seg- 
ment by T^ we shall have 

Time of 



■| TT lime oi 

T— _.. ^' (43) describing 

m V segment; 



and this is the time of vibration of the middle section 
of the segment to which the sound corresponds. 

The number of vibrations per second being JVy there 
will result 



1 V 

i\r= — =^m._- (4:4)Numberof 

U. Ju^^ yibrations in a 

second; 

and the pitches of the series of tones which the pipe 
can be made to deliver will be expressed by the values 
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Pitches of the of iV, determined by making successivelj wi = 1, m = 2, 

tones delivered ^=3 &c., OF bv 

by the pipe. ' ' •^ 

1. ^,2.^,3. ^,&c. 

Ay -^// Ay 

§ 113. In the case of a pipe stopped at one end, the 
closed end must be regarded as 
a node ; and denoting,' as before, *'^' ^ 

Pipe closed at the number of nodes by m, the 

one end; numbcr of Complete ventral seg- 

ments will be m — 1, and one 
half segment at the open end, or 

Number of entire ^111 2 m — 1 , 

.egmenta; W ^ 1 + i = g > 

and the length of each complete one, in feet, will be, 

2 L 

Length of each ; ** \ 

2m-l' 

and the time T^ required for a sonorous pulse to tra- 
verse each segment, will be given by 



Time of --, 2 Z 

2m-l' F 



describing one -^ = KZL T * TT • • • • \*«^/ 



segment; 

and the pitch by 

Pitch, or number ^ 2 171 -^ 1 F" fA(i\ 

of vibrations per -lV = . — .... V*^} 

aecond; ^ /y 

and making m = 1, m = 2, m = 3, &c., the pitches of 
the tones will become 



V V V 

A/ A/ Ai 



Beriee of pitches. i • -jt- *, | • -^ 'j f • -7^ 5 &<5- 
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§ 114. Lastly, in the case of a pipe stopped at both p*p« ci«««* •» 



ends, the number of nodes, in- 
cluding the two ends, being m, 
the number of ventral segments 
will be m— 1] the length in 
feet of each will be 



Fi«.7a 



both ends; 



« > -t^ -^ 



m 



1' 



Length of each 
segment; 



the time, 



r= 



^r=n:-T' 



Time of 

(47) describing on* 

s^^ent. 



and the pitch, 



ir=(m-l).f.; 



Pitch, or number 
(48) of vibrations 
per second; 



and the series 6f pitches, 



■^v/ -^Ji -^11 



(49) 



Series of pitchMk 



Taking, therefore, the number of vibrations performed 
in the fundamental note in one second as unity, the series 
of hannonics will run thus : 



In a pipe stopped at both ends . 1, 2, 3, 4, 5, &c. series or 

" " " open at both ends ... 1, 2, 3, 4, 5, &c. J»«™o°i«- 
" " " stopped at one end and ) o k /r q a. 

open at the other ) -^ h ^^ ^\ ^^ *^- 5 

it being recalled that. Equations (44), (46), and (48), in 

the last series, the fundamental note is an octave lower These sounds 

than in the other two. produced bj 

blowing into % 

To produce these sounds by blowing into a pipe, it pipe; 
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Blot's 
experiments ; 



Fundamental will Only be necessary to begin with as gentle a blast as 
tone heard first; ^jj| ^q^q the pipe Speak, and to augment its force gra- 
dually. The fundamental tone will first be heard, which 
will increase in loudness till suddenly it starts up an 
•octave ; that is, passes the interval between notes whose 
vibrations are as one to two. By adapting an organ- 
bellows to regulate the blast, M. Biot succeeded in draw- 
ing from a pipe all the harmonic notes represented 
.by the series of natural numbers up to 12, inclusive, 
except 9 and 10 ; the reason for failing to produce 
these two is not stated. 

The rationale of this continued subdivision of a vibrat- 
ing Column as the force of the blast increases is obvi- 
ous. A quick, sharp current of air is not so easily turned 
aside from its course as a slow one, and when thrown 
into a ripple by any obstacle will undulate more rapidly. 
Consequently, on increasing the force of tlie blast a pe- 
riod will arrive in which the current canriot be diverted 
from its course and return to it as slowly as required 
for the production of the fundamental note, and the 
next higher harmonic will be excited. 



Explanation of 
these results. 



The air is the § 116. That it is the air which is the sounding body 

•onndingbody; ^^^ ^^^ ^^ material of the pipe, appears from the 
fact that the kind, thickness, or other peculiarities of 
ihe latter, make no difference in the tone in regard to 
pitch. A pipe of paper, lead, glass, or wood, of the 
same dimensions, gives, under the same circumstances, 
the same pitch. The qualities of the tone are often 
different, but this is owing to the feeble vibrations of 
the molecules of the material of the pipe produced by 
those of the contained air. 



VeriflcatioD. 



§ 116. Putting the two values of iT, in Equations (41) 
and (46), equal, we find. 



JEqnation. 



2m-- 1 JT _ nW^g Z, 
2 *X, "■ 2Z 
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whence 



TT- n L^^ >/ ^Ig h^ /-^N Velocity of aoond 



and making m and n each unity, 



pr^4^V2£Z, ^g^^ 8»n. «da«d: 

which furnishes a ready means of finding the velocity 

of sound in any gas or vapor. For this purpose, fill a 

pipe of known length with the gas in question, and set 

it to vibrating by any proper means, so as to call forth 

its fundamental tone. Adjust the bridges of a Mono-^^^'^^'oa^ii^ 

chord so that the fundamental tone of its string shall fomuiJ* 

have to the ear the same pitch", measure the length 

of the string between the bridges and substitute this 

length for L in Equation (51), and the velocity sought 

becomes known. It was by this method that Chladni, 

7aenees, Fbameyeb and Moll ascertained the velocity 

of sound in various media. 

For a detailed account of the structure and manage- ^^co^* of pipe^ 
ment of the embouchures of pipes, and a vast amount 
of interesting matter on the subject of reeds, &c., &c., 
the reader is referred to Sir John Hersohel's most va- 
luable Monograph of Sound, articles 197 to 207, inclu- 
sive, as published in Vol. IV. of the Encyclopedia 
MetropoUtana. 
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VIBRATIONS OF ELASTIC BARS. 



vibnitioMor §117. Bars of a cylindrical or prismatic shape are 
^^^'* susceptible of sonorous vibrations as well as cords, and 

columns of air. But as such bodies are nearly equally 
elastic in all directions, transversely as well as longitu- 
dinally, their vibrations do not obey the same laws as 
Transversal and thosc of striugs. Trausversal vibratious may be excited 
ongitu , ^y striking a bar crosswise, and longitudinal vibrations 

by striking it in the direction of its length. 

Laws governing ^^ t^rs made of the same substance, the acuteness 

the pitch in ^f ^he pitch in transversal vibrations is directly as the 

vibnfctiojiB; thickuess, and inversely as the square of the length of 

the bar. In bars made of different substances, it is 

found that the degree of the body's elasticity greatly 

influences the character of the pitch ; thus steel gives a 

higher pitch than brass. 

To produce these vibrations, the bar may be either 
secured at both ends, or its ends 
may be made merely to rest on ^- ^*- 

some fixed objects ; or one end Bifciwi ii iiiMiMiii i iiMiwiMB i i iB 
may be fastened while the other is 

Means of 

producing these free, or lastly, both ends may mJF""— ■ ■ ■^■^■ifa 
vibrations in ]yQ fj-^^^ ^hc Tods being Support- 
ed at two points. ^mmmm,,,mm, i 

We have an illustration of 

these 'kinds of vibrations in the n [|iiii mi i jiu^ 

jews-harp, musical boxes, &c. 

§ 118. When a bar is struck upon one of its ends in 
the direction of its length, the blow will give rise to a 
Lonrftudinai condeuscd pulse, which will proceed towaiAs the other 
vibrations in end like that of a column of air. It will be reflected 
**"» back and forth alternately at the two ends, according 

to the principles of § 106 and § 107, and this will con- 
tinue till its living force is wholly transmitted to the 



ELEMENTS OF ACOUSTICS. 127 



air and wasted in space. If the rod be of glass, theSoiwrodagire 
sound emitted will be extremely acute unless its length "^dTttm 
be very great; much more so than in the case of a«oiamMof»ir; 
column of air of the same length. The reason of this 
is, the greater velocity with which sound is propagated 
in solids than in air. When the bar is short the re- 
flexions at the ends, which determine the successive 
impulses upon the air and therefore the pitch, succeed 
each other with great rapidity. The velocity in cast 
iron, for example, being 10 J times that in air, a rod^^**'»"*®®^**' 
of this metal will yield a fundamental sound when lon- 
gitudinally excited, identical with that of an organ-pipe 
of yj J of its length, stopped at both ends, or ■^\ of its 
length, open at one end. 

The laws of longitudinal vibrations have nothing in 
common with the transversal, except that the acuteness Laws of 
of the sound emitted varies inversely as the length of^**"*^*"^*^"** 

, transveTsal 

the bar, the reason of which is obvious. The sounds vibrationa differ; 
produced by the longitudinal vibrations are, without ex- 
ception, higher than those yielded by the transverse 
vibrations of the same body. They are little if at all 
influenced by the thickness, or, in the case of wires of 
considerable thickness, by tension. As in the case of 
transversal vibrations, the sounds emitted from bars of 
equal dimensions depend upon the nature of the ma- 
terial. 

Longitudinal vibrations may be generated in elastic 
bars, by holding them in the middle between two fin- 
gers, and rubbing repeatedly one , LongitudiM. 
of the ends with the fingers of Pig. m produced; 
the other hand. In experiment- 
ing on glass tubes the friction- 
apparatus represented in the 
figure will be found convenient : 
a, a, are two pieces of wood hol- 
lowed out, having their cavity 
padded with cloth or leather ; 
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Friction 
apparatus; 



fTodal points 
fonnd; 



Musical 
instraments. 



Fig. 78l 




<? <?, is a steel spring connecting 
them, and rf, d^ are two rings in- 
tended to receive the fingers with 
which the friction is -excited. 
Moisten the padding with spirit 
of wine, and sprinkle on it a little 
finely pulverised pumice-stone. 
If metal or wooden bars are 
* used, the readiest mode will be 

for the operator to put on a leather glove, on the thumb 
and index finger of which is some pounded resin, and 
with these to rub the rods. 

The existence of nodal points may be verified by sliding 
small papef rings loosely on the rod. 

These vibratory movements have been applied to musi- 
cal pui*poses in some instruments. Kaufmakn's Hm^mo- 
nichord and Chladni's EupJion act on this principle. 



Vibrations 



§ 119. Beside the two species of vibration described al- 
r^'rototior^"' ready, elastic rods admit of a third, viz., that by rotation. 
It is most easily generated in cylindrical bodies, by secur- 
ing one end in a vice, and communicating to the other a 
rotatory motion by means of a bow or by friction. An 
alternate expansion and contraction ensue in a direction 
perpendicular to its axis. Different high and low notes 
succeed each other, of which, as yet, no use has been 
made in music. 



OF THE VIBRATIONS OF ELASTIC PLATES AND BELLS. 



Vibrations 
prodnced in 
plates; 



If elastic plates, of glass or metal in particular, be held 
tightly either by the fingers or by means of a clamp, at 
any one point, and the bow of a violin be drawn across 
the edge of the plate, sonorous undulations are imme- 
diately produced. 

These oscillations resemble those of elastic rods, inas- 
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much as the surface is divided into a greater or less num- 
ber of perfectly symmetrical parts, and such as are con- 
terminous, vibrate in opposite directions. 

The boundary lines of these several pai-ts are all in a cwadni's 
Btate of repose, and form nodal lines; their position de- '**°**'^°* ^^«^' 
pends on the places at which the plate is held and ex- 
cited, as one of these nodal lines invaidably runs through 
the point at which the plate is held, whilst the plate itself 
receives the vibratory motion at the other point. These 
lines form certain peculiar figures, called, after their digf- 
coverer, OHULom's Sonorous Figwres. 

To make these figures visible, and to render them P^r-^^^^^^^^^j 
manent, strew some light sand or dust over the plate; these \i8ibi6; 
they may also be seen if a small quantity of water be 
poured on the plate, nay, even by the rays of light 
falling on it. Wheatstoke remarks that, in using the 
last-named mode, still more delicate divisions in the 
figures were observable. 

These sonorous figures are composed sometimes of Their shapes 
right lines, sometimes of curves either parallel to or^^^^^^ 
intersecting each other. The shape of the plate greatly p^ate; 
affects them, as they are differently arranged, accord- 
ing as it may be a square, a rectangle, a triangle, a 
circle, an ellipse, or some other figure. A perfectly dis- 
tinct and well-defined figure is produced only when the 
plate gives a very clear sound. 

By experiments made on such plates the following Laws; 
laws were detected by Chladni : 

1. Any particular pitch will always produce the same 
figure with the same plate; but a small change may 
often be produced in the figure by slightly changing 
the place at which the plate is held without causing 

any difference in the pitch. K the pitch be changed, Fiwtiaw; 
the existing figure disappears at once, and ^a new one 
arranges itself. 

2. The gravest pitch any plate gives is accompanied 

by the simplest figure, and the higher the pitch the more second law; 
complex the figure, i, e, the more nodal lines there will be. 
9 .■ 
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Third Uw. 



Experimental 
illustration ; 



3. If Bimilar plates of various sizes be treated iii the 
same manner, similar figures will be generated in each ; 
by the same treatment, we mean that they shall be 
held at the same point, and that the bow shall pass 
over corresponding points in each. The pitches will' 
however, diflFer, for the larger plate will give out the 
graver sound; and if their dimensions be equal, the 
stronger will give the acuter pitch. 

§ 120. If the plates be strewed with fine sand, and 
held at the point «, whilst the bow be made to pass 
at J, the figures here depicted will in each case be 
produced. 

Fig. 76u . 



ffl. M' M. S' E 




A striking effect is obtained by maMng the same 
figure on several plates of equal size and similar form, 
and then so arranging them as to make one figure on 
Union of several ^ larger scalc. The figure thus produced will be both a 
plates of equal compound and Connected one, and such as may not 
unfrequently be met with on a large plate. 

If a large square be formed out of four squares, bear- 
ing the figures I. and II., we shall have, the following : 



size; 



Fig. 77. 



Fig. 78. 



Th«efrect& 



















a 








,! 
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If the large square plates be held at <z, touched at a\ Particm«rca8e; 
and a bow be drawn across at J, similar compound fig- 
ures will be generated. 

Cymbals^ the Chinese Tam-tam or Oong^ &c., are prac- Example; 
tical applications of sonorous plates. 

§121. The vibrating motions of sonorous bells resem-sonorouabeiis; 
ble those of circular plates. In this case, too, the 
most acute pitch is accompanied by H;he most complex 
figure. 

To render these vibrations visible, fill a bell-shaped 
glass rather more than half full of water ; draw a vio- 
lin bow across the rim, and at the same time touch the 
glass at two opposite points of the rim with the fingers. 
The surface of the water will acquire an undulatory mo- Moans of making 
tion, and to make the sonorous figures permanent, strew fi^J^bie; 
the surface of the water with any light and exceedingly 
fine powder, as semen lycopodii. If the point excited 
by the bow be at a distance of 45° from that touched 
by the finger, a four rayed star marked III. of the last 
article wilf result ; but if the distance be 30°, 60°, or 
90°, the six-rayed star, marked IV., will appear. 

Such a cup gives musical sounds when rubbed with the ^^ .^ 
moistened finger. The vibrations of the glass in this musical sounds 
case result from torsion, and this is the principle of the 
well known finger glass. 



COMMUNICATION OF VIBRATIONS. 

§ 122. The numerous experiments of M. Savart abun- communicaaott 
dantly show that the molecular motions of one body are <>' molecular 
communicated to another, when there exist between them 
any intervening media, and this the more effectually as 
the connection is the more perfect But not only this ; 
they also show that the molecules of the neighboring 
bodies are agitated by motions both similar in period and 
parallel in direction to those of the original source of mo- its pecuiiarMy; 
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another; 



tion. Of these experiments we have only room for such 
SB have a direct bearing npon the natm^ and slanicture of 
our organs of hearing. 

§ 123. Take a thin membrane, moistened tissue paper 
will answer every purpose, and stretch it over the mouth 
Bxperimsntai Qf ^ commou bowl or finger glass, place it in a horizontal 
position and strew fine sand over its surface. Hold a glass 
plate, covered with fine sand or dust, horizontally and di- 
rectly over the membrane, and set it in vibration so as to 
form Chladni's acoustic figures ; these figures will be im- 
mediately and exactly imitated in the sand on the mem- 
Effect when the brauc, and this will be the case to whatever lateral posi- 

giass and ^j^jj within the sphere of sufficient action to move the par- 

membrane are 
parauei; ticlcs of saud, the plate may be shifted, provided it retain 

its parallelism to the membrane. 

Effect when § ^^^' ^^^ instead of shifting the plate laterally, let its 

iDciioedtoone plane bc inclined to the horizon. The figures on the 
membrane will change though the vibrations of the plate 
remain unaltered, and the change will be greater, the 
greater the inclination of the plane of the ^late* Arid 
when it becomes perpendicular to the horizon and there- 
fore to the surface of the membrane, the figures on the 
latter will be transfoimed into a system of straight lines 

When parallel to the common intersection of the two planes; 

perpendicular to gj^^j ^"^q parti clcs of saud, instead of dancing up and down, 

one another \ , -,, , t-i/^ 

will creep m opposite directions to meet on these hues. One 
of these lines always passes througli the centre, and the 
whole system is analogous to what would be produced 
by attaching a cord to the centre of the plate, and, 
having stretched it very obliquely, setting it in vibration 
When shifted by a bow drawn parallel to the surface. In a word, the 
laterauj^ vibratious of the membrane are now parallel to its sur- 

face, and they preserve this character unchanged, how- 
ever the plate be shifted laterally, provided its plane 
When the plate is be- kept Vertical. If the plate be made to revolve about 
revolved about j^ vertical diameter, the nodal lines on the membrane 

its vertical ' 

diameter. will rotate, foUowiug exactly the motions of the plate. 
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§125. Nothing can be more decisive or instructive infe««»<»; 
than this experiment. It shows ns that the motions of 
the aerial molecules in every part of the spherical wave 
propagated from a vibrating centre, instead of diverging 
like radii in all directions, so as to be always perpen- Principle of 
dicular to the wave surface, may be parallel to each ^,1,^*^^^. 
other and to the wave surface. The same holds good 
in Kquids also. 

§ 126. So long as the sound of the plate, its mode of 
vibration, its inclination to the plane of the membrane, 
and the tension of the membrane continue imchanged, 
the nodal figure on the membrane will continue the Conditions to 
same; but if either of these be varied, the membrane *^'^*^^^^ ^ 
will not cease to vibrate, but the figure on it will be ngure; 
changed accordingly. Let us consider separately the 
effects of these changes. 



§ 127. All other things remaining the same, let the 
pitch of the sounding plate be altered, either by loading Difference 
it or changing its size. The membrane will still vibrate, J^^^* ^^ 
differing in this respect from a rigid lamina^ which can rigid umina; 
only vibrate hy sympathy with sounds corresponding to 
its own subdivisions. The memhra/ne will vibrate in sym- 
pathy with any sound, but every particular sound will 
be accompanied by its own particular nodal figure, and 
as the pitch varies, the figure will vary. Thus, if a slow 
air be played on a flute near the membrane, each note lustration, 
will call up its particular form, which the next will efface 
to establish its own. 



§ 128. Next suppose the figure of the plate so to vary ^5,,^^^^,^^^ 
as to change its nodal figures; those on the membrane o^ti^epia*®; 
will also vary ; and if the same note be produced by dif- 
ferent subdivisions of different sized plates, the nodal 
figures on the membrane will also be different. 
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£ff»ot of chang»- 
of tension; 



Effect of 
moisture 



§ 129. If the tension of the membrane be varied ever 
so little, material changes will take place in its nodal 
figures. Hygrometric variations are sufficient to produce 
these changes. Indeed, the fluctuations arising from this 
cause were so tr6ublesome in the case of tissue paper, 
that it became necessary to coat the upper surface with a 
thin film of varnish. By far the best substance for ex- 
hibiting the results of these beautiful experiments is var- 
nished paper. Moisture diminishes the cohesion of 
the 'fibres, and renders them nearly independent of each 
other, and sensible alike to aU impulses. 



§ 130. Between the nodal lines formed by the coarser 
particles of sand, others are occasionally observed, formed 
only of the finest dust of microscopic dimensions. This 
Secondly nodal is a most important fact, as it goes to show that diffe- 
Unes; j.^^^^ ^^^ higher modes of subdivision coexist with the more 

Inference; elementary divisions which produce the principal figm^es. 
The more minute particles are proportionally more re- 
sisted by the air than the coarser ones, and are thus 
prevented from making those great leaps which throw 
the coarser ones into their nodal arrangement. Thej 
rise and fall with the greater divisions of the surface, 
and are only affected by those minute waves which 
have a smaller amplitude of excursion and occur 
more frequently, and form their figures as though the 
others did not exist. These secondary figures often ap- 
pear as concentric rings between the primary ones, and 
frequently the centre of the whole system is occupied 
as a nodal point. 



Explanation ; 



Sensibility of 

some 

membranes; 



Exploring 
membranes 



§ 131. So sensitive are some varieties of stretched mem- 
brane to the influence of molecular motion that they 
have been employed with success in detecting the ex- 
istence and exploring the extent and limits of the most 
delicate, continuous and oppositely vibrating portions of 
air. When so employed they are called exploring mewr 
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hanes. The most highly interesting application of the Application of 
properties of stretched membrane is in the ''memhrana^^^^^'^^^ 

* -^ stretched 

tyrwpanV^ of the ear. membrane; 



ng. 791 




Hlostrations; 





niTutratlona; 



THE EAR. 



§ 132. The auditory apparatus, called the ear, is a ^^^^^^ ^ 
collection of canals, chambers, and tense membranes, of the ear; 
whose office is to collect and convey to the seat of 
hearing, the vibrations impressed upon the air by sono- 
rous bodies. 

Beginning on the exterior and proceeding inwards, 
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Wing; 
Anditoiy duct; 



OftTlty of the 
drum; 



Labyrinth; 




we find a cartilaginous funnel A A, called the wmff / 
a canal I J, called the 
auditory duct^ leading to «». eo. 

an interior chamber ^jB, 
called the cavity of the 
drum ; and behind this a 
system of canals of con- 
siderable complexity, call- 
ed the ldbyrmt\ consist- 
ing of three semi-circular 
tubular arches m^ niy w, 
originating and terminat- 
ing in a common hall n, 

called the vestibule^ which communicates with the cavity 
of the drum by a small opening Z, called the fenestra ovalis^ 
and is prolonged in the opposite direction into a spiral 
cavity o, called the cochlea. The auditory duct is closed 
at its junction with the cavity of the drum by a tense 
membrane r, called the drum of the ear, as is also the 
fenestra ovalis by a similar membrane. The whole ca- 
vity of the labyrinth is filled with a liquid in which are 
immersed the branches of the auditory nerve^ wherein 
is supposed to reside the immediate seat of the first im- 
pression of sound. Within the cavity of the drum are 
four small bones united by articulations so as to form a 
continuous chain ; the first f is called the hammer^ the 
second ^, the anml^ the third i, the JaM, (os orbicularis), ' 
and the fourth i, the stirrujp^ from the resemblance which 
ita shape bears to that of the common stirrup. The han- 
dle of the hammer is attached to the drum, and the 
stirrup to the membrane which closes the fenestra ova- 
lis ; and thus the aerial vibrations, first collected by the 
ftmnel-shaped wing of the ear, and transmitted through 
the auditory duct to the drum, are conducted onwards 
by the articulated bones to the auditory nerve in the 
labyrinth, which receives them at the window of the 
vestibule. The cavity of the drum is connected with that 
EaBt«chiantnb8;of the mouth by a canal d^ called the Eustachian tube^ 



Vestibule; 

Fenestra oyaUs 
aDdoonohlea; 



Dram of the ear; 



Anditofy nerve; 



Hammer, anvil, 
ball and stirrup; 
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which servefl to keep the cavity of the drum filled with !<»«•. 
air of miiform density and temperature ; a condition which 
appeal's to be necessary in order that the different parts 
msay perform their -fiinctions with accuracy. If this be 
stopped, deafness is said to ensue, but as Dr. Wollaston 
has shown, only to sounds within certain limits of pitch. 
If the membrane which closes the labyrinth be pierced Deafoeas 
and its fluid let out, complete and irremediable deaf- produced, 
ness ensues. From some experiments of M. Flourens 
on the ears of birds, it appears that the nerves en- 
' closed in. the several arched canals of the labyrinth have 
other uses besides servingi as organs of hearing, and are other uses of ti» 
instrumental, in some mysterious way, in giving animals "®'^®®®'**** 
the faculty of balancing themselves on their feet and 
directing their motions. 



MUSIC, CHORDS, INTERVALS, HARMONY, 
SCALE AND TEMPERAMENT. 

§ 133. Our impression of the pitch of a musical sound ^t^e^w 
depends, as we have seen, entirely upon the number impreasion of » 
of its vibrations in a given time. Two sounds whose "''''^'^'^"'*' 
vibrations are performed with equal rapidity, whatever 
be their difference in intensity and quality, affect us 
with the sentiment of accordance, which we call uni- 
son^ and impress us with the idea that they are simi- 
lar. This we express by saying that their pitch is the 
same, or that they are the same note. The impulses ^^®*®^*^** 
Which they send to the ear through the medium of 
the air, occurring with equal frequency, blend and form 
a compound impulse, differing in quality and intensity 
from either of its components, but not in the frequency of 
its recurrence, and we judge of it as of a single note 
of intermediate quaUty only. of twonothi 

But when two notes not in unison are sounded to-'*^^**^' 
10 
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Conoordot 

dlfloord. 



gether, most persons distinctly perceive both, and can 
separate them in idea, and attend to one without the 
other. But besides this, the mind receives an impres- 
sion from them jointly which it does not receive from 
either when sounded singly even in close succession ; an 
impression of concord or of discord^ as the case may be, 
and hence the mind is pleased with some combinations, 
displeased with others, and it even regards many as harsh 
and grating. 



Maslo. 



Concordant 
Bounds; 



Harmony, chord, § 134. The uniou of simultaueous and concordant 
melody. sounds, is Called Harmony. Every group of simultaneous 

and concordant sounds, is called a Chord in harmony. A 
succession of single sounds makes Melody. To discover and 
discuss the laws of harmony and melody, are the objects 
' of musical science ; to apply these laws to the production 
of certain effects in musical composition, is the object of 
musical art. Science and art, thus employed, constitute 
that department of knowledge properly called JUtmc. 

Now it is invariably found that the concordant sounds 
are those, and those only, in which the ^number of vibra- 
tions in the same time are in some simple ratio to 
each other, as 1 to 2, 1 to 3, 1 to 4, 2 to 3, &c., and that 
the concord is more pleasing the lower the terms of the 
ratio are and the less they differ from each other. 
"While, on the other hand, such notes as arise from vibra- 
tions which bear no simple ratio to each other, as 8 to 15, 
for instance, produce, when sounded together, a sense of 
discord, and are unpleasant. By the constitution of the 
ear, ratios in which 7 and the higher primes occur are not 
agreeable ; why, cannot be told, but simplicity must end 
somewhere, and in music this seems to be about thje point. 
This is the natural foundation of all harmony. 



Discordant 
Bounds: 



Limit of 
Blmplicity in 
music. 



§ 136. The, relative effect of any two sounds is found 
to be always the same as that of any other two in which 
the ratio of the vibrations is the same. Thus sounds of 
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which the vibrations are respectively 12 and 18, produce compound 
the same effect as those whose vibrations are 40 and 60, ^^cethe 

for same effect; 

12 "" 40 2 ' 

and we say that according as the first and second sounded 
together, are pleasant or unpleasant, so are the third and ^ 

fourth ; also, if an air beginning on the first sound re- ^ 

quire an immediate transition to the second, then, the 
same air beginning on the third will recjuire an inamediate 
transition to the fourth. 

§ 136. The relative pitch of two sounds is called an intomi; 
interval. Its nuiiierical value is expressed in terms of 
the graver sound, represented by the number of its vibra- 
tions in a given time, taken as unity. The value of^g^^^^^^ 
an interval is, therefore, always found by dividing the vai^e found; 
number of vibrations of the acuter note in a given time 
by the number of vibrations of the graver note in the 
same time ; thus, the interval of two sounds, one of which 
is produced by two and the other by three ' vibrations' 
in the same time, has for its measure |. If 18, 
23, and 30, be the numbers of vibrations of three sounds Es;amptes; 
in the same time, and we wish to find a fourth sound 
which shall be as much above the third as the second 
is above the first, we say, ^^ 

18 : 23 : : 30 : »= ^0^^ = 381 . 
18 ' 

§ i37. Kext to unison^ wherein the vibrations of the two 
sounds are in the ratio of 1 to 1, the most satisfactory "^^i^ra^oM in th* 
concord is that in which the vibrations are in the ratio ' 

of 1 to 2. The effect of this is not only pleasing, but 
it always gives rise to the idea of sameness; insomuch 
that if two instnmients were made to play together in 
Buch manner that the sounds of the one should always 
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Give the be of twice as many vibrations as the simnltaneous sounds 

S^ rtJdes ^^ *^® ^^^^^5 *^®y would be universally admitted to be 
of ^e same air; playing the Same air, with only that sort of difference 

which is heard when a man and a boy sing the same 

tune together. 
Two tense strina ^^^3 ^^c a tcuse String, and call the sound emitted 
whose vibrationB from it (7, and, for the reasons given above, let the sound 
aieinttenitioof£j.^j^ a String of doublc the number of vibrations be 

called C\ Let us seek. for the simplest fractions which 

lie between 1 and 2, up to the prime T, and we shall 

find, 

I, *, i, f , * = i, f , 



Series of and these, arranged in the order of magnitude, give, 

Tibrations that 
will produce 
agreeable 
musical sounds. 



after placing 1 and 2 on the extremes, 
1, f f , i I, h 2. 



A set of tense strings, or of pipes, so arranged thai' 
the first makes one vibration while the second makes | 
of a vibration, the third { of a vibration, and so on to 
the last, which makes S, will emit sounds every one of 
which will be agreeable when sounded with the first. 

Sounds which § 138. But it is found that the frequent repetition of 
are pleasing and gouuds which are vcrv near to each other is not pleasing to 

those which are , , , -, i . .1 /. . .... 

not so. an uncultivated ear, and that the frequent repetition o* 

sounds too far from each other is not pleasing to the 
ear after a little cultivation. 

Taking the intervals of the above scries, we find 
that from the 



Examination of 


1st to 2d is 1 ^ 1 = 1 ; 


the above series; 


2d to 3d is 1 -r f = If ; 


• 


8d to 4:th is 1 ~ { = if ; 




4th to 6th is 1 -r i = 1; 




5th to 6th is f -r 1 = V; 




6th to Y-th is 2 -r f = 1 ; 
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The interval between the 1st a^d 2d, and that between Defects in this 
the 6th and 7th are too great, while the interval between *^^^'***^*' 
the 2d and 3d is too small for frequent repetition. A 
new sound must, therefore, be substituted for the second 
one of the scale, and of such value as to increase the 
interval between the second and third and diminish that Additions 
between the first and second, while an additional sound "^ 
must be interpolated between the 6th and 7th. Denote 
the first of these by x and the second, by y, then will the 
series of ratios stand, 

h a^5 4) 35 75 3) y> ^> toproTedeerieB; 

making seven in all, for the octave is but the same 
note with a different pitch. 

But upon what principle shall the values of these 
new sounds be determined, seeing we cannot have any Principles by 

whlcli the sertes 

more simple consonances with the fundamental sound jgimproyo^. 
whose vibrations are represented by 1 ? The answer is, 
we must take those sounds which make the simplest con- 
sonances while they give with the remaining sounds the 
greatest number of consonances. 
The consonance indicated by the interval from the 

4:th to 8th is 2 -7- f = I ; 
5th to 8th is 2 -r I == f ; 
4:th to 6th is f -r- f = f . 

Now, let the sound a?, have between it and the 5th an riret 
interval equal to that between the 6th and the 8th ; then *°pp^**^»' 
wiU 

i -^ ^ = h 

whence 

X ^ t ' Oonseqnence; 

and the first three sounds of the series will stand 1, |, |, S5?dl^T^ 
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IntervalB. 



Second 
^ sappositlon ; 



giving intervals f and V? already found in another part 
of the series. 

Again, let the interval between the 5th and 7th be 
equal to that between the 4th and 6th, and we shall 
have 



y -^ i = h 



and 



Conseqnenoe ; 



y = V; 



Lastthreesoimdi*^^ ^^^^^g ^^® ^^^ ^^^®® ^^^^^® f, V and 2, and glV- 

and their ing the cousecutive intervals of f and }|, both of which 

are found in another part of the series. Replacing x 
and y by their values, we have 



interyalflL 



Diatonic scale; 1 , f 5 | 5 i 5 f , f , V , 2, or multiplying by 24 

24,27 ,30,32 ,36,40 , 45 ,48, 
1st, 2d , 3d , 4th, 5th, 6th , 7th , 8th. 

This is called the natural, or diatonic scale. When 
all its sounds are made to follow each other in order, 
either upwards or downwards, the effect is universally 
acknowledged to be pleasing, and all civilized nations 
have agreed in adopting it as the foundation of their 
music. 

Each sound in the scale is called a notCj and tiakes the 
name of the letter immediately above it ; and its place 
in the order of acuteness from the fundamental note is 
expressed by the ordinal number below it. Thus, count- 
ing the vibrations of the fundamental note unity, the 
note whose vibrations are f , is named ^, and it is a third 
above 67, regarded as the fundamental note ; in like man- 
ner the note whose vibrations are f, is J., and it is a 
sixth above O. The 8th from the fundamental note, or 
(7', is called an octave above G. Again, we say A^ is a 
fourth above ^, and JF, is a fom-th below J, as would be 



Its elfect 
universally 
agreeable; . 



Note, its name, 
and place 
indicated; 



ninstrations; 
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manifest by simply sliding the scale to the right or in- ^^,^2^^ ^y 
verting it, so as to bring the number 1, under the note reference to the 
of reference regarded as the fundamental note. '^^ 

§ 139. This diatonic scale, which is obtained from the Essential 
series of sounds affording the simplest concords with the <i«»i*««8 of the 
fundamental note, after one alteration on account of the * 

too great proximity of two concordant notes, and one in- 
terpolation on account of the too great distance of two 
others, has both of the essential qualities of repetition 
and variety. Thus, writing ODy for the interval from 
C io D^ and using like notation for the others, and writ- 
ing the names which have been adopted by musicians 
for the several intervals, we have the following 

TABLE. 

CD= FG = AB . . = I ; major tone. 

DF=OA .... = V*)^i^^rtone, If ofamajor. 

EF= B C* . . . . = tI ; diatonic semitone. 

CE= FA = GB . = f ; major third. 

E G=^ AC . . . . = I r minor third. 

DF = If; If of minor third. 

QF=^D = EA^ 0C'=^\ fourth. Tabic of Intervala 

FB. ..... . =H; flattened fifth.* tLTZ^' 

OG^EB^FC . . =1; fifth. 

l^A ...... =|f; If of a fifth. 

OA==I)B . . . . =^^ sixth. 

EG' = I ; minor sixth. 

G B ' . , = V ; seventh.* 

BC = Vj flattened seVenth.f ^"^ 

OC =2; octave. 

We observe here three different intervals between con- . 
Becutive notes, viz. : first, that from C to I) = F to G 



* An Inbarmonioos Interval when the notes are sonided together 
t Decidedly more harmonious than the seventh. 
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Mi^ortone; 



Minor tone ; ^ 



Diatonic 
Bemitone or 
limms 



Least number of 
vibrationa to 
produce 
continnons 
Bound; 



Greatest 
number; 



PecoUaritieB of 
certain ^ 

individnals ; 



Causes which 
render sounds 
inaiidible. 



Diatonic scale 
maybe 

continued in both 
directions ; 



PracUcallimits. 



=il to J? = I, and called a major tone} Becond, that from 
D ioE= (? to -4. = V, called a minor tone; and 
third, that from E to F - B to <7' = H? called, 
though improperly, a diatonic semitone^ being in fact 
much greater than half of either a major or minor tone. 
This interval is also called by some authors a limma. 

§ 140. "When the vibrations are less numerous than 16 a 
second (M. Savabt says 7 or 8), the ear loses the impres- 
sion of continued sound, and in proportion as the vibra- 
tions increase in number beyond this, it first perceives a 
fluttering noise, then a quick rattle, then a succession of 
distinct sounds capable of being counted. On the other 
hand, when the frequency of the vibrations exceeds the 
limit of 24000 a second, all sensation, according to M. 
Savart, is lost ; a shrill squeak or chirp is only heard, and 
according to the observation of Dr. Wollas^on^ some in- 
dividuals, otherwise no way inclined to deafness, are alto- 
gether insensible to very acute sounds, while others are 
painfully affected by them. It is probable, however, that 
it is not alone the frequency of the vibrations which ren- 
ders shrill sounds inaudible, but also the diminution of 
intensity which, from the nature of sounding bodies, must 
ever accompany a rapid vibration among their elements. 
No doubt if a hundred thousand hard blows per second 
could be regularly struck by a hammer u^>on an anvil at 
precisely equal intervals, they would be heard as a deaf- 
ening shriek; but in natural sounds the impulses lose 
in intensity more than they gain in number, and thus 
the sound grows more and more feeble till it ceases to 
be heard. 

If we add to the diatonic scale on both sides the 
octaves of all its tones, above and below, and again 
the octaves of these, and so on, we may continue it inde- 
finitely upwards and downwards. But the considera- 
tions above show that we shall soon reach practical limits 
in both directions, growing out of the limited powers of 
the ear. 
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§141. By th^'aid of the ascending and descending ^^j^^^^;>'°^^« 
series of sou;a:d8 thus obtained, pieces of music which 
are perfejrfly pleasing may be played, and they are 
said to be in the hey of that note which is taken as the Key; 
' fundamental, sometimes called the tonic note of the Tonic note; 
scale, and of which the vibrations are represented by 1. 
And if such pieces be analyzed they will be found to 
consist chiefly if not entirely of triple or quadruple 
contbinations of several simultaneous sounds called chords^ Chorda; 
such as the following : 

C ,D ,E,F,0,A,B ,G\D' ,E' ,F' ,a' ,A' ,B\C'' 

1 9 5 4 3 515 Q 18 10 8 10304. 

iBt, 2d , 8d , 4th, 5th, 6th , 7th , 8th , 9th , 10th, 11th, 13th , 18th, 14th, 15th. 



1st. The common or fundamental cJiord^ called also chord of the 
the chord of the tonic^ which consists of the 1st, 3d and ***°**^' 
5th ; or the 3d, 5th and octave. This is the most harmo- 
nious and satisfactory chord in music, and when sounded 
the ear is satisfied and requires nothing further. It is, 
therefore, more frequently heard than any other, and its 
continued recurrence in a piece of music determines the 
key in which the piece is played. 

2d. The chord of tJie dominant. The fifth of the key chord of tiie 
note is called the dominant^ by reason of its oft recur- *^**'"^™^*' 
ring importance in harmonic combinations of a given key. 
The chord of the dominant is constructed like that of 
the tonic, but on the dominant- as a fundamental note, 
and consists of the 5th, Yth and ftth, being the 5th and 7th 
of one scale, and the 2d on the next following scale of 
octavts; or, replacing the latter note by its octave be- 
low, the notes of this chord will be 2d, 5th and 7th. 

3d. The chord of the suh-dominant ; that is, the chord ^<*'^®'*^® 
constructed upon the 4th note next below the dominant. 
It consists of the 4:th, 6th and 8th ; or, replacing the lat- 
ter note by its octave below, the notes of this chord be- 
come the 1st, ith and ^th. 

10 



146 



False olosA. 



Diasonanee of 
tbeTth. 
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4rth. The fahe doae^ which is the chord of the 6th, 
its notes being 6th, 8th and 10th, or replacing the laat 
two notes by their octaves below, 1st, 3d and 6th. The 
term false close arises from this, viz. : A piece of mu- 
sic fi'equently before its termination (which is always 
on the fundamental chord) comes to a momentary close 
on this chord, which pleases only for a short time, and 
requires the strain to be taken up again and closed 
as usual, to give full satisfaction. 

5th. The dissonance of the 7th^ or the combination of 
the 2d, ith, 5th and 7th. It consists of four notes, and 
is the common chord of the dominant with the note 
inynediately below it, or the 7th in order above it. 



Short pieces of § 142. With these chords and a few others, music may 
^^^* be arranged in short pieces so as to possess considera- 

ble variety, but long pieces would appear monotonous. 
In the latter the fundamental note would occur so often 
as to appear to pervade the whole composition, and the 
' Change of key ear would require a change of key to avoid the feel- 
or modulation, jj^^, ^f tcdium which would naturally arise from such a 

AToids monotony; ^ , 

cause. This change of key is called modulation. But 
the change is not possible without introducing other notes 
than those already enumerated. 

Suppose, for example, it were desirable to change from 
the key of C to that of O. The chord of the tonic 
in the key of C'is composed of the notes CJSG\ in the 
key of (7, of the notes G B D\ giving the intervals. 



iocample for 
Ulostration; 



Ci:=GB^i'md CG=-GD' = i. 

In the qhord of the dominant, in the key of Cy the 
notes are GBD\ giving the intervals, 



GB=i, and GD'=h 

the same as before. But the chord of the dominant in 
the key of G^ if it could be formed at all from existing 
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notes, would consist of D\F\A\ giving the intervals Neeeasityfef 

other notea, 
ihown; 



which are very different from the intervals of the com- 
mon chord to which they ought to be equal ; and in 
order that we may be able to make them equal, we 
must have other notes for the purpose. 

N"ow 2>', being the dominant of O^ must be the com- what the mw 
mencement of the interval, and cannot be altered ; ^^^.^* 
new notes must, therefore, be substituted for F^ and A\ 
Denote the vibrations of the new notes by a and y ; 
then, passing to the octave below to avoid the com- 
mon foctor 2, we must have, 



^ — 1 and y — *• To find the new 



whence, substituting the value f for«2), 
a? = I . { and y = f . |. 



n 



That is to say, a change from the key of (7 to that 
of G^ requires for the formation of the chord of the 
dominant in the latter key, two new notes, whose vibra- 
tions would be represented respectively by the ratios J 
and I multiplied by the vibrations in the dominant of 6r, 
Now, as any note may be taken as the key note, andj^^^ j.^^ ^ 
as the dominant changes with the latter, the number new notes muat 
of requisite notes would be so numerous as to render ** *^°**'^** 
the generality of musical instruments excessively com- 
plicated and unmanageable. It becomes necessary, there- 
fore, to inquire how the number may be reduced, and 
what are the fewest notes that will answer. 

For this purpose we remark, that if we multiply the 
values of x and y by 24, to reduce them to the same unit 
as that of the scale of whole numbers in § 138, we find 
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How this la 
acoompUshed; 



24 a? = 



9 



9 3 
24y=g-2 



24 = 33| ; 



24 = 401. 



Pliice of second 
new note; 



Place of fine In the scale just referred to we find the numbers 32 

ne^note ^nd 36. SO that the note whose vibrations are a?, is almost 

determined; •» ic t i 

half way between these two notes, and may be in- 
terpolated at that place. It will, therefore, stand between 
i^and G^ and is designated in music either by the sign 
siiarp, flat; #, sharp^ OY b, Jlat^ according as it takes the name of 
the first or second of these letters. Thus it is written 
either ^F^ or ^G. 

With regard to the note whose vibrations are y, and 
of which the value is 40^, it comes so near to the note 
w4, whose value in the same scale is 40, that the ear 
can- hardly distinguish the difference between them, so 
that the latter may be used for it ; and though a small 
error of one vibration in 80 is introduced in using A as 
the dominant of I?, yet it is not fatal to harmony, and it 
is far better to encounter it than to multiply pipes or 
strings to our instruments for its sake. Besides, these 
errors are modified and in a great measure subdued, by 
what is called temperament^ of which the foregoing is 
the origin. 



Temperament 



§ 143. The highest note of the perfect chord of the 
dominant of G^ is three perfect fifths abote C, and the 
note A\ which we have adopted in its place, is the oc- 
tave of the 6th above C. The vibrations of the first are 
denoted, by (1)^ = Y, and of the second, by 2 . f = V* ; 
and the interval between will be 



a 7 .!_ 1 — 81 
7 • 3 — To"* 



cJommainmnsicThis interval of two notes, one of which rises three per- 
fect fifths, and the other an octave of the 6th above tho 
same origin is called, in music, a comma. 
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§ 144. Were any other note selected for the fimdamen- 1^0 two keys 
tal one, similar changes would be required ; and no twOg^^. 
keys can agree in giving identically the same scale. All, 
however, may be satisfied by the interpolation of a new 
note within each of the intervals of the major and minor 
tones in the scale of article (138), thus. 



C, or Li?, or}^,F,orLG, orV^, orV , J3,C; 
bl>) bJE) t>0) bA) ^JS) 



InterpoUtioA 
required; 



and the scale thus obtained is called the Chromatic ^romai^cicai»; 
scale. 

§ 145. But what shall be the numerical values of the Numerical values 
interpolated notes? If it were desirable to make the^'^^^j^^^ 
scale of article (138), which is in the key of (7, (the vi- notes; 
brations of this note being represented by unity,) as per- 
fect as possible, at the expense of the others, there would 
be but little difficulty, as the mere bisection of the lar- .'{ 

ger intervals would possibly answer every practical pur- 
pose, and *(7= ^D^ might be represented by \/lf ; 
*i) = t>^^ by \/ f • f , and so on ; but as in practice no 
such preference is given to this particular key, and as 
variety is purposely studied, we are obliged to depart 
from the pure and perfect diatonic scale ; and to do so Necessity for a 
with the least possible offence to the ear, is the object of ^^^^^^^^^ 
a system of temperament. If the ear required perfect 
concords, there could be no Inusic but a very limited 
and monotonous one. But this* is not the case ; per- 
fect hannony is never heard, and if it were, would be 
appreciated only by the most refined ears; and it is 
this fortunate circumstance which renders musical com- Perfect hannony 
position, in the exquisite and complicated state in which ''*''*' ^**^ 
it at present exists, possible. 

§14:6. To ascertain to what extent the ear will bear 
a departure from exact consonance, let us see what takes 
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ixtent to which place when two notes nearly but not quite in unison 
•depMtareftom ^^ concord are sounded together. Suppose two equal 
exact and similar strings to be equally drawn aside from their 

nance positions of Test and abandoned at the same instant, 
and suppose one to make 100 vibrations while the other 
makes 101, and that both are at the same distance from 
the ear. Their first vibrations will conspire in produc- 
ing sound waves of double the force of either singly, 
and the impression on the ear will be double. But on 
the 50th vibration, one will have gained half a vibra- 
tion, and the motions of the aerial molecules produced 
Explanation; "|^y ^]^q co-cxistiug waves from both strings will no lon- 
ger be in the same but in opposite directions ; and this 
being sensibly the case for several vibrations, there will 
be an interference and a mometit of silence. As the 
vibrations continue, there will be a further gain, and 
BeatBw at the 100th this gain will amount to one whole vibra- 

tion, when the waves will again conspire, and the sound 
have recovered its ijaaximum intensity. These alternate 
reinforcements and subsidences of sound are called iecUs. 
Let w, denote the number of vibrations in which one 
string gains or loses one vibration on the other, m the 
number of vibrations per second made by the quicker, 
and ^, the interval between the beats, then will 

m 

Example for m I n I I 1' I t 

lUostration. 

whence 



from which it is obvious that the nearer two notes ap- 
proach to exact unison, the longer will be the interval 
between the beats. 

Eflfectof rfect §1^7- ^^d ^^^^^ it. may be proper to remark upon 
conoordB; the eflfect produccd in perfect concords and in tho&e 
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only which are perfect. If one note make m vibrations These eufects for 
while another makes n, it is. obvious that if the vibra- *^^^^]j^^ 
tions begin together, the mth vibration of the one will and iiioBtrated; 
conspire with the nth of the other, and the effect upon 
the ear of these .conspiring vibrations will be similar 
to that of a third set of which each individual vibra- 
tion conspires with every mXh vibration of the one and 
every nth vibration of the other of the concordant notes. 
This third set will give rise to a note graver than either 
of the others, and its |pitch will. Equation (41), be the 
same as that of a fundamental note of which the con- 
■ cordant notes may be regarded as harmonics. This ®**^'*°* *"* 

*' ^ oomponento. 

graver note is called the resultant^ and those from which 
it arises, components. . Let m = 3 and n = 2, th6n, see 
scale of article (138), will the concord be a perfect fifth, 
and the resultant note will be an octave below the gra- 
ver of the two components. 

What is true of two notes in perfect accordance may be Above 
shown to be equally true of several, and hence the ex- *^'^J^f f "**"' , 

, ^ , , , applied to sevoral 

planation of this curious fact, viz. : that if several strings con^rdantnotea; 
or pipes be so tuned as to be exactly harmonics of one of 
them, that is, if their vibrations be in the ratios 1, 2, 3, 
4, &C., then, if all or any number of them be sounded 
together, there will be heard but one note, and that the 
fundamental note. For, all being harmonics of the note 1, 
« if we combine them two and two we shall find compara- 
tively few but what will give resultants which, with the 
individual notes, will be lost in the united effect' or re- 
sultant of all the component sounds. But to produce this 
effect the strings or pipes must be tuned perfectly to strict Explanation of 
harmonics. The effect can never take place on the strings * 
of a piano-forte, since they are always tempered. 

§ 14:8. Now, to resume the question of temperament : 
If we count the notes in the chromatic scale of article TempenuneLt 
(144), we shall find thirteen, and consequently twelve in- 
tervals. Hence, if we would have a scale exactly similar 
in all its parts, and which would admit of playing equally i 
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Bcaie that wonid Well in any key, tlie question of temperament wonld re- 
towT**^-^^*^^^^^® to that of inserting 11 geometrical means between 
the extremes 1 and 2, and the scale would stand, 



1, 2tV 2t\ 2^^ . . 2^*, 2. 



iso-iiannome The valucs of the mean terms are readily computed by 
"^^ logarithms. This scale, which is one of perfectly equal 

intervals, is called the Iso-harmonic scale. 



AseeDding tho 
scale by fifths ; 



Examination of § 149. If we examine the chromatic scale and table of 
J^^^^™t^^,°^,f intervals in article (139), we shall find that the interval 
intervals; from E to F^ and from B to C\ are semitones, and that 

in a perfect fifth there are, therefore, seven, and in an 
octave twelve semitones. If, then, we reckon upwards 
by fifths, we shall, after twelve steps, come to a note 
in the ascending scale of octaves of the same name as 
that from which we set out. Beginning with C, for 
example, we shall, after the twelfth remove, arrive at 
another 0\ or, which amounts to the same thing, if we 
ascend by two-fifths from C and descend an octave, we 
fall upon D ; in like manner, rising by two-fifths from 
D and falling an octave, we fall upon E^ and this pro- 
cess being sufficiently repeated, we finally reach C\ the 
octave of C. 

Again, from the same scale and table, we see that 
in a major third, that is, from C U> E^ there are four 
semitones,' and hence, if we ascend the scale by major 
thirds we shall, after three steps, arrive at the octave 
of the note from which we started. 
The value of a fifth is J, of a major third f , and of 
Now, there is no power of | or of f equal 
to any. power of 2, and hence there is no series of 
steps by perfect fifths or major thirds that can lead to 
any one of the octaves of the fundamental note. "Were 
the chromatic scale perfect, twelve perfect fifths should 
be equal to seven octaves, and three major thirds to 



Ascending bj 
naf^or thirds. 



Vame of a fifth, 



of a major third, r^ct^X^ 2 

and of an octave. ^^ OCiaVC Z, 
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one octave ; but, as just remarked, neither of these can Reckoning 
be true of perfect fifths or major thirds, for (f) > « =129,74, l^,^,^ or 
and 2'' = 128, giving a difference of nearly one vibra- by fifths; 
tion in every 64 ; and (f)^ = 1,953, instead of two. So 
that, if we reckon upwards by major thirds, we fall con- 
tinually short ; if by fifths, we surpass the octave. The 
excess in this latteii case is called the wolf^ a name sug-'"**^^* 
gested, no doubt, by the fact that the thing which bears 
it has been hunted and chased through 6very part of 
the scale in the vain hope of getting rid of it. In con- 
sequence, it has been proposed to diminish all the fifths 

equally, making a fifth, instead of |, to be equal to 2"^*, 
and tuning regularly upwards by such fifths, and from 
the notes so tuned, downwards by perfect octaves. This ^^^^ ^f eqnai 

. 1111 j» 1 temperament; 

constitutes what is called the system of equal temperament 

In this system the notes must all be represented by identical with the 
the different powers of 2'*'^, and the system itself is iden- 
tical with the Iso-harmonic. Theoretically, it is the sim- 
plest possible. It has, however, one radical fault; it 
gives all the keys one and the same character. In any ita defects, and 
other system of temperament some intervals, though of ^^•"™®*^^' 
the same denomination, must differ by a minute quantity 
from each other, and this difference falling in one part 
of the scale on one key and in a different part on an- 
other, gives a peculiar quality to each, and becomes 
a source of pleasing variety. 

Some have supposed that temperament only applies to General 
instruments with keys and fixed notes. This is a mis- *pp^^*^**'" "^ 

" temperament; 

take. Singers, violin players, and all others who can 
pass through every gradation of tone, must all temper, 
or they could never keep in tune with each other, or with 
themselves. Any one who should keep ascending by 
fifths and descending 'by thirds or octaves, would soon 
find his fundamental pitch grow sharper and sharper, 
till he could neither sing nor play; and two violin 
players accompanying each other and arriving at the uiMtnttioiii. 
tt^same note by different intervals, would find a con- 
tinued want of agreement. 
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Cioiuttruction it a 



§ 150. If we take the logarithms of the fractions which 
express the intervals from the fundamental note to that 
of any other in the diatonic scale, we shall find, after 
multiplying each logarithm by 1000, to avoid fractions, 
taking the product to the nearest whole number, and 
then the successive differences between these, the following 



TABLE. 



Table; 



From 



Cto C 
CtoD 
CtoE 
CtoF 
CtoO 
Cto A 
GtoB 
Cto C 



Interyala. 





major tone 
major third 
minor fourth 
major fifth 
major sixth 
major seventh 
octave 



Bs- 



3-Ix,garlthm*p-^ 



0,00000 

0,05115 
0,09691 
0,12494 
0,17609 
0,22185 
0,27300 
0,30103 



Ap- 




61 
97 
125 
1Y6 
222 
273 
301 



DifliafrenoeA. 



51: 

46= 

28: 

51= 
46= 
51= 

28= 



= 7=maj.tone 
=t = minor tone 
=6 =limma 
= T=maj. tone 
=t = minor tone 
= 7=maj. tone 
=0 =limma 



Its accuracy; 



Its use; 



Three intervals 
and their 
notation ; 



Enharmonio 
diesis; 



The approximate values for the intervals are true to the 
500th of a tone, an interval far too small for the nicest 
ear to distinguish ; these values may, therefore, be used 
in all musical calculations when no very high powers of 
them are taken. Since the logarithm of any interval is 
equal to the logarithm of the higher, diminished by that 
of the lower note, the numbers in the column of differ- 
ences may be taken to represent the values of the se- 
quence intervals, or intervals between the consecutive 
notes expressed in equal parts of a scale of which it takes 
301 parts to measure an octave. 

And we here perceive again the three different kinds 
of intervals referred to in article (139). They are de- 
noted in the table above by the character jT, ^, and 0, 
their values being respectively 51, 46 and 28, corres- 
ponding to the fractions f , V® and || of the article just 
cited. These intervals give rise to what is called the 
enharmonic diesis^ which is the interval between the 
sharp of one note and the flat of that next above it, 
and enables us to understand the distinction between 
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and sharps; a distinction essential t^ perfect har- 
mony, but which can only be maintained in practice 
in organs and other coihplicated instruments which ad- its use; 
mit of great variety of keys and pedals, or in stringed 
instruments or in the voice, where all gradations of 
tone may be produced. 

To understand this distinction, suppose in the course To modoiBto 
of a piece of music it be desirable to modulate from^^^^j^^* *^ 
the key of C to that of F^ its subdominant. To make 
the new scale of F perfect, its intervals should be the 
same and succeed each other in the same order as in 
the original key of C. That is, setting out from F^ 
the sequence of intervals should be T^ Tt TO^ as in 
the table. Now, this sequence does not take place in 
the unaltered scale of (7, when we set out from any 
note but (7, and if we prolong this scale backward to 
F^ the notes will stand 



F O 
T 



A B 
T 



O 



E F' 



Notes as thej 

stand 

erroneonaly; 



whereas they should stand, 
F O A B 



CD E F' 



Notes as they 
should staad; 



The first two intervals are the same in both. The next Firet two 
two will agree if we flatten the note B^ so as to invert ^^*^'*°**'" 
the intervals, or make, 

bJJ — J. = = 28 ; • Tomake the 

next two agree; 

and 



O- bj5=r=61; 
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giving by addition 
Bappofiitioii; C - A = T + =^ 51 + 28 = 79 = major third. 

The quantity by which B must be flattened for this 
purpose is obviously 



Conaeqnenoe; 



T- 0=51-28=: 



Interpolation 
necessary to 
render the two 
M»ile8 nearly 
perfect in one 
particular case. 



Another cai 
aapposed; 



and this is the amount by which, in thU case^ o, note 
differs from its flat. As to the remaining three inter- 
vals, the difference between jTand ^being small, amount- 
ing only to 5, (which answers to the logarithm of a 
comma |^,) the sequence Tt is ,hardly distinguishable 
from t TS^ and if the note D be tempered flat by an 

intei'val = — q— 5 or half a comma, this sequence will 

in both cases be the same, and our two scales of C and 
jF will be rendered as perfect as the nature of the case 
will permit by the interpolation of only one new note. 
But, on the other hand, suppose we would modulate, 
from C to JB. In this case the scale of C will stand 



Scale as it stands 
in this case; 



J) E 

t 

whereas it should be 



C 

■ I 
T 



Q 



B 



Scale as It should 
stand; 



#(7 *i> E ^F *0 ^A 



Conolnsions. 



B 



The intervals from ^ to E^ and from E to B^ are the 
only ones that are equal, and to make the others equal 
would require (7, 2?, F^ G and A to be sharpened, and 
consequently the introduction of no less than five new 
notes. But to confine ourselves to the change from A 
to *JL we have 
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B ^ JL = jT = 51 : Partlcnlarcaae 

taken. 



M = 4 = 



consequently, Ly subtraction, 

A- *A= 23 = JB-^B, Eesnlt; 

as before determined. But since the whole interval from 

jB to J. = jT = 51, is more than double this interval, 

the flattened note ^JB, will lie nearer to -B, and the Explanation; 

sharpened note ^A nearer to the lower one A than a 

note arbitrarily interpolated half way between A and 

5, (to answer both purposes approximately,) would be, piesisieftin 

and thus a gap or diesis^ as it is called, would be left "*** ^^^'^ 

between ^A and ^£. 

The diesis in this ca^e only amounts to 7^-2 (r- d)^»***«°«^*» 
= 51 — 46 = 5, equal to a comma, or the tenth part 
of a major tone jT; in other cases it would be greater. 
But in all cases the interval between any note and its 
sharp is considered to be equal to that between the 
same note and its jlat. 

§151. Taking each note of the diatonic scale as the Each note of the 
landamental or key note in succession, we shall find, ^^^°J|^^^ 
by the same mode of comparison, the following sets of »<>*•.• 
notes in the several scales — the accent at the top of the 
letter denoting one octave above the key note. 

Names of the Eeyflw 

C, B, E, F, O, A, B, C. (natui-al, 0) 

D, E, ifE, G, A, B, »0, D\ (two sharps, D) seteof notes 

E, *F, #(?, A, B, *C, #i?, E'. (four sharps, E) """*"""• 

F, O, A, i>B, O, J), E, F'. (one flat, F) 
0, A, B, O, Z>, E, »F, O'. (one sharp, G) 
A, B,*C, B, E, ^F, *G, A', (three sharps, ^) 
^, *(7, *I), E, *F, #(?, *A, B\ (five sharps, B) 
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TheMseaiM j^ these scales which have the natural notes of the 

Bharpe; diatonic scale for the key, there are but five shai-ps, 

whereas there should be seven. Where are the other 

two? If we take *i^ and *<7 as the key notes, we 

shall find 

Names of the Keys. 

B««itof. mF, »0, »A, B, *C, #2>, *E, »F'.{b\x sharps, mF) 
^;^^ itC, *D, *E, »F, #<?, »A, «B, *0'. (seven sharps, *G ) 

• 

In like manner, constructing a diatonic scale on ^B^ 
and on each new fiat as it is successively introduced, we 
find the following, in which the accent at the bottom of 
a letter denotes one octave below the key. 

Karnes of the Keys. 

-ff,, C, D,^E, F, O, ^,b J?, (two fiats, \>B) 

B«neforanoth«rb^, F, G,bA,^B, C\ i?', b^'. (three fiats, bj?) 

.nppoduon. ^^^ ^ ^^^^ G ,\>D,\>E, F, G,bA. (four fiats, bA) 

bD , bE, F, bG, bA, bjff, C\^bD\ (five fiats, bB) 

bG ,bA,bB,bG\ bB\ bE\ F\ bG\ (six fiats, bG) 

bC , bB, bE, bF, bG, bA, bB , \>G\ (seven fiats, bC) 

Several systems § 152. Assumiug, the principle that the interval 

ha^1^!«r°*" between any note and its sharp is to be equal to that 

devised; between the same note and its fiat, a variety of systems 

of temperament have been devised for producing the 

best harmony by a system of twenty-one fixed notes, viz : 

the seven notes of the diatonic scale with their seven 

Some of the sharps and seven flats. Among the most remarkable sys- 

most remarkable tems may be mentioned those of Huygens, Smith, Younq 

^ and Lagiee, for an account of which the reader is referred 

to the Encyclopoedia Metropolitana, article, Sound. Vol. 

IV., page 797. 

Pecuiiarityof § 153. But the piauo-fortc, an instrument in almost 

the piano-forte, ^^jy^j^gaj ^gg^ ^nd of the highest interest to all lovers of 

music, admits of only twelve keys from any one note to 

its octave, and a temperament must be devised which 

will accommodate itself to this condition. 
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We have already spoken of the division of the octave ArgnmAitj in 
into twelve equal parts, and have seen that this makes temperament; 
the fifths all too flat, the thirds all too sharp, and gives a 
harmony equally imperfect in all the keys. It is urged 
in favor of equal temperament that all the keys are made 
equally good, and that in no one does the temperament 
amount to a striking defect ; also, that in the orchestra 
there is little chance of any uniform temperament if it be 
not this. Against equal temperament* it is urged, how- 
ever, as before stated, that it takes away all distinctive Against equal 
character fix)m the different keys, and after all, leaves no t^^P^n^*^'- 
one of them perfect. A piano-forte perfectly tuned by 
the system of equal temperament has to some persons a 
certain insipidity which only wears oif ais the effect of 
this tuning disappears ; insomuch that the best phase of ninstrationby 

. , 11.1 the piano^fort* 

the mstiniment is exhibited during the period which pre- 
cedes its becoming disagreeably out of tune, or, more ' 
properly, while it is assuming a state oi maltonation ; for, 
the transition is only a change from equal tO unequal 
temperaruent, in which the several keys begirt to exhibit 
variety of character, until maltonation arrives and makes 
the instrument offensive. 

The best practicable way of obtaining a given tempera- use of the 
ment, equal or unequal, is by means of the monochord. ^o"®^^^®'^? 
The proper lengths of the strings of this instrument, to 
form the required notes, are first calculated, and after- 
wards those of the instrument to be tuned are brought into 
unison with them. No tuner can get an equal tempera- 
ment by trial ; so that the question in practice generally ^^^^^^^^^^^^5^^ 
lies between all sorts of approximations to equal tempera- practice, 
ment, and as many approximations to some other tem- 
perament. 

§154. The mode of proceeding by approximation to*^®™®®*^^^ 
equal temperament is simply to tune all the fifths a little proceeding; 
flat ; and the following order is the most usual. The first 
letters represent the note already tuned, the second the 
one which is to be tuned from it ; a chord in parenthesis 
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FIret8top,V 
toning fork ; 



represents a trial that should be made on notes already 
tuned, to test the success of the operations as far as it has 
gone. The first step is to put C ' in tune by the tuning 
fork; 



THaisindicated; ^'i G' ^ ; 00; GO,; 0,1); LA; AA,; A,E, 
{CEO); EB; {GEO; DOB); BE,; B,^F 

{D^FA); ^F^F/, ^F,*G: {A,^G E)-, ^C*G 
{E^GB); C'F; {FAG'); F^A,; {^A,DF) 
^A,^A; {^A^*D; {^DO^A); »D^G,; {^G,C^D\ 



Explanation of 
method, and of 
results that 
should be 
obtained ; 



Bearings. 



All the semitones are written as sharps whether tuned 
from above or below. Since the fifths ar6 all to be a 
little too small in their intervals, the upper notes must 
be flattened when tuned from below, and the lower 
notes sharpened when tuned from above. In the preced- 
ing, the octave C C is completely tuned, and also the 
adjacent interval *i^ C. The rest of the instrument is 
turned by OQtaves. The thirds should come out a little 
sharper than perfect, as the several trials are made, 
and when this does not happen, some of the preceding 
fifths are not equal. The parts which are first tuned 
by fifths, and from which all the others are tuned by 
octaves, are called hearings. 



Bemark on 

unequal 

temperament 



§ 1 55. In unequal temperament, some of the keys are 
kept more free from error than others, both for the 
sake of variety and because keys with five or six sharps 
or flats are comparatively but little used ; these latter 
keys are left less perfect, and this is called throwing 
the wolf into these keys. From equal intervals to those 
which produce what has been called maltonation, there 
is abundant room for the advocates of unequal tempera- 
ment to select that particular system most congenial to 
the views of each, and, accordingly, many systems have 
been proposed. Of these we shall only mention two, 
Smith's B7stem; viz. : that denominated by Dr. Smtih tJie system of mean 
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tones^ and that which bears the name of its author, Dr. 
Young. 

The system of mean tones supposes the octave divid- system of 
ed into five equal tones, of which we shall denote the 
value of each by a, and two equal limmas, each hav- 
ing the value j3, succeeding each other in the order 
aafiaaafi instead of Tt A Tt T&, as in the diatonic scale, 
and such that the thirds shall be perfect, and the fifths 
tempered a little flat. These conditions are sufficient 
to^determine the values of a and p^ for, 

5 a -h 2 j3 = 1 octave = 8T+2t+26 
2a = 1 third = T+ t 



whence 



T+t T-t^ 



Use of thia 



. • /j __ ^ J. 5 " system explained 

' ^ ^ andffluatrated; 



and substituting the values from the table 



a = 



51 +46 51 - 46 



2 



■=48,5;i3 = 28 + — ^ 



28,125 



and since the interval from the 1st to the 5th of the 

scale is 



3a + j3.= 2r+^ + d- ^L-L'^ 



the fifth by this scale is flatter than the perfect fifth 
by the quantity \ {T—{)^ that is, by a quarter of a com- Besnits. 
ma. In this system the sharps and flats are inserted by 
bisecting the larger intervals. 

Dr. Young's first system is as follows, viz. : Tune Young's flm 
downwards from the key note six perfect fifths, then up-sys^m; 
wards from the key note six imperfect fifths, dividing the 
excess of twelve perfect fifths, above seven octaves, 
11 
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Bxpianauon, equally among the imperfect fifths, and observing to as- 
cend in the first case, and descend in the second, by 
octaves, when necessary, to keep between the key note 
and its octave. 



Scale of the 

Chinese, 

Hindoo6,dECi 



§ 156. If we take fi-om the diatonic scale the notes F^ 
and B^ which rise from those immediately preceding 
them by semitones, there will remain C, J9, E^ O^ A and 
C ' for all the sounds of the octave. This is the original 
scale of the Chinese, Hindoos, the Eastern Islands and 
the nations of Northern Europe. It is the scale of the 
Scotch and Irish music, and the Chinese have preserved 
it to the present time. The character of this scale is 
exhibited by playing on the black keys alone of the 
' piano-forte. 



' Effect of small 
intervals. 



Principles of 



§ 157. The effect of making an interval smaller is to give 
the consonance a more plaintive character. It may 
easily be observed, for example, that the intervals of the 
minor third, E G^ and minor sixth, EC on any instru- 
ment, have a sad or plaintive effect as compared with the 
major third, CE^ and major sixth, CA. Almost all per- 
miisic applied in gQjjg jj^ ordinary conversation are constantly varying the 

eoDversation. . . 

tone in which they speak, and making intervals which 
approach to musical correctness, and the effect of sorrow, 
regret, and the like, is to make these intervals minor. 
Any one with a musical ear, noticing the method of say- 
ing " I cannot^^^ pronounced as a determination of the 
will, and comparing the same uttered as an expl'ession of 
regret for want of ability, will understand what is here 
meant. Why this is so, no one can. tell. But the asso- 
ciation exists, and resort is had to those modifications of 
the diatonic scale which are known from experience to 
produce the emotions here referred to. The results of 
these modifications, of which there are sevei'al, are called 
Minor scales. MinoT ScdUs^ in coutradistinction to the diatonic, which 
is called the Major Scale. The change from a minor to the 
major scale is one of the most effective of musical resources. 
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If we return to the fundamental note C and its conso- 
nances, viz. : 

C ^E E F G A C FnndanMJiital 

■»■ J ZjTjsiTjsj-^j consonances; 

and instead of rejecting ^E as too near to E^ we discard 
this latter note, and finish by inserting D and B of the 
diatonic scale, we shall have what is called the common 
ascending minor scale, as follows : 

G , D ,y>E , F , O , A , B , C Ascending minor 

1 , f , I , i , I , f , V , 2. ^' 

But it is not easy to recognize this as a minor scale in NoteasUy 
descent, because, in going from C to C, there is no dis- ^*3^e1ba* 
tinction between it and the major scale till we come to descent; 
^E^ or until the scale has produced its principal efiect 
upon the ear. To remedy this, A and B are both lowered 
a semitone ; that is, A is made *> J., and B is made ^B^ 
thus making \>A. a fourth to ^E^ and t>JJ a fifth to ^E^ 
and giving 

C,D,y>E,F,G,^A, ^B,C' 
1, f , I , ^, I, I , 1,2; 

which being reversed, is called the common mode of Descending th« 
descending the minor scale. minor scaia 

Again, if we retain B of the major scale and lower 
-4., we have 



C,B,\>E,F,G,^A,B,C' 

f , I , V , 2, 



10 6 4 3 8 15 

■■•JSJ yj35 --- 



which is a mild and pleasing scale both in ascent and g^^neider's 
descent, notwithstanding the wide interval between 1>J[ principal minor 
and B. Its harmonics are more easy and natural than ^^^ 
[ the other, and Schneider makes it, in his Elements nf 
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Harmonj, a principal minor scale, and treats all oiheis 
as incidental deviations. 



Any system of §168. "We shall now show how we may, from the 

maybe examined theory of the scalc, examine any system of tempera- 

byOie scale; mcnt ; and as the method will be rendered the more 

obvious by applying it to a particular example, we shall 

take the system of Dr. Touno just described. 

Let all the intervals be expressed in mean semitones^ 
as the unit. There being twelve semitones in the oc- 
tave, we have one semitone equal to the logarithm of 
2 divided by 12, or 



0,30103 
12 



0,0260858 ; 



Method 
explained; 



and dividing the logarithm of the major tone — = f , that 
of the minor tone = V, that of the diatonic semitone 
— If, and the excess of twelve perfect fifths over seven 
octaves == 0,00688 by this value of the mean semitone, 
we shall find 



System of Di 
Young taken ; 



Example for 
illoscration; 



1 major tone — 2,039100 mean semitones, 
1 minor tone « 1,824037 " " 

1 diatonic semitone = 1,117313 " " 

Excess of 12 fifths over 7 octaves = 0,234600 

In tuning upwards, each fifth is to be flattened by 
one-sixth of 0,234600, or by 0,039100. In the equal tem- 
perament 'the wolf is replaced by twelve equal whelps ; 
here by six, but of double the size. 

Now, a perfect fifth is composed of 



2 major tones 

1 minor tone 

1 diatonic semitone 

Perfect fifth 
Deduct . • 



4,078200 
1,824037 
1,117313 

7,019660 
0,039100 



Flattened fifth = 6,980460 
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Then taking C for t 

C . . 12,00000 
-5'* . . 7,01955 

F . . 4,98045 . 
+8*» . 12 


he key note, 

C . 

+5'* . 

(1) G . 
+5 . 

D' . 

-8" . 

(2) D . 
+5'» . 

(3) A . 
+5" . 

F' . 

. (4) F . 

(5) B . 
+5'* . 

»F' . 
-8'* . 


. 0,00000 
. 6,98045 

. 6,98045 . 
. 6,98045 


Ezampto 
ooDtinned 

(1) 


F' . . 16,98045 
-5* . . 7,01956 


. 13,96090 
. 12 




*A . . 9,96090 , 
-S* . . 7,01955 

#2) . . 2,94135 . 

H-S" . 12 


. 1,96090 . 
. 6,98045 

. 8,94135 . 
. 6,98045 


(2) 
(3) 


#i)' . . 14,94135 
-5* . . 7,01955 


. 16,92180 
. 12 




*G . . 7,92180 
-5* . . 7,01855 


. 3,92180 . 
. 6,98045 


^ ^ Thesams 


#C . . 0,90225 . 
+8«» . 12 


. 10,90226 . 
. 6,98045 


(5) 


*C'. . 12,90225 
-5"* . . 7,01955 


. 17,88270 
. 12 





*F 



5,88270 . (6) *F 



6,88270 . (6) 



Collecting these intervalfl for all the notes from C to 
G', we have 



C . . . 0,00000 


*F. . . 6,88270 




*C . . . 0,90225 


G . . . 6,98045 


Bcsnlts coUeeted 


D. . . 1,96090 


*G. . . 7,92180 




»D . ... 2,94135 


A . . . 8,94135 




E. . . 3,92180 


»A. . . 9,96090 




F . . . 4,98045 


B . . 10,90225 





As the most important chord is that of the tonic, we 
form our idea of the effect of each key, from the effect 
of the te;nperament ^upon this chord, judging of the 
character of the key by the amomit and direction of 
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Explanation; the temperament upon the third and fifth, which with 
the key make, as \s:e have seen, the chord in question. 
• • Now, a major third is composed of 

1 major tone = 2,03910 mean semitones, 
1 minor tone = 1,82404: " « 



Talae of a mijor 
third; 



Talae of a minor 
third; 



Major third . . 3,86314 « « 

A minor third is composed of 

1 major tone = 2,03910 mean semitones, 

*1 diatonic semitone = 1,11731 " " 

Minor third . . . 3,16641 " « 



Oonclasionsw 



Method of 
•zaminiug any 
particular key. 



Example for 
illustration. 



and hence the intervals for the chord of the tonic are 



For a major key 
" minor " . 



. 3,86314 and 7,01955 
. 3,15641 and 7,01955. 



To examine any particular key, take the numbers from 
the preceding table opposite the notes of the tonic chord, 
adding twelve to make the octave when necessary ; sub- 
tract the number of the key note from each of the 
other two, and the remainders will give the tempered 
intervals ; from these remainders subtract the correct in- 
tervals above, and these second remainders will give the 
amount and direction of the temperament. For exam- 
ple, let us examine the key of ^4 ; we find 

A . 8,94135; #C' . 12,90225; JE' . 15,92180 
8,94135 8,94135 



Tempered intervals 
Perfect intervals . 



3,96090 . 
3,86314 . 



6,98045 
7,01955 



Temperaments . . + 0,09776 . , — 0,03910 

whence we see that the first interval is sharper and the 
second flatter than perfect, the sign +, indicating sharper, 
and the sign — , flatter. 

END OF ACOUSTICS. 
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§ 1. The principle by whose agency we derive onr ^^^^^ 
sensations of external objects tlirongb the sense of sight, 
18 called LIGHT ; and that branch of Natural Philosophy 
which treats of the nature and properties of light, is 
called Optics.- "^"'^ 

§2. There exists throughout space an extremely at- ^'J^f p^® **' 
tenuated and highly elastic medium called ether. This 
ether permeates all bodies, and the pulsations or waves 
propagated through it, constitute the principle of light. 
The eye admitting the free passage of the ethereal Sensation of 

•^ ° r o sight produced; 

waves into it, the sensation of sight arises from 
the motions which these waves communicate to cer- 
tain nerves which are spread over a portion of the 
internal surface of that organ ; we therefore see by a^"*^*^^^®^^®*" 

> 1 1 the sensations of 

principle in every respect analogous to that by which (sight and sound, 
we Tiear/ the only difference being in the nature of 
the medium employed to impress upon us the motions 
proper to excite these different kinds of sensations. In 
the former case it is the ether agitating the nerves of 
the eye, in the latter, the air communicating its vibra- 
tions to the nerves of the ear. 

§ 3. Some bodies, as the sun, stars, &c., possess, in ^^^^°'*°" 
their ordinary condition, the power of exciting light, 
while many others do not. The first are called self- 
luminous^ and the second nonrluminous bodies. All 
substances, however, become self-luminous when their f'"!'^"""^"**"* 

' ' bodies; 

temperature is suflSciently elevated, or when in a state 
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Ijisectitiut 
pos8«asthe 
power of 
«aa4ttog light 



S«IMaminou 
bodies visible; 



Kon-lumlnons 
rendered sa 



of chemical transition ; and some organisms, as the glow- 
worm, fire-fly, and the like, are provided with an appa- 
ratus capable of exciting ethereal undulations and of 
becoming self-luminous when thrown into a state of 
vibration by these insects. 

Self-luminous bodies aa-e seen in consequence of the 
light proceeding directly from them; whereas, non-lu- 
minous bodies only become visible because of the light 
which they receive from bodies of the self-luminous 
class, and reflect from their surfaces. 



Medium. § 4- Whatever aflfords a passage to light is called a me- 

dium. Glass, water, air, Torricellian vacuum, &c., are media. 



Waves of Ii|^t 
spherical In 
homogwneons 
media; 



GeometricA 

iUnstration. 



Wave front oDt 
spherical in 
heterogeneous 



Itipl. 



§ 5. Waves of light, like those of sound, proceed from 
any disturbed molecule as a centre, with a constant velocity 
in all directions, through media of homogeneous density. 
The front of the luminous wave in such media is, there- 
fore, always on the surface of a sphere whose centre is 
at the place of primitive disturbance, and whose radius 
is equal to the velocity of propagation multiplied into 
the time since the wave began. Thus, if a molecule 
of ether be disturbed at (7, and the 
velocity of propagation be denoted 
by F, and the time elapsed since 
the disturbance by ty then will the 
front of the wave at the expiration 
of this time be upon the surface of 
a sphere whose centre is at and 
radius CA = V. t 

If the medium through which th^ 
wave moves be not homogeneous, the 
shape of the wave front will not be spherical, but wiH 
vary from that figure in proportion as the medium de- 
parts from perfect homogeneousness. 




§ 6. The circumstances attending the propagation of 
luminous and sonorous waves are similar. The intensity 
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of light, like that of sound, depends upon, and is directly intenaity or 
proportional to the amount of molecular displacement. 
It is, therefore, Acoustics, § 53, inversely proportional to 
the square of the distance from the original luminous 
Bource. 

§ 7. We have seen, Acoustics, § 16, that in wave pro- To demonstrate 
pagation through a homogeneous me- ^.^^uor^f 

dium, the displacement of a mole- Fig.2. "g^tin 

cule Oy from its place of rest at one q m^^°*^" 

time, becomes a source of displace- 
ment at a subsequent time for an in- 
definite number of molecules situat- 
ed on the surface of a sphere MJfy 
whose centre is at (9, and of which 
the radius is equal to F". i^ ; that these 
nmnerous disturbances become in 
their turn so many sources of disturb- 
ance for any single molecule as 0', in front of the wave, 
and that the amount of (?''s displacement from its place of 
rest wiU be found by compounding the displacements due 
to all these sources, after estimating the amount due to 
each separately. 

To ascertain the eflfect of this process of composition, Geometrical 
denote by X, the length of a luminous wave ; join and ^pLj^o^;*" 
(?' by a right line, and take the distances AJS = BC 
== CD = DE^ \ \ and with (9' as a centre and the 
distances O' B^ 0' C^ 0' D^ 0' E^ &c., successively as 
radii, describe the arcs B b^ Cc^ D d^ Ee^ &c., cutting 
the section of the wave JTiT, in the points J, tf, df, <?, 
&c. Now, regarding the several molecules in the por- 
tions J. J, hc^cd^ de^ &c., of the great wave, as so many 
centres of disturbance, it is obvious that the secondary 
waves sent to the molecule 0\ from those which occupy 
corresponding positions, on each pair of consecutive por- 
tions, will be in complete discordance, and therefore, Joint effects of 
Acoustics, § 59, that the joint effects of any two consecu- ^^^ns^^ftt^* 
tive portions will be to destroy one another, provided main wave; 
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Portions of tlie 
main wave 
remote from tho 
straight Uiut 
destroy each 
other ; 



Dibplaeenreut of 
anassomed 
particle due to 
vnose portions oi 
the mala vrava tn 
the immediate 
vicinity of the 
right line joining 
it with the 
luminous origin ; 



Portion 
producing the 
greatest effect ; 



Effects of the 
ether portions. 



Condusioo. 



tUe •waves from these portions be equal in number and 
give equal molecular displacements. And it is easy to 
see that this is the case with respect to the portions 
remote from A. For, the magnitude of the displacement 
of 0\ caused by any two consecutive portions, depends — 
first, upon the relative magnitudes of these portions, and 
secondly, upon their difference of distance from 0\ 
With respect to the former, it is obvious, from the con- 
struction, that Ah is greater than Jc, hcthsmcdy cd 
than de^ and soon; but that the successive differences 
go on continually diminishing, and that the magnitudes of, 
and consequently the number of waves from, the succeed- 
ing portions, approach indefinitely to equality as they 
recede from the point J., For corresponding, points 
in consecutive portions, the difference of distance, which 
io \ \ never exceeds, as we shall see, 0,000013 of an 
inch ; so that the portions of tho main wave remote from the 
straight line 0\ destroy each other's effects, and the 
displacement of 0\ wiU be entirely due to those parts 
of the great wave in the neighborhood of the line con- 
necting the point (?' with the luminous origin. 

Of these parts A h produces, of course, the greatest 
effect, being boih the largest and least oblique to 0\ 
The effects of the neighboring portions are, however, 
sensible, and we shall have occasion, under the head of 
CHROMATICS, to observc some important phenomena to 
which they give rise. In the mean time we cannot fail 
to perceive one remarkable consequence of this explana- 
tion, viz. : that if the alternate portions So, d e^ &c., 
whose effects are, relatively to the others, negative, be 
stopped, the total effect upon 0' will be augmented, and 
the light there will be literally increased by intercept- 
ing a portion of the wave. All of which we shall have 
occasion to see fully confirmed by experiment. For the 
present our conclusion is, that in a "homogeneous me- 
dium, the apparent effects of light are p?*opagated from 
one point to another in a right line/ that the sensible 
effects of light cannot, like those of sound, be propa- 
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gated round comers, and that optic shadows must runiJ«wnot 
up to the right line drawn from the luminous source ^^^n^ 
tangent to the edges of objects which cast them.* 



§8. Any line R E^ which 
pierces the wave surface perpen- 
dicularly, is called a ray of light. 
A ray, therefore, is obviously a 
line along which the successive 
effects of light occur. 

When the wave smface be- 
comes a plane, the rays will be 
parallel, and a collection of such 
rays is called a beam of light. 

When the wave surface is 
spherical, the rays will have a 
common point at the centre of 
curvature, and a collection of 
such rays is called a jpendl of 
light. 




Bay of ligbt 



-R Beam of light 



J2 Pencil of ligbt 



REFLEXION AND REFRACTION OF LIGHT. 

§ 9. The reciprocal action between the molecules ofEeflexionand 
various substances and those of the ether which pervades ^ j^^. ^" 
them, causes the latter fluid to exist in a state of diflerent 
elasticity and density in diflerent bodies. By reference to 
Equation (3), Acoustics, we recall that the wave velocity 
increases with the elasticity of the medium and decreases 
with its density; and, § 71, same subject, shows us, that 
when a wave is incident upon the boundary of a medium 
of different density from that in which it is moving, it 
will be resolved into two component waves, one of which 
^^U be driven back from the bounding surface, while the foiiow thesamo 
other will be transmitted and conducted through the new ^^ "so^i^d; 
medium. Light, like sound, will, therefore, be reflected 
and refracted^ and according to the same laws. 

♦See Appendix No. 1. 
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And the 

dTcamBtancM of 
incident and 
derlated light 
detenniP6d% 
the same 
•qnation. 



§ 10. And resuming Equation (29), Acoustics, which is 



sm. 9 = 






sm. 9 



(1) 



we may determine all the circumstances of velocity and 
direction of incident, reflected and refracted light. lu 
this equation F", denotes the velocity of light in the first, 
and V\ its velocity in the second medium ; 9, the angle of 
incidence, and 9', that of refraction. 



Deviating 
Bnrlbo<^: 

Incident, 
reflected, 
refracted wave; 



Incident, 
reflected, 
refracted ray; 



Angle of 
inddenoe, of 
reflexion, of 
refivction. 




§ 11. Let us here repeat 
the notation of § 71, Acous- 
tics. The surface which 
separates the two media, 
and of which Jf iT, repre- 
sents a section by a normal 
plane, is called the deviating 
surface / and, supposing the 
wave to be moving from S 
towards jP, WW i& called 
the incident, TT' TT' the 
rejlected, and TT^TT" the 

refracted wave f' and the normals to these, viz.: SDy 
D aS" and D /S"', are called, respectively, the incident, re- 
flected, and refracted ray ; the ray D /S" is said to be de- 
viated by reflexion, andZ^/S"' by refraction ; also drawing 
the normal P P' to the deviating surface, the angle 
P D 8, which the incident ray makes with this normal, is 
called the angle of incidence; the angle P D S\ which the 
reflected ray makes with the normal, is called the angle of 
reflexion, and the angle P D 8''' ^ P' JDS", which the 
refracted ray makes with the normal, is called the angle 
of refraction. 



How these angles 
are estimated; 



§ 12. These angles are always estimated from that part 
of the normal drawn through the point of incidence of 
the ray, which lies in the medium of the incident wave. 



ELEMENTS OF OPTICS. 



173 



They are accounted positive when on the same side ofwhenpoaitiyt % 

and when 
negatiye; 



the normal as the incident ray, and negative when pn "'^ ^^^^'^ 



Fij|^& 



niiirtration. 



the opposite side. Thus, 
the angle of incidence 
PDS^iB always positive, 
as also the angle of re- 
fraction PDS"\ while 
the angle of reflexion 
PD8\ will always be 
negative, as it should be, 
since the velocity of the 
reflected light must be 
counted negative, the 
reflected wave being dri- 
ven back from the de- 
viating surface. 

§ 13. When the deviating, surface is curved, we con- ^^**^^**°* 
ceive a tangent plane drawn to it at the point of incidence, 
and treat this plane as the deviating surface for that 
portion of the wave which is incident immediately about 
the tangential point. 




§ 14. The angle which 
any ray after deviation, 
makes with the prolonga- 
tion of the same ray be- 
fore incidence, is called 
the deviation. Thus, 
S""' D S; is the devia- 
tion by reflexion; and 
S'^J) ;S^^-, the deviation 
by refraction. 




The deTiatioB ; 



By reflexion an4 
by reflraction. 



§ 15. If we make 



F 



m. 



(2) 
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4 Equation (1) becomes 

Equation 
applicable to 
refraction ; 



Bin 9 = 771 Bin 9 



(3) 



which answers to any refracted ray. 
For the reflected ray, V becomes equal to — V\ and 



1 = w; 



this in Equation (3) gives 



Equation 
applicable to 
reflexion; 



sm 9 = — Sin 9' 



which applies to all cases of reflexion, 
we may consider the Equation 



(4) 

And generally- 



General equation 
for all deviationa 



sm 9 = m sm 9 



(5> 



Catoptrics and 
Dioptrics. 



as applicable to all cases of deviation, observing to make 
7/1, equal to minus unity in cases of reflexion. 

§ 16. The circumstances attending the deviation of the 
component waves into which an incident wave is re- 
solved at a deviating surface, being in general diflerent, 
gave rise to two distinct branches of optics, called 
Catoptrics and Dioptrics^ the former treating of re- 
flected, and the latter of refracted light. 'Biit by the 
generalization expressed in Equation (5), this division 
may be avoided, the discussions made more general, and 
much space and labor saved. 



Index of 
refraction; 



§ 17. The quantity m, is called the index of refraction. 
It is the ratio of the velocity of the incident to that 
of the deviated light, which is equal to the ratio of the 
sine of the angle of incidence to the sine of the angle 
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of refi-action or of reflexion, according as m is positive 
or minus unity. . 

The numerical value of m, has been determined ex- '^*^'>« <>' 

, - refhtctiye ind«z 

perimentally for a great variety of substances, solids, „nder different 
liquids and gases, on the supposition that the deviating circmnstancca. 
surface separates the various substances from a vacuum. 
It is found to be constant for the same medium, but 
variable frotn one medium to another. And as a gene- 
ral rule, it is greater than unity when light passes from 
any medium to another of greater density, as from air 
to water, from water to glass ; and less than unity when 
light passes from one medium to another less dense, as 
from water to air. 

There is a remarkable exception to this rule in the case Exception to th« 
of combustible substances, these always refracting more general mie. 
than other substances of the same density. 

From what has been said, it is obvious that a ray of ugbt deviated 
light on leaving any medium and entering one more with respect to 
dense, will, in general, be bent towards the normal to the 
deviating sm-face, while the reverse will be the case when 
the medium into which the ray passes is less dense than 
the other. 

§ 18. If all bodies possessed equal density, the Befractiye powet 
value of m, or the index of refraction, might be **' d»ff«'«nt 
taken as the measure of the refractive power of the 
substance to which it belongs, but this not being the case, 
it has been shown, that if the expression of the law ac- 
cording to whicTi all 8itl>8ta?ices act wpon light he of the 
same form^ the refractive power will be proportional to 
the excess of the square of the index of refraction above 
unity, divided by the specific gravity. Calling n, the ab- ' 
solute refractive power, ?n, the index of refraction, 8^ the 
specific gravity, and A^ a constant co-efficient, we shall 
have according to this rule, 

^-^ j^ m' — 1 ...... /g\ Its value toHiy 

8 *"•» 
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Bflfractiye The following table shows the value of m, and n, for 

indices and |.j^^ different substances named, the value of m being 
. determined by taken ou the passage of light from a vacuum. 

experiment; 

TABLE 

Or RBrEAGTivB Indices and Refractive Powers. 





m 


"- 8 




Chromate of Lead, 


j2,97 
12,50 


1,0436 




Realgar, 


2,66 


1,666 




^^^ ^ Diamond, 


2.45 


1,4566 




'«t««.naic-Gla^flint, 


1,57 


0,7986 




andpowen. GlaSS CrOWU, 


1,52 






Oil of Cassia, 


1,63 


1,3308 




Oil of OHves, 


1,47 


1,2607 




Quartz, 


1,64 


0,6415 




Muriatic Acid, 


1,40 






Water, 


1,33 


0,7846 




Ice, 


1,30 






Hydrogen, 


1,000138 


3,0963 




Oxygen, 


1,000272 


0,3799 




Atmospheric Air, 


1,000294 


0,4528 





DEVIATION OF LIGHT AT PLANE SURFACES. 



Devlstlon of 
light at plane 
furftces; 



§19. LetJTiV^bea 
deviating surface, sep- 
arating any medium J?, 
from a vacuum A. A 
ray of light S 2?, being 
incident at 2?, will be 
niuatration and deviated accordiug to 

explanation; .11 11 

the law expressed by 
Equation (3), 



sm 9 = w sm 9 , 



Pig. T. 



ilf!L 



//y 



JCL 



S^ 




OO" 





-If 

-7Sf' 



-Jir 



-IT' 
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m^ being the index of refraction of the medium B. The deviation of uie 
refracted ray 2?2y, meeting a second surface Jf' -y, par- fl«t refracted 
allel to the first, and passing again into a vacuum, will be "^' 
refi'acted so as to satisfy the Equation, 



sin ^' = m' sin ^", 



fhe angle of incidence 9', on the second surface *being the 
same as that of refraction at the first, and m\ the index 
of refraction from the medium -B to the vacuum. But, 
in this case, Equation (2), 



^f ^ Index of 

• / ^^ y ._ j^ • refraotioii from 

^ "" jT "" 77i' medium to 

yacanm; 



whence, substituting this value of m\ and multiplying 
the two preceding Equations together, we obtain. 



sin 9 = sm 9", ^""!^ 

^ ^ ' performed; 



that is, the ray after passing a medium bounded by paral- 
lel plane faces, is not ultimately deviated, but remains pa- words. 
rallel to its first direction. 

The ray 2?" ]y'\ being supposed to traverse a second same tme for 
medium bounded by parallel plane faces, and of which m,^™^*^^ 
the refractive index is 7rh'\ will undergo no deviation; by parauei plane 
and the same may be said of any number of media ^^**^ 
bounded by such faces. If, now, the spaces between 
the media be diminished indefinitely so as to bring them 
into actual contact, there will still be no deviation, and 
•we find that a wave will emerge from a medium, ar- 
ranged in parallel strata, parallel to its position before 

entrance. 

12 
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To find the 
relfttfye index of 
rifraction; 



I¥8. 



§ 20. Let US next sup- 
pose a ray to traverse 
two media A and £y 
bounded by plane pa- 
rallel faces, the media 
being in contact, and 
having their refrac- 
tive indices denoted 
by m and m' respec- 
tively ; we shall have, 
by calling m", the in- 
dex of refraction of 
the second, or denser medium in reference to the first, 




E^utttons 
applicable to fha 
deviations; 



sm 9 = ^ sm 9' 
sin 9' = m" sin 9" 



(X) 



sin 9" = -7-sin 9. 
m 



Multiplying these Equations together, there will result 



Beenltof 
operations ; 



m = — 



m 



(7)'. 



^ole 



That is to say, to find the index of 'refraction in the case 
of a ray passing from any one medium to another, divide 
the index of the second hy that of the first referred to a 
vacuum. The index thus obtained is called the relative 
index. 

Examj^le. What is the relative index of air and crown 
glass, the light entering the latter from the former ? The 
tabular index of crown glass is 1,62, and that of air is 
1,0003, whence ^ 



„ 1,5200 
m!' = ^7^7^ = 1,62. 



1,0003 
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§ 21. If a ray pass from a 
medimn to another more dense, 
the index m" will be greater 
than unity, and from equation 
(7), we shall have 

sin 9' > sin 9"; 

and if sin 9' be taken a maxi- 
mnm, or the angle of incidence 
be 90°, equation (7) will give, 



Fig:9L 



light ptSBlXlf 
from rarer to 
denaer madiimv 




4 = Bin r 



(8) 



from which results a maximum limit to the angle of Maximum umit 
refraction. K m" be taken equal to 1,52 for the atmos-*^"«^*^' 

* ' refraction t 

phere and crown glass, 



Bin f = 0,657, 



or 



f = 41° 5' 30", nearly; 



Example, 
atmosphere and 
crowB glass J 



for air and water, m" = 1,33, and 



Atmosphere and 
water; 



f ' = 48^, 15'; 



tliat is to say, the greatest angle of refraction which can 
exist when light passes from air into crown glass, is 41® 
5' 30"; and from air into water, 48** 16'. 

If the ray pass from a medium to another less dense, 



180 



NATURAL PHILOSOPHY. 



Light 
from 



m" will be less than unity, 
and equal to the reciprocal 
of its former value ; Equa- 
tion (7) will then give 

sin 9" > sin 9' ; 



Aogieof taking the maximum value 

refractioa taken ^ , „ ^ i n i 

too; for sin 9 = 1, we shall ob- 

tain from the same Equation, 



Fig. 10. 




Ooiueqaenoe ; 



8inr = -77» 



(9) 



Analogj; 



Sxamples; 



this value for the sine of the angle of incidence, which 
corresponds to the greatest angle of refraction when light 
passes from any medium to one less dense, is the same 
as that found before for the greatest angle of refraction, 
when the incidence was taken a maximum, in the pas- 
sage of light from one medium to another of greater den- 
sity. 

In the case .of air and glass, it is 0,657 ; correspond- 
ing to an angle of 41° 5' 30"; for air and water, the 
angle is 48° 15'. 

K the angle 9' be taken greater than that whose sine 

Conclusion; is —7.^, the angle of refraction, or emergence from the 
m 

denser medium, will be imaginary, and the light will be 

wJwlly reflected at the deviating surface. This maximum 

value for 9' is called the angle of total refl£xion. Light 

cannot, therefore, pass out of crown glass into air under a 

gi'eater Wgle of incidence than 41 ° 5 ' 30 " , nor out of 

water into air under a greater angle than 48° 15'. 



Angle of total 
reflexion. 



§ 22. The maximum limit of refraction^ and the cases 
of total refl^xion^ are attended with -many interesting 
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results. K an eye be placed in a more refracting medium Appeanmces doe 
than the atmosphere, as that of a fish nnder watfer, it will *<»«>« "°»it <>' 

•'■ ' ' refraction and 

perceive, by the limit of refraction, all objects in the total reflexion; 
horizon elevated in the air, and brought within 48° 15 ' 
of the zenith, while some objects in the water would ap- 
pear to occupy the belt included between this limit and 
the horizon by total reflexion. 

Those remarkable cases of mirage^ where objects are 
seen suspended in the air, and oftentimes inverted, are Those due to 
explained by ordinary refraction and total reflexion. ^'i*°*^ , 

■^ •' y refraction and 

The phenomena of mirage most frequently occur when total reflexion, 
there intervenes between the suspended object and spec- 
tator a large expanse of water or wet prairie, and towards 
the close of a hot and sultry day, when the air is calm, 
so that the different strata may arrange themselves ac- 
cording to their different densities. When the wind 
rises the phenomena cease. 




lUostratioB, 



It is well known that in the ordinary state of the at- Apparent 
mosphere, its density decreases as we ascend; a ray of ®*®^*®'**** 

1. , - " ^ ■ atmosphere on 

ugnt, therefore, entenng the atmosphere at /S, would un- the positions of 
dergo a series of refractions, and reach the eye at B^ with ^^"^ ^><»^***5 
an increased inclination to the surface of the earth ; and 
would appear to come from a point, S\ in the heavens 
above that at S^ 'occupied by a body from which it pro- 
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BelAttre Ind«x 
determbied hj 
total reflezioii; 



ceeded. Hence, the effect of the atmosphere is to in- 
crease apparently the altitudes of all the heavenly 
bodies. 

§ 23. Dr. WoLLASTON suggested a method, founded on 
the limit of total reflexion^ to determine the relative in- 
dices and refractive powers of different substances. If 
the angle of incidence, 9', be measured by any device, 
Equation (9) will give. 



tn = 



sm9 



Andtheneethe from which, Equatiou (7)', we find the absolute index, 
re T6 power, j^j^^^jj^g ^j^^^^ ^^ ^jj. . ^^^ ^^ rcfractivc powcr may then 

be deduced from Equation (6). 

Optical prism; § 24. The deviating surfaces 

have, thus far, been supposed 

parallel. -If they be inclined to 

each other, as M N^ M N\ we 

shall have what is called an optical 
* prism^ which consists of any re- 

fracting substance bounded by 

plane surfaces intersecting each 

other. 
Deriating planes M N and M N\ are called the deviating planes^ and 
and refracting ^.j^^ ^^^^ ^^^^ ^^AqYi they are inclined, is caUed the 

refracting angle of the prism. 




Deviation of a 
ray of light in 
passing throngh 
Aprism; 



§ 25. To find the deviation of a ray of light in passing 
through a prism, 
let A^i? be the 
incident, D D' 
the first, and i?' 
xS" the second re- 
fracted ray. The 
total deviation 
will be S'ES'\ 
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wliicli denote by ^; then, calling the refracting angle 
of the prism a, and adopting the notation of the figure, 
we shall have 

» Eqnatioiis; 

ISO^orTT =a + MDD'+Miy D^a +J-9' +?■-+' 



or 
hence 



f=(j)+^ — a (11) Deyistlon; 



The deviation of a ray of light in passing through a 
prism, is, therefore, equal to the sum of the angles of irir Bnie^ 
cidence and emergence^ diminished hy the refracting am^gle 
of tTie prism. 

The refracting angle for the same prism being con-DeviattonfoT 
fitant, the deviation will depend upon the angles of in-"^®P'**™ 

' * *• o depends upon. 

cidence and emergence. 

Now, from Equations (11), (10), (3), and 

sin 4^ = m sin 4/', (3)' 



by a simple process of the calculus, or by trial, it may 
be shown, that when the angles of incidence and emer- condition f<» 
gence are equal, the deviation will be a minimum, or"^^^ 
the least possible.* 

Making 9 equal to 4^) ^^ Equations (11) and (10), we 
find, 

*See Appendix No. 2. 
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ItBiM; 



<P = i (* + *) 
9' = i« 



which substituted in Equation (3) give 



Fommlft for 
i«fractlT« index. 



sin ^ (ft + ^ . 

m = — ; y 

sm i a 



(12) 



Application of 
the formula. 



we have, therefore, only to measure the deviation when 
a minimum, to find the index of refraction of the me- 
dium of which the prism is made, supposing its re- 
fracting angle known. 

This furnishes one of the best methods by which the 
refractive powers of different substances may be found. 
If the substance be a liquid, we may unite two plane 
glasses, making any angle with each other, by means 
of a little cement along their edges, and place the 
liquid between them where it will be held in sufficient 
quantity by capillary attraction. 



Incident n^ § 26. Whcu the ray is incident at right angles upon 

normal to first the first surface, we have, 

tozftce; 

9 = 0, 
9'= 0, 



and from Equations (10) and (11), there result, 



CoDfleqnenees; 



^ ^|/ — a, 
a = 4.' 



whence 



Final result 



sin (ft + 3) = 771 si^ a . . , . (13) 



Deviation at plane surfaces by refraction, will be again 
referred to in a subsequent part of the text. 
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Vlfr 14. 



§27. Let JfiT, 
MN\ be two plane 
reflectors^ meeting 
in a line projected 
* in Jf; SD^ a ray 
incident at the 
point i?, and con- 
tained in a plane 
perpendicular to 
the intersection of 
the reflectors ; this 
ray will be deviar 
ted at the point D, 
of the first reflec- 
tor, again at the point D\ of the second, and so on. 
Required the circumstances attending these deviations. 

Call the first angle of incidence 9, 

second, 9, 

third 93 

&c., 




Deyiatloiis of a 
ray of light by 
two plane 
reflectora, the 
place of 
incidence being 
normal to their 
intersection; 



Notation; 



VJ^ 



9« 



In the triangle P D D\ the angle at P is equal to 
the inclination of the reflectors, which denote by i, and 
we shaff^taVe 



9i -9a =^, 
9a - 93 = ^ 
93 - 94 = h 



(14) 



Equations from 
theflgnre; 



9,- a -9„-i=^, 



and by addition, 



9, — 9» = ^ — 1 .* 
9« = 9, -w-1 .i 



Stun of these 
equatioot; 



(15) 
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If <P I b« • If ^, be any multiple of i, as n — 1 . i, 

multiple of t; 



9, - n - 1 . i = 0, (16) 



The ray will that is to flaj, the nth. incidence will be perpendicular 
J^^^*^ to the reflector, and the ray will, consequently, return 
upon itself. 

Example 1«^. Suppose the angle made by the reflec- 
Eiampie flnt; ^^^ ^^ ^^ go^ ^^^ ^^ ^^^ ^^^^ ^f iucideucc, or 9 , = 60° ; 

required the number of reflexions before the ray retraces 
its course. 
These values in Equation (16), give, 



D.U; 60^ - n - 1 . 6° = 

or, 

Besult n = 11. 

Example 2d. The angle of the reflectors .being 16°, 
Example flecond; and the first angle of incidence 80°, required the fawtth 
angle of incidence. 
These values in Equation (15), give 



9^ = 80° - 4 - 1 . 15°. 
9, = 35° 

If ^, be not a multiple of i, there will be som6 value 

muitipie"^f7i^" for n that will make n — 1 . t, greater than ^,, in which 

case, ^j — n — 1 . t, wiU be negative; that is, at the ti** 

incidence, the ray wiU be on the opposite side of the 

The ray will not perpcudicular. It will therefore return, but not, as before, 

return by the , ,, .■■ 

«m.p.«i>; by the same path. 



Besnlt 



If9i be not a 
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Example Sd. The angle of the reflectors being 7% the^5««°pi««^; 
first angle of incidence 69°, required the number of 
reflexions before the ray returns, and the first angle 
of incidence of the returning ray. These values in 
* Equation (15), reduce it to 



0^ = 69° — 71 — 1 . 7^ = 76° — 7°. n. 
If n = 10, 

<^^ = 76° — 70° = 6°, BuppoBlttons; 

If 7^ = 11, 

0^ = 76° — 77° = — 1°. Beeult 

or the ray begins to return at the eleventh incidence and 
the angle of incidence is 1°. 

* It is obvious that the angle of incidence of the return- 
ing ray will increase at every deviation; there will, there- 
fore, be some value of the increased angle which will 
either be equal to or greater than 90°. In the firet case, g^jniarkai 
the ray wiH be reflected by one of the reflectors into a 
direction parallel to the other, and in the second, this last 
reflexion will give the ray such a direction that it will 
meet the other reflector only on being produced back. 

§ 28. Adding the first two Equations in group (14), we 
have 

01 — *• = 2 i, Anglemadebf 

^* ^' ' the Incident ray 

and the same nj 
after two 
OT • reflexions; 

That is, the angle made by the incident ray and the 
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Eqcuiitodonbto saiue raj after two reflexions, is equal to double the an- 
the angle made gj^ of the reflectors. It follows, therefore, that if the 
angle of the reflectors be increased or diminished by giv- 
ing motion to one of the reflectors, the angular velocity 
of the reflected ray will be double that of the reflector. 
This is the principle upon which reflecting instruments 
for the measurement of angles are constructed. 



AppUestion of 
tUs principle^ 



DEVIATION OF LIGHT AT SPHERICAL SURFACES. 



Deviation of 
light at spherical 
ear&oos; 



innstration and 
notation; 



Vertex. 



Bnle first; 



Bole second. 



Fig.lfi. 




§ 29. Let MD JSf^ be a section of a spherical surface 
separating two me- 
dia of different den- 
sities, as air and 
glass, having its cen- 
tre at (7, on the line 
(7, which will be 
called the axis of 
tlie deviating sur- 
face ; FD a ray of 
light, incident at 2?, 

and DS^ the direction of this ray after deviation, whicli 
being produced back will intersect the axis at F'. The 
point (?, where the axis meets the surface, is called the 
vertex^ which will, for the present, be taken as the origin. 
Call FD, u; F D, u' ; CD,r; OF\f; OF,f ; 
and the angle CD, 0. ■ 

Now, distances estimated in the direction of waveprO' 
pagation^from any origin wJuitever, are always negative; 
those estimated in the contrary direction, positive. 

And, wh^n light is incident on a concave surface, the 
radius of curvature is always positive ; when incident on 
a convex surface, negative. 

In the triangle CDF, we have the relation, 

sin ^ _ y* — r 
sin 4 "~ u 
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and in the triangle CDF\ 
Bin 4 



V! 



sm9 
These combined with 



T^ 



8in 9 = m 8in 9 , 



give 



Equations fr 
the flgore; 



Oombtned with 
the general 
equation of 
deTiation; 



mt*.{/'-r) = «'(/-r) . . . . (17) 
The first of these triangles will also give, 

t^a = (/-r)« +r* +2(/-r).r.cos h 

and the second, 

^'a =5 (y-. ^)a + ^2 + 2 (/' - r) .r . cos />. 

These latter Equations by reduction become, 

u^ =/« — 2 r {f—r) . versin tf ; 
.^'2 =:y'a _2 r (/— r) . versin tf. 

Denoting the versin by ;3, and eliminating.-w and u\ 
between these equations and Equation (17), there will 
result, 



other eqnationa 
from the flgine; 



These latter 
reduoed; 



{f—r).Vf'^-'2r(f'-r).z=m{f'-r).vp-2r(J'-T).z (18) 6ene™i «,»«<« 

for finding the 
intersection of . 

This is a general Equation for finding the intersection deviated rays 
of deviated rays with the axis. The relation betweeny ^^*'**^**^ 
and y is somewhat complicated, and itjs obvious that 
if y^ be made constant, the value of y will vary for dif- 
ferent values of 4 ; that is to say, if a pencil of rays pro- ^^'^^'^''^^'^ 
ceed from, a point on the aods^ they willy after deviation^ indefinite size^ 
rrteet the axis in different points^ depending upon the dis- 
tance of th^ point of incidence from the vertex. 
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SMALL DIRECT PENCIL. 



Bm^dir«ot g QQ^ j^ pencil of light having its central ray coincident 

with the axis of the 

deviating surface, is Fig. ii . 

called a direct pen- 
cil ; and if such a 
pencil be taken very 
small, the quanty 2, 
in Equation (18), 
will be so small that 

General equation the productS* of 
to this case; 

may, without mate- 
^ rial error, be omitted. This will reduce Equation (18) to 




Eqoation for a 
Binall direct 
pencil; 



or 



{f-r).f' = m.{f'-r).f 



mrf 
J ^ (m-l)./ + r 



and taking the reciprocal, 



Bedprocal of the 



i_ 



m-\ 1 



mr 



m.f 



(19) 



(20) 



If y be con- Fig, ir. 

stant, or the 
rays all proceed 
from the same 

Conclusion for a point F OU tTlC 

axis lefore de- 
viation^ f will 
also be constant 
for the same 
medium and 
curvature, and all tTie rays after deviation will m£et in 



smaU direct 
pencil 
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some other poii\t F' on the axis. The first of these points B«»di*nt ud 
is called a radiant^ and the second a fooua / and because 
of the mutual dependence of these points upon each 
other with respect to their positions, they are called 
conjugaU foci, and the distances / and /', are called ^-j^^^^^^ 
cmijugate focal distances. The radiant is a point common foc«i di^unces; 
to tihie undeviated, and a focus to the deviated rays. Then, 
a radiant is the centre of curvature of the undeviated 
wave; and a focus of the deviated wave. When a wave 
turns its convexity to the front, its molecular living force 
becomes more and more diffusive as the wave progresses ; Ee«i and virtual 
when it turns its concavity to the front, more and more "^ 
concentrative. A radiant is real, when the undeviated 
wave turns its convexity to the front; and virtual, when it 
turns its concavity to the front. A focus is redl, when 
the deviated wave turns its concavity to the front; and»««i«dTirturi 

"I i» A. nkdlanln. 

virtual^ when it turns its convexity to the front. 

§ 31. Luminous waves, like waves of sound. Acoustics Living force of 
§ 53, become more and more diffused in proportion as jntengity of light 
they recede further and further from the place of primi-^®®"'*'^®*'*"' 
tive disturbance, provided their corwexities continue to be in^^asef foT 
turned to the front, and more and more concentrated converging ray^ 
after they have been so deviated as to turn their con- 
cavities to the front. * In other words, the living force of 
the wave molecules, which determines the intensity of 
light, will become less and less for divergent, and greater 
and greater for convergent rays. 

That portion of the living force imparted to the ethereal Living f<mse of 
molecules at any one place, as a radiant, and which proceeds a^^^**° * 
upon a spherical segment embraced by the bounding rays aegment 
of a email direct pencil, can, therefore. Equations (19) and ~^^**^*^*^ 
(20), be concentrated upon the ethereal molecules at 
another place, as a focus, by the action of a spherical devi- 
atine: surface ; and the focus, whether real or virtual, be- 

i?T i^i. n XI. J- i. J • Andthefoenfl 

comes a sourc^oi light as well as the radiant, and is as becomes a boutm 
distinctly visible. When the focus is real, the deviated *'"«*»*• 
wave first becomes concentrated in, and subsequently . 
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Whence iiM emanateB from it; when virtnal. the deviated wave pro- 

deviated wave ' , ' ^ 

prooeeda for real ceeds onlj from the deviating surface, but with dimen- 
and for virtual gj^j^g ^^^ ^^^^^^ ^ though it had departed from the virtual 

focus. 



§ 82. If the ray 
which is deviated at 
the first, be incident 

Flirt deviated . upOU a SCCOud SUT- 
raylncidentupon ^^^ jf, j^r ^^^ 
a second Bnr&ce ; ' ^ 

a radius /, and 
situated at a dis- 
tance tj from the 
first, measured on 
the axis, we may- 



Fig. 18. 




suppose this ray to have proceeded originally from F' / 
and denoting the distance from the new vertex 0\ to 
the point -F", in which this ray, after deviation at the 
second surface, meets the axis, by y ", and the index of 
refraction of the second medium by m\ we shall have 
from Equation (20), 



Equation 
applicable to the 
second deviation; 



Second deviated 
ray incident npon 
a third surface ; 




(21) 



Bqastlon 
m>pUeabla totha 
third dsTlatton; 



And bj the same process for a third deviating surface, 

1 



1 _ m" -1 

f"'~ ^'V' ^m"(/" + f) 



(22) 
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FI& 9a 




Third deylAted 
ray incident upon 
ft fonrth Bnrflwe ; 



And for a fourth. 



1 



{w!" ~ 1) 



m'" {f'+lf') 



. (23) Equation 

applicable to the 
fourth deviation, 
and so on. 



And SO on for any number of surfaces, the law being ma- 
nifest. 



§ 33. The value of /' + t^ deduced from Equation (20) Direct relation 
and substituted in Equation (21), will ffive a direct rela-'<^^^^«^^^° 

/.// -./...../ / 1 the first radiant 

tion between /" and /, m terms of r, r, m, m! and t; distance and final 
and the value of /" + If found fi'om this derived equa- '''>«*^ ^^"<^ 
tion and substituted in Equation (22) will give a direct 
relation between /'" and /, in terms of /•, r\ r", m^ m\ 
ml\ t and if ; and by the same process of elimination a 
direct relation may be found between the radiant distance 
f and the final focal distance /'"•••« . 

§ 34. But in practice the distance ^, is so small that it Practical rektion 
may, without sensible error, be neglected. Omitting ^j^^^"^*^*^ 
we shall find that the first member of each of the preced- omitting «; 
ing equations becomes a factor in the last term of the 
second member of that which immediately follows it, and 
proceeding to eliminate these factors by their values, we 
obtain from Equations (20) and (21) 



/" 



m^-1 
mf / 

13 



wf \ 



m- 



mr 



hV: 



mf 



Besolting 
(OA\ equation for 
^ ^ two sur&ces , 
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Belation ^ 1 

between this value of — y-, Substituted in Equation (22), gives, 

oo^Jngste focal J 

distaneesfbr 

three saifMeS) ,, - ^ , ^ 

ciDlttlng^; 1 -, ^ — ^ I 1 t ^— 1 , 1 /^—l , 1 H /9^\ 

and this value of -— -, in Equation (23), gives. 

Same for fbnr 1 T/i"' — 1 

Biirfaoes,andso "/•//// = /// /// + 

mL?/ir 771 C7717* mxTnr mj / ) J 
and so on for additional surfaces. 



Medium between §2^- ^ ^^ ^^^ supposo the medium between the 

second and third, secoud and third^ fourth and fi/thy sixth and seventh^ 

Bup^Bedtoe &^'5 deviating surfaces, the same as that in which the 

same as that of light movcd bcforc the first deviation, we shall have 

c en ug , ^^ ^^^ ^^ ^ number of refracting media bounded by 

spherical surfaces, situated in a homogeneous medium, 

such as the atmosphere, for example, ' and nearly in 

contact. Hence, 

Corresponding , 1 ,„ 1 ,„„ 1 « 

yaluesof ^ =" -^^ '> ^ = :;^ » ^ = .^7^' *^- 

wfractlve m m 77J 

indices; 

and the foregoing Equations reduce to 

two, three, four, *^ *^ 

^""^ 1 m"-l 1 j -l\ n. 1) ,go. 

^, = ^-T.(i-^,)+^^.(i-l) + -i (29) 
&c., &c. 



ELEMENTS OF OPTICS. 195 



§ 36. Any medium bomided by curved surfaces and Lens deiiiwdi 
used for the purpose of deviating light by refraction, 
is called a lens. Equation (27) relates, therefore, to the 
deviation of a small pencil of light by a single spheri- 
cal lens : f. denoting the distance of the radiant, and Equations 

' •' ^ ' i^plicable to 

y\ that of the focus from the lens. Equation (28), re-one,two,4«. 
lates to the refraction or deviation by a single lens and 
a second medium of indefinite extent bounded on one 
side by a spherical surface nearly in contact with the 
lens. Equation (29), relates to deviation by two spheri- 
cal lenses close together, f and y^"" denoting, as before, 
the radiant and focal distances. 



§ 37. If the rays be parallel before the first deviation, incident rays 

^ supposed 

J" will be infinite, or i = 0, and Equations (20), (27), p^^J 



(28), and (29), will reduce to 

1 m — 1 Resulting form 

-TT = ^„ 5 of the preceding 

J Tnr equations; 

1 _ m"-i , 1 r /I i\i 

7^ - l^Tv^ "*"^ L"*-^ • W ~ 7' ; J ' 

yjjjj = m"-i • ( 77 - ^ ) + ^=T • (7 - 7>) ; 

&c., &c. 

The values of/', /", /'7, /"", &c., deduced from these Principal fo«a 
Equations, are called the jprindpal focal distances^ being ^' " 
the focal distances for parallel rays. Denoting these 

distances by F,, F,,, F,,, &c., and (- - ^), (^, - ^^7) 

Ac, by — , _, --_-, (fee., we shall have the following table, 

viz. : 



. distance. 
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Table of 1 __ TTl'-l 

reciproc^f ^ - -^^ 

principal fboal ' 

distancee; . 1 m— 1 



J m"-l J_ ( m-1 \ 

F,„~ m"r"^ m"\ f ) 



JLl _ "^"-1 , fn-l > . . (30) 

IP ^ff * 

^Wi P P 

1 77i""-l 1 /m"-l . m-1] 

+ 






1 ( m"-l , m-l \ 

r\ p" + p / 



_ m""-l m"-l m-1 



Bole^ 



^ ium P 

&C., &C., &C, 

An examination of the alternate formulas of the above 
table, beginning with the second, leads to this result, 
viz., that tJie reciprocal of the principal focal distance of 
any combination of lenses^ is equal to the sum of the re- 
ciprocals of the prvrtdpal focal distances of the lenses 
taken separately ; which may be expressed in a general 
way by the Equation, 

Value forthe "»7 = 2 (-=) (31) 

^ciprocalofthe -^ X-T/ 

prh^ipal focal 
distanc^f any / ^ \ 'i 

combinatfbo of therein (-i-)? denotes the reciprocal of the principal 

lenses. '\ y J^ j 

feca^ distance of any one lens in the combination, the 
Greek letter 2, that the algebraic sum of these is to be 

taken, and -^ the reciprocal for the combination. i 

First members of Substituting the first member of the first Equation, 
substituted in in group (30), and the first members of the alternate 
^'^^^^ Equations, beginning with the second, for their corres- 
ponding values in Equations (20), (27), (29), &c., we 
finally obtain. 



1 
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~. = -4r + —3 (82) B««»ltlnf 

J F. tfhf aqnAtlons for the 

dlBcosfion of the 

1 1 - _1 r33^ deviation of light 

fff "" Jp* f ******^*'bj one or more 

•^ " , lenaesorbya 

1 1.1 iinglewuAoe. 

77777 = Tgr- + -7 (34) 

^ = J_+1 ..... .(35).- 

•^ mm J 

Equations (33), (34), and (35), are of a convenient form 
for discussing the circumstances attending the deviation 
of light by refraction through a single lens, or a com- 
bination of lenses placed close together; and Equation 
(32), the deviation at a single surface. 

§ 38. The several terms of these Equations are the re-ToHndreietire 
ciprocals of elements involved in the discussions which "*""** '^' "*• 

*- yergencj of 

are to follow. The incident and 

pencil of light being ^ "'• ^"""^ "^» 
small, the versed sine 
of half the arc DD\ 
has been- disregard- 
ed, and the arc itself — ^1 ;;;%— :::=ii?r- 

may be regarded as I .X^^^^^^^^^ ^^^ ""pp^ *• 

coinciding 'with the ^^e^^^^"^ diverge both 

, . T . ., ^^^^i\ before and after 

tangent Ime at the ..^-^^ \^ deviation, and 

vertex (?, and as • arc taken; 

having been described about either of the points (7, F\ 
or i^', as a centre, indifferently ; and denoting the length 
of the arc ODhj (t^ and the number of degrees in this 
arc when referred to the centre F^ corresponding to the 
radius f^ by ?i, we shall have the proportion, 

2«'./:360*::a:n; 

whence, 

Number of 
« QflAO -I degrees In thto 

n -- ^ -*• •rcieftrredte 

2 «* * /* ***® centre F\ 
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in which «* denotes the ratio of the diameter of a circle 
to its circumference. 

When this arc a is referred to the centre F\ corres- 
ponding to a radius f\ its number of degrees, denoted 
by n\ becomes, 



Namber of 
d^rees in same 
arc referred to 
the centre F* \ 



n = 



360° 



2 IT /' 



and dividing the first of these Equations by the second, 
we find, 



Katio of the 
aboye values; 



n 
n 



_i 



1 



Conclusion for 

diverging rays. ^jjen^Q jj^q couclude that — and _ measure the relativs 

J V 

divergence of the incident and deviated rays. 

When the devi- 
ated rays meet 
the axis at F\ on 
the opposite side 
of the deviating 
surface from the 
radiant, the value 
/', being laid off 
in a contrary di- 
^ , , , rection from the 

Conclusion for 1 

converging rays; vcrtcx (?, bccomcs negative, and the relative measure -7:7-, 

for the convergence of these rays will be negative. 
Again, if the incident rays converge to a point F^ 
before deviation, / for the same reason, would be ne- 
gative, and the measure for the corresponding conver- 
• gence would be negative. And, generally, we shall find 
that, referring the radiant and focal distances to the 
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vertex as an origin, di- 
vergence will be mea- 
sured by a positive and 
convergence by a nega- 
tive quantity : and for ^ , , , 

convenience we shall, ^jCj^L J! L yergencyofnty* 

therefore, hereafter em- 
ploy the general term 
vergency to express either 
of these conditions of the 
rays, indifferently. 

§ 39. The power of alma is its greater or less cajpacityY<metta^\m; 
to demote the rays that pass through it 

In Equations (33), (34), (36,) &c., ^, -^, ^, &c., 

"^ ;; tut "^ mm 

will measure the vergency of parallel rays after devia- 
tion ; and as these measures are expressed in functions 

of the indices of refraction, and — , or I — J &c. 

they will be constant for the same media and curvature, 
and may be employed as terms of comparison for the 
other two terms which enter into the Equations to which 
they respectively belong. 

From what has been said, it is apparent that -=-,in 

Equation (31), will measure the vergency of parallel rays 

after deviation by any combination of spherical lenses power of a lens 

whatever, and will consequently be the measure of the®''^ 

power of the combination; and as (-^j} is the measure 

of the power of any one lens of the combination, we ha# 
this rule for finding the power of any system of lenses, 
viz. : Find the power of each lens separcUdy^ and take the Bai«^ 
cdgebraio sum of the whole. 

§ 40. It will be convenient to express the relation in 
Equations (32), (33), (34), &c., by referring to the centre 



1 



r combination 
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To find ft relation of cuTvature of the deviating surfaces as an origin. Fop 
between the ^jg purpose, let D 

eoi^ugate focal , . ^ , Fk Si. 

distances when 06 a SectlOU 01 the 



deviating surface, 




the centre of 
enryatureis 

taken as the and denotc the dis- 
*^'**^' tances of the radiant 

and focal points from 

the centre C, by c 

and c\ respectively ; 

we have by inspection, 

Substitutions and f* •• -4- /» 

reductions; / =* ^ "T t?, 

/'=r + c', 
which in Equation (19), give, after reduction, 

Belattonforone 1 m — 1 , Wi r^^^ 

if T e 

and for a second deviating surface whose centre of curva- 
ture is at a distance t^ from that of the first, we ob- 
tain from Equation (36), 

For a second _1 f/h '^ L ffb (9!T\ 

surfiMje; ^" — / "*" ^' — ^ * * ' * ^ -* 

and for a third, whose centi'e is at a distance ^, from 
that of the second, 

ForathW , 1 m^^ — 1 m" ,oox 

<r being eliminated between Equations (36) and (37), a 
ienB,&r '* relation between c and c", will result; in like manner, 
d' being made to disappear by means of this derived 
equation and Equation (38), there will result an equa- 
tion in terms of o'" and c, and so for others. 

§ 41. Eetaining the thickness ^, of the mediiun between 
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the two deviating surfaces to which Equations (19) andB«tajiiing«,tor 
(21) relate, we obtain from the first by adding t, to both *^^*"**~' 
members and reducing to a conmion denominator, 



ff ^^^ mrf -\-Km- 1 ./ + /*) t 
w — 1 . j^ + r 



and this substituted in Eq. (21), at the same time making ^^ 



snppofle 



, which IS supposmgthe ray to pass mto the bound a medium 



m 



ImmeTBed in 

first medium after having traversed the medium bounded another; 
by the two deviating surfaces, that Equation reduces .to. 



r 



1 — m m {m — 1 ./ + r) 



mrf + {f.m — 1 + T)t 



Final relation for 
(yo) a single lens 
retaining t 



which gives a direct relation between the conjugate focal 
distances in the case of light deviated by a single lens. 



APPLICATION OF THE PRECEDING THEORY TO THE DEVI- 
ATION OF LIGHT BY REFRACTION THROUGH THE VARI- 
OUS KINDS OF SPHERICAL LENSES. 



§ 42. A lens has been defined to be, any medium Application of 
bounded by curved surfaces, used for the purpose of ^®J^"^^^ 
deviating light by refraction ; the surfaces are generally various spherical 
spherical. 



lenses. 



-4, called a double 
convex lens, is bounded 
by two spherical sur- 
faces, having their cen- 
tres and the surfaces 
to which they corres- 
pond, on opposite sides 
of the lens. When the 



Fig. 2& 




Geometrical 
representations 
of the spherical 
lenseSb 
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Double oonyez 
kns; 




curvature of the two ^- ^ 

surfaces is the same, 

the lens is said to be 

equally convex. 
jB, is a lens with one 

of its faces plane, the 
piano^nvex; othcr sphcrical, this 

latter face and its cen- 
tre being on opposite 

sides of the lens, and is called z, plano-convex lens. 
Double concave; C, is a dovhU concavc Uns / each curved face and its 

centre lying on the same side of the lens. 
Plano-concave; j^^ fg 2i, jplano-concavc Uus^ haviug one face plane and 

the other concave. 
E^ has one face concave and the other convex, the con- 
Meniscus; vex face having the greater curvature ; this lens is called 

a meniscus, 
<k)ncavo-convex. F^ like the mcuiscus, has one face concave and the 

other convex, but the concave face has the greater 

curvature ; this is called a concavo-convex lens. 
The line containing the centres of the spherical 

sm-faces, is called the axis. 



Different cases § 43. A momcut's Consideration will show that all the 
^^s'Ttoe^rldii- circumstances of vergency attending the deviation of light 
'by any one of these lenses, will be made known by 
Equation (33), it being only necessary to note the dif- 
ferent cases arising out of the various combinations of 
surfaces by which the lenses are formed ; these cases de- 
pend upon the signs of the radii. 
Equations (33), (34), (35), &c., were deduced on the 
Ba.e for signs of suppositiou that v is positivc, the concave side of the 
***"*' surface being turned towards incident light; it will, of 

course, § 29, be negative when the convex side is turn- 
ed in the same direction. Besides, f was taken positive 
for a real radiant^ or when the rays are supposed to di- 
verge from any point upon the axis of the lens, before 
deviation ; on the contrary, it wiU become negative when 
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the rays are received by the deviating surface in a state •^»^«'«>'««8^ 
of convergence to a point behind the lens. The signs 
of /', /", &c., will be positive when the deviated rays 
meet the axis on being produced back. The foci are then 
virtual. When the rays meet the axis on the opposite 
side of the lens or lenses, f\ /", &c., become negative, 
and will correspond to re(d foci. 
The several lenses may be characterized as follows: 



1 Double Convex f _ f» and + 7^ 

'PlanO'Conttx^ oonvex side toin- 

oident light, — 7. and + r'= 00 

Do, plane ride to inci- 

dent light, . . + y = 00 and + r' 
! Meniscus, convex ride tamed to 
incident light, . . r<r', — r, — / 
Same, concave ride do. do. /• > r\ + 7*, + 7*' \ ( J^) of the yarioii* 

4 Double Concave, "t" ^5 — ^' 

r Piano-Concave, concave ride to 
g J incident light, . -|- y*^ -|- ^' = oo 1 

^ Same, plane side to do. do. -|- ^-^ = 00^ and — 7*' 

fConcavO'Convex, concave side to 
incident light, /• < r', + T^ + / 
Same, reversed, . . r ^ r\ — r, — / 



2-^ 



Chsneteristffli 



§44. To discuss the properties of any one of theseDtocnasionofthe 

properties of an j 



Fig. 26l 



lenses, resume 
Equation (33), de- 
termine the sign 

of -_., by refe- 

K 

rence to its gen- 
eral value in 
Equations (30), 

and the table above, and then proceed to make various 
suppositions in regard to the position of the radiant and 
deduce the corresponding places of the focus. 
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Double cony^x § 45. As Oil example, let ub take the double convex 

lens taken as an i 

.ipie; lens. 



Equation (33), is 



General 
equation ; 



Value for 
reciprocal of 
principal focal 
jdiiitance; 






and, Equation (30), and Table (J.), 



1 m— 1 



= — m- 



(i^U 



and aa long as m>l, we shall have, 



Equation for 
discussion ; 



J-=_J_+JL 



(40) 



Fig. 27. 



Real radiants yaVS will be ne- 
between . rrri i. 

gative. That 






For > or / > F,,, f will be negative, and 

*t J 
thevergencyof 

the deviated 

principal focus ga^ve. xuhd \ ^-^^ \ \ \ \ BB f i \ \ p jT>>^ ^ ^ 

and infinity; ig to Saj, if a 

wave proceed 
fix)m a point 
Give real focL upou the axis in frout of the lens between the limits F^^^ 
the principal focus, and infinity, it will be concentrated 
after deviation, into a point upon the same line behind, 
and the focus will be real. 




For ±- ^^ — 



< 



T 



or 



Fig. sa. 



/ < i^,, /" will be 

positive, and the ver- 

Reri radiants geucv of the deviated 

within the ° ni i 

principal focus; ^ayS Will be pOSltlVC. 

That is, if the wave pro- 
ceed from a point in 
front and situated be- 
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tween the lens and the principal focus, it will, after ^iv^^^rtaaifbd. 
deviation, proceed from some other point in front, and the 
focus will be virtual. 



For 



r 



= 0,or/'' = 



Fig. 29. 



BealndlMit at 
principal focoa 



1 -^,or/ = i^,, 
A/ / 
That is, the vergency 

of the deviated rays 
will be zero, and a 
spherical wave pro- 
ceeding from the prin- 
cipal focus will be con- 
verted, by deviation, 
into a plane wave which 

can only be concentrated into a point at an infinite 
distance. 

If the rays be received by the lens in a state of con- For virtaai 
vergence to a point behind, that is, if the concavity '~***°**» 
of the wave be turned to the front before deviation, 

then -, or f will be negative, and Equation (40), becomes 




f \F„ +/)' 



The equation 
becomes; 



— —^And the foot tij^ 
always be real 



and the vergency Fig. so. 

of the deviated rays 
will always be ne- 
gative. In other 
words, to whatever 
point behind the 
lens the wave may 
be tending to con- 
centration before de- 
viation, the deviation will cauge it to concentrate in some 
other point behind. 
If the rays proceed from a point in front and at the^®*^™^°*** 

-,. /, . , . . , /, , T distance equal t« 

distance of twice the pnncipal focal distance, /becomes 2 j^„; 
equal to 2 J^^, and Equation (40) reduces to 
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The focus win be 111 1 

real and at a 77? ~ "W "'" O JP ~ ^ V^ 

distance behind / ^ ti ^^u ^ ^ ti 



the lens equal to 



or 



Fig. 27. 



f" ^-2F, 




//9 



and the wave 
will be concen- 
trated at the 

same distance behind the lens. 
^^*S^^- -^^^ ^ ^^^^ ^^ positive vergency, both before and 
after deviation, we find 



rays decreased; 



which shows us that a positive vergency will be dimin- 
ished by the deviation. 
And^ergence ipoT all cascs of negative vergency, we find nmnerically 

but algebraically, 



Hence the effect That is to Say, whcu the rays diverge before deviation, 

of a convex lens they wiU diverge less after; and when they converge be- 

theii^t^ ^^^^ deviation, they will converge more after. Hence we 

conclude, that the tendency of a convex lens is to collect 

the rays, or concentrate the waves of light deviated by it. 

The focal distance of the double convex lens is given 

by Equation (27), 
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/" - _-rr 



/.r.r' 



Focal dlstaneo; 



rr'—/(«t— !)(»• + /) 
If the lens be supposed of glass, m = |, nearly, and 



/"=■ 



2/r/ 



Forlensof gla«; 



For lens equallj 
oonyez; 



/.(r + r') — 2rr' 
If the lens be. equally convex, r = /, and 

and if the rays be snppofled parallel before deviation, 
y=. oo, and 



/// 
= — '• For parallel rayai 

§ 46. Each of the other lenses described may be sub- 
jected to a similar discussion. This being done, the re- 
sults will conform to those exhibited in the following 



Jjsna, Inddent pencil. 



TABLE 

1 



sign of/" 



Befrae.penctL 



Conrez 






Table for eonvei 
and concaye 



ConeaTtf 



(Diveretog 



> \hi \ 



j ConTerglng 






5 + ) 5 Diverges 
\r<f \ \ more. 
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Govez lenses 
eollect, and 
concave lenses 
disperse the 
light 



A similar table may also be constructed by fonniila 
(34:), for a combination of any of the spherical lenses 
taken two and two, and. by foi-mula (35), for any com- 
bination taken three and three, and so on. 

In general, it may be inferred from the preceding 
table, that convey lenses tend to collect the incident rays, 
while concave lenses, on the contrary, tend to scatter 
them. 



To constract the 
fbeus; 



§ 47. Transposing, in Equation (33), -^ to the first 
member, we get 



1 



/ 



1 



mnstratlon; 



Fig. 81. 



which shows that the' vergency after, diminished by 
that before deviation, gives a constant vergency measured 
by the power of the lens. Hence, to construct ^k^foGiis^ 



draw the extreme ray 
FD^ and from the point 
J9, the line D H^ mak- 
ing with the incident 
ray F D^ produced, the 
angle HDK^ equal to — 
the power of the lens ; 
B R will be the de- 




Interpretation. 



viated ray, and the 

point 'F'\ where it meets the axis, will be the focus. 

For, in the triangle F D F'\ the angle D F" 6>, 

measured by -^, diminished hjDF F'\ measured 

by -^ , is equal to SD K^ measured by -=- ; which is 
the geometric mterpretation of the above equation.. 

coijugate fod § 48. Supposc the conjugate foci to be in motion, 
moitton; ^^^ denote any two consecutive values of f hj x and x\ 
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and the corresponding values of /" by y and y', then Noution »nd 
Equation (33), •"-"""'' 

y ~ F,,^ » ♦ 
subtracting the second from the first we find, 

•*• ■*• J- ■*• • Transfoniuttions v 

y 1/ X <b' ' Md redaction*; 

reducing to a common denominator, and writing for the 
products y y' and xx\ the quantities/"* and/*, to 
which they will be sensibly equal, the Equation becomes 

y' - y _ x' - X ^ 
/"* " /* ' 

and dividing by the interval of time ^, during which Time/; 
the change from x to »' takes place, which is the same *"*'^"<^5 
as that from y to y\ we have 



or. 



y' — y 1 «' — iB 


1 


T" Y 


• • 



Belation between 



/j^i \ ooi^ugate focal 



distances and 
yelocities of 

in which Y denotes the velocity of the radiant, and "F" ^ ^^ 
that of its conjugate focus; and since the denomina- 
tors must always be positive, being squares, the signs 
of the two velocities must .always be alike. Whence 
we conclude, that in lenses a change in the place of 
the radiant will always be accompanied by a change 
of its conjugate in the same direction, and that the 
rate of change in the one will be to that of the other 
as the squares of their respective distances from the j^nscs wijjugtte 
lens directly. This has an important application in the^<^*»i^*y»™®^« 
action of lenses when employed to form images. direction. 

14 
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If the lens be a n a^ -ri* i t t i # ^ tl 

•phem § *9. If the lens be a sphere, m = m^ ^^^ ^ — ^* 

from Equation (36), being substituted in Equation (37), 
we obtain 



1. -. 2(m-l ) , 1 



(42) 



mr 

§ 60. If in Equation (20), we make r infinite, we get 



Deviation at a 
plane siir&ce by 
refraction; 



/' 



1 



or. 



»»/ = /', 

which answers to the case of a small pencil deviated 
at a plane surface separating two media of different 
densities, as air and water. On the supposition that the 

Radiant in ,...,, -,. . i 1 

denser medium- radiant IS m the denser medium, m becomes — , and 

m 

this in the preceding Equation gives 

that is, to an eye situated without this medium, the dis- 
tance of the radiant 
from the deviating sur- ^^ 

face will appear dimin- 
ished in the ratio of 
_ unity to the relative in- 

ninstration; *' 

dex of refraction of the 
ray in passing from the 
denser to the rarer me- 
dium. This accounts 
for the apparent eleva- 
tion above their true positions of all bodies beneath the 
Appearances surfacc of fluids, as the bottom of a vessel partly filled 
with water, and the apparent bending of a straight stick 
at the surface when partly immersed in the same fiuid. 
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APPLICATION TO THE DEVIATION OF LIGHT 
BY SPHERICAL REFLECTORS. 

§ 61. In reflexion, we have only to consider one de-^"^®° 
viating surface. Equation (20) applies here by making 8phericdoon«T» 
«^ = - 1, which reduces it to, wflwtor; 



1^ 



f 



. . (43) 



Bat two cases can arise, and these are distinguished by 
the sign of the radius. The reflector may be concave 
towards incident light, in which case r will be positive, 
or it may be convex towards the same direction, when 
r will be negative. Equation (43) relates to the first 
case, which will now be discussed. 

If the incident rays be parallel, ^ — = 0, and 



Incident nyt 
parslle] ; 



or. 






J 2 ' 



n» ts. 




"^r- Princlpul '<>«•' 
distance; 



Hence the principal focal distance is equal to half radius, 
and. Equation (43), reduces to 



1^ 



1^ 

f 



/AA\ EqnAtion tot 
'***/ discussion; 



Now, this Equation is only concerned with the re- 
flected wave, and if this wave be concentrated at all 
after deviation, it must be upon that part of the axis 
on the side of the incident light, and hence /', for a 
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RMlradlAQts 
• beyond the 
principal focus 



real focus must be positive, and for a virtual focus ne- 
gative. 

As long as -=- > -^ , or / > jp'^, /' will be positive, 

and the vergency of the deviated rays will be positive ; 
that is, a wave proceeding -from a point in front of the 
reflector between the principal focus and infinity will, 
after deviation, be concentrated into some other point in 
front. 



Beal radiants 
within the 



When _=- < —, or/< F^^f will be negative, and 

principal focus; ^.j^^ vcrgcucy wiU be negative; in other words, a wave 
proceeding from a point on the axis between the vertex 
and principal focus, wiU never be concentrated after de- 
viation, but will appear to proceed from a virtual focus 
behind. 

If the radiant be at the centre of curvature, /= 2 i^', 
and 



Badiantatthe 
centre of 
curvature. 



Beal radiants 
b^ond the 
centre % 



that is, a wave proceeding from the centre of cnrvatare 
will, after deviation, return to that point. 
For 



we hare 



f>^F,oxf>r\ 



f>^or/'<r; 



Give real fod 01" ^^ focus will be betwccn the reflector and centre, and 

between the .111 /.jl 1 -# -rr 

centre and smce __--<—, wc find - <_, or / > i^ ; 80 

principal fbcus; -^ t J -^ i J -^ i 

that the focus will be found between the centre and prin- 
cipal focus. 
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If 



then will 



B«alndUnts 
between the 
eentreaad 
f <^F^Orf <^ Tf principal focoa; 



i -i Girerealfoei 

— < O-ET' or /' > r/ Uyond th. 

/ ^-^i centre; 



that is, the focus will be at a greater distance from the 
reflector than the centre. 

When / = -?^ we shall have —7=0; that is, the ver- Real radiant at 

J the principal 

gency wiU be zero, which shows that a spherical wave focn* 
proceeding from the principal focus will be transformed 
by deviation into a plane wave, which can only be con- 
centrated at a distance /' = oo . 

If the vergency before incidence be negative, / will < 

be negative, and Equation (44), becomes 

-77 = -^ + "T" V^Oj^rtnalradianU- 

Hence, /' will always be positive, and the vergency ^^^^^^^,^ 
positive; that is, when a wave is proceeding to con- fed. 
centration in a point behind a concave reflector, it will, 
after deviation, be concentrated into some other point 
in front. 

Equations (44) and (46), show that --, which mea- 
sures the vergency of deviated rays, is always algebrai- reflectors 

1 analogous to 

cally greater than —, which measures the vergency of convex lenses. 

the incident rays. Hence, concave reflectors, like con- 
vex lenses, tend to collect the rays of light which are 
deviated by them. 
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Different oasw § 62. By discussing the several cases that will arise in 

^ "• attributing different signs to t and/*, and various values 

to the latter, we shall find the results in the following 



TABLE, 



Table for oonyex 
and concave 
reflectors; 



Eeflector Incident pencU. 



1 

7 



Sign of -y; 



Beflectpencll 



" j Diverring 1(1 1 ) 



Concave 



\f>F, U + [ I Converges 



r"-?"*} U+7 \ {/•t/H'^-r' 



^(Direrelng I j 1 11 



Convex 



( Conversing 



f^7S 



!/■-/ 1 1""" 



\ more. 






conduBiona. from which we perceive that convex reflectors tend to 
scatter the rays and concave reflectors to collect them. 



§ 53. If -i, in Equation (44), be transferred to the first 



member, we find 



f '^ f ~ F, 



S^m of the 

vergenciofl after which shows that the vcrgeucy after, increased by that 

de^on* before deviation, is a constant vergency, which is mea- 

constant; surcd by the power of the reflector; and to construct 
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the focusL draw the **•••*• CoMtrnctJon of 

rtT\ n ''mm- foci for refleetom 

extreme ray FIJ, and 
the line DF', mak- 
ing with the normal 
Z>C; the angle CDF' 
equal to. the angle 
of incidence, the 
point F, where this 

line meets the axis, will be the focus. The reason is 
obvious. 

§ 64. By a process entirely similar to that of § 48, we Fomfleeton 
may find from Equation (44), which appertains equally to ^^^**/'^,n, 

a concave or convex reflector by assigning to — itspro-^*^****"** 
per sign, 

I 

and because V and "Fhave contrary signs, we conclude 
that the conjugate foci in the case of spherical reflectors 
proceed, when in motion, in opposite directions. 

§ 55. Equation (43), by making r infinite, reduces to 

1 1 DftTlatfonby 

or, 

•/' = -/, 

Which shows, that in all cases of deviation of a pencil 
by a plane reflector, the divergence or convergence will 
not be altered ; and if the rays diverge before deviation, 
they wiU appear after deviation to proceed from a point conclusion. 
as far behind the reflector as the real radiant is in 
front; but if they converge before deviation, they will 
be brought to a focus as far in front as the virtual radi- 
ant is behind the reflector. 



refltzion at 
plftnesoiftoM; 
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SPHERICAL ABERRATIpN, CAUSTICS, AND ASTIGMATISM. 



Spherical 
aberration; 



niostration; 



Longitudinal 
aberration ; 



Lateral 
aberration; 



§ 66. Thus far the discussion has been conducted upon 
the supposition that the pencil is veiy small, and that s, the 
yersed-sine of the angle ^, included between the axis and 
the radius drawn to the point of incidence of the extreme 
rays of the pencil, is so small, that all the products of 
which it is a factor may be neglected. If, however, z be 
retained, and Equation (18) be solved with reference to 
f\ the value of this latter quantity will be expressed 
in terms of m, f^ r and 3, and may be written 



Incident pencil 
not small; 



f: = ^^\ 



(47) 



Fig: 85. 




and if the semi-arc of the deviating surface, denoted by 
^, and of which 
z is the versed- 
sine, be made to 
vary from zero 
to any magni- 
tude sufficient to 
embrace the ex- 
terior rays of any 
definite pencil, 

it is obvious that j^/, must have an infinite number of 
values, and that each value will give the focus for those 
rays only which make up the surface of a cone and are 
incident at equal distances from the vertex. This wan- 
dering of the deviated rays from a single focus is called 
aberration^ and when caused by a spherical deviating 
surface, as it is in the case under consideration and in 
practice generally, it is called ^Jterieal aberration. When 
estimated in the direction of the axis, it is- called longitih 
dinal^ and at right angles to the axis, lateral aberration. 

K we represent the second member of Equation (19) 
by J/", that Equation may be written 



/' = Jf 



(19)' 
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and snbtractmg this from Equation (47), we find 



Measoraof 
longitadinal 
and liteni 



//— /'=Jf. — Jf ..... (48) ^^"■"o"'*"^ 

•" •' * ^ ^ their laws of 

Tariatioo ; 

in which the first member denotes the length of the por- 
tion F' i^, of the axis along which the different foci will ^ 
be distributed, and will measure the longitudinal aber- 
ration. The lateral aberration is measured by the leugth 
of the line F' Z, drawn through the focus of the rays 
near the axis of the pencil and perpendicular to the axis 
of the deviating surface. The linear length of the arc, 
jP = r . ^, is called the radius of aperture^ and it is found B«diM of 
that in all cases of ordinary practice, the longitudinal*^ "^ 
aberration varies as the square, and the lateral aber- 
ration as the cube of the radius of aperture. 

If in Equation (48), we make m = - 1, we shall have ^^J^^*""'*** 
the longitudinal aberration for a spherical reflector. 

If the value of// in Equation (47), be substituted for 
/ in Equation (18), and we write f" for /', then solve 
the equation with reference to /", still retaining 3, and 
take the difference between this value of /" and thatiena. 
given by Equation (27), we shall find the longitudinal 
aberration for a single lens; and that for any number 
of lenses placed close together might be found by the 
same process. 

§ 57. We perceive that a spherical wave of amy con- 
siderable extent deviated at a spherical surface, will not, 
in general, be concentrated at, nor will it appear to pro- spherical 
ceed from, the same point ; but if we Conceive the wave »i>crration; 
to be divided into an indefinite number of elementary 
zones by planes perpendicular to the axis of the devi- 
ating surface, each zone will have its particular point of 
concentration or of diffusion, according as the foci are 
real or virtual. Moreover, longitudinal aberration di- 
minishes the focal distance, that is, in general, // is less 
than /', and the deviated rays which are in the same j^S^'^j 
plane and on the same side of the axis, will intersect aberration; 
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Geometrical 
r'Histratlon ; 



each other before they do this latter line. Thus, if FD 




KScplanation of 
tue figare; 



Caustic curve; 
Caustic surface ; 



Section of the 
deviated wave 
by a plane 
throngh the axis 
of the surface ; 



When the canstio 
will be real 



be the exterior, and F D' its consecutive incident ray, 
D F^ and D' F'\ the corresponding deviated rays, these 
latter will intersect each other at some point as c', on the 
same side of the axis OF; in like manner, if D" F* 
be the next consecutive deviated ray to D' F'\ it wiU 
intersect this latter in same point as c'\ and so for 
other deviated rays up to* that one which coincides with the 
axis. The locus of these intersections c\ c'\ &c., is called 
a caustic curve ; and if tjie curve be revolved about the 
axis F^ it will generate a caustic surface. This sm'face 
will spring from the focus of the axial rays at F\ as a 
vertex, and open out into a trumpet-shaped tube towards 
the deviating surface. 

The deviated wave will no longer be spherical, but will 
be of such shape that its section d! d/' d/" o\ by a plane 
through the axis of the deviating surface, will be the in- 
volute of the section c' c" F\ by the same^ plane, of the 
caustic surface, taken as an evolute. 
If after deviation the wave approach the caustic, the 

latter will be real^ 
being formed by 
the doubling over, 
as it were, of the 
deviated wave up- 
on itself, thus pro- 
ducing at the cusp 
c' double the ethe- 
real agitation due 



Fig. 87. 
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to either segment F^ d or o' c^ separately. If, on the con- virtwaciutie. 
trary, the wave recede from the caustic on being devia- 
ted, the caustic will be virtual. Caustics are finely illus- 
trated on the surface of milk when the light is reflected 
upon it from the interior edge of the vessel in which i««*«tt<m. 
it is contained. 

§ 58. We have only spoken of a pencil of light whose obUquep^ndi; 
radiant is on the axis, which is usually called a direct 
pencil. When the radiant is off the axis, the axial ray 
of the pencil becomes oblique to the deviating surface, 
and the pencil is said to be oblique. In the case of an' 
oblique pencil, however small, the deviated rays will not, 
in general, meet the axis as in the case of the direct 
pencil, but will all intersect two lines at right angles 
to each other and not situated in the same plane. These 
lines are called focal lines j and the property of the de- Focal iine»; 
viated rays by which all of them intersect both of these 
lines, is called astigmatism, AatigmaUsm. 

§ 59. It is, generally, not possible to deviate a spherical Aberration 
wave of sensible magnitude by a single lens or surface 
of spherical form without aberration, and yet the practi- 
cal difficulties in grinding lenses and reflectors to any 
other figure render it necessary to adhere to this shape. 
Fortunately, however, two or more lenses may be so 
united that the aberration of one shall counteract that 
of another, and light may thus be deviated without 
aberration. When such combinations are used, a wave 
proceeding from one point may be made by deviation 
to proceed from, or concentrate in, some other point. 
Such points are called aplanatic foci, and the combi- ApUmatio ibd, 
nations which produce them are said to be aplanatic. ^mbinauoi* 
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OBUQUB PENCHi THROUGH THE OPTICAL CENTRE. 



Oblique pencil 
throngb the 
optical oontxe; 



Explanation. 



§ 60. "We have seen, article (19), that a ray undergoes 
no ultimate deviation when it passes through a medium 
bounded by two parallel planes. If, then, in the case 
of an oblique pencil the rays diverge sufficiently to 
cover the entire face of a lens, there may always be 
found one at least which will enter and leave the lens 
at points where tangent planes fo its surfaces are pa- 
rallel. This ray being taken as the axis of a very small 
pencil proceeding from the assumed radiant, will con- 
tain the focus of the others, the distance of which from 
the lens, in very moderate obliquities, will be measured 
by f'\ given in Equation (27). This is obvious from 
the fact that in the immediate vicinity of the tangen- 
tial points^ the surfaces, which are spherical, will be 
symmetrical in respect to the line which joins them. 

To find where the ray referred to intersects the axis of the 
lens after deviation at the first 
surface, let M N N' M' tq^vq- 

To find the s^i^t ^ scctiou of a coucavo- 

opticai centre of couvex Icns, of which the ra- 

anr&oe; ^1^8 C oi the first surfacc is 

y, and O' 0' of the second is r' ; 
/SPand S' P' the traces of 
two parallel tangent planes. 
Denote by t the distance 0\ 
between the surfaces measur- 
ed on the axis, and by e the distance OK^ from the first 
surface to the intersection of the line joining the tangen- 
tial points P, P\ with the axis. Then, since the radii 
C P and C P\ drawn to the tangential points, must be 
parallel, the similar triangles OP iT and C* P' K^ will 
give the relation. 



Fig. 8& 



\ 




Relation flrom 
figure; 



CO _o' a 

OK^ 0' K 
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ead replacing these quantities by their values, 

T T^ Same in oth«r 

T — ^ "" r' — t — a **™*' 

from which we find 

.= 4^ = -^ ..... (49) 

t t 

But this value of « is constant, whence we infer that 
all rays which emerge from a lens parallel to their di- optical c«it» 
factions before entering it, proceed after deviation at the 
first surfece in directions having a common point on the 
axis. This point is called the optical centre^ and may 
lie between the surfaces or not, depending upon the 
figure of the lens. 

If we suppose but one deviating surface, then the 
medium behind must be of indefinite extent, in which 
case r' and t will become infinite and sensibly equal, 
and Equation (49) reduces to 

^= r. 

That is to say, the optical centre of a single deviating optLcaietfatnui 
s^irface is at the centre of curvature. • single surfiot; 

If the lens be double concave, the radius r' becomes 
negative, and the value of €, in Equation (49), becomes 



r' + r' 
and if the faces be equally concave, r will equal r', and i 

t 
. = _-. 

or* doable 

That is, the optical centre is midway between the faces, concave leM^ 
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of a double 
eonvex lens ; 



If the lens be double and equally convex, t becomea 
negative, and the result will be the same as above. 

In the case of a meniscus with its concave face turned 
towards incident light, the radii will both be positive, 
and T > t\ whence 



OfamenlBciu; 



Tt 

r — / 



OfA 

phmo-convex 



In a plano-convex lens having its plane face turned 
towards incident light, r wUl be infinite, and /•' finite 
and positive, and 



e= — t. 



which brings the optical centre to the . vertex of the 
curved face. The student may determine in the same way 
the optical centre of the other knses. 



OPTICAL IMAGES. 



Optical Images J § 61. The surfacc of every luminous body is made up 
of a vast number of radiants, from each of which waves 
of light proceed in all directions. These waves cross each 
other; and if any deviating surface be presented, it be- 
comes the common base of a multitude of pencils, whose 
vertices are the radiants which make up the surface of the 
body. Some one ray of each of these pencils will pass 
• through the optical centre of the surface, and those rays in 

« , the immediate vicinity of this one constituting a small pen- 

cil will be brought to a focus upon it as an axis, and hence 
for each radiant m the surface of the body there will be 
a corresponding conjugate. These conjugate foci make 
up a second luminous surface, from which waves will pro- 
ceed as from the original body; and this surface is called 



Explanatory 
remadu; 
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an image of the hody^ because to an eye so situated as to image of • bod/ 
receive these new waves, the object, though often modi- 
fied in shape and size, will seem to occupy the position of 
the new surface. 

An optical image is, therefore, an assemblage of f oci opucai imag* 
conjugate to a series of contiguous radiants on the^®^°**** 
surface of some object ; and its formation consists, in so 
deviating portions of the waves of light which proceed its fonnatioB 
from the object,. as either to concentrate them in some**°^''*°' 
new positions from which they may proceed as from 
the object itself, or to cause them to move from these 
new positions without having at any time occupied them. 
In the first case the image will be real and in the second Beai image; 
virtual. In general, but a part of each wave can be de- 
viated by the use of spherical deviating surfaces to sat- 
isfy these conditions, for those portions remote from the yirtnai image, 
nndeviated ray of each pencil cannot, in consequence of 
aberration and astigmatism, be brought to accurate ver- 
gency. 

§ 62. To ascertain the relation between an object and to find the 
its image, let us suppose the deviation to be produced ^^*^J^^^^^^^ 
by a lens, so thin that its thickness may be neglected, image formed ^» 
which is the usual case in practice. The optical centre*^*"*' 
Oj may be taken 

as the origin of co- ^ '^ ^* 

ordinates. Denot- 
ing by Z, the dis- 
tance from this 
point to any as- 
sumed point P in 
the object, and 
writing this quantity for /, in Equation (33), which we 
may do without sensible error, we get 

y"~ rp •••••• v^) corresponding to 

2 JL. (J^ u assmned 

Z fadUmt point 
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Section of the 



Let the object be a plane, perpendicular to the axis 
uTl^t^!^ of the lens ; its section will be a right line P Q. CaU d, 
the angle included between the axis of any oblique pen- 
cil and the axis of the lens, "When the pencil becomes 
direct, d will be zero, and I will equal /. But, generally, 
we have 



General relation ; 



1 = 



cos 4 ^ 



this in Equation (50), reduces it to 



Eqaatlon of the 
image of a right 
line; 



f"= 



1 J ii COS d 



(61) 



which is the polar equation of the image referred to the 
optical centre as a pole. It is the same in form as the 
polar equation of a conic section, which is 



Is the same In 
form as that of a 
conic section ; 



T = 



J.(l-g') 

1 + ^ COS -y ' 



Conclusion; "Whcncc wc coucludc that the image of a straight line 
perpendicular to the axis of the lens which forms it, is 
a conic section, and comparing the two Equations, we 
find, » 



Equations 
compared; 



B* 



F,=A{X-e-)=^, 






(52) 
(53) 



i = «t 
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For the same lens, F,, is constant ; its value — -, in ^^JJLt^-j 

image of a rlg^ 

Equation (52), which is the radius of curvature at the une wiii im one 
vertex, is also constant. oftheoonjo 

sections \ 

From Equation (63), it is easUy seen that the curve 
will be the arc of a circle, ellipse, parabola, hyperbola, 
or a right line, one of the varieties of the hyperbola, ac- 
cording as 



f 


= 0, 


'r 


<i, 


f 


= 1, 


f 


>i, 


f 


= «, 



Conditions r«r 
{he diiferent 
eonie sections 



or according as the distance of the object is infinite ; 
greater than ihe principal focal distance of the lens; 
equal to this distance ; less than this distance ; or zero. 

If the section P ^ be supposed to revolve about the 
axis of the lens, it will generate a plan^, and the image 
a curved surface whose nature will depend upon the dis- 
tance of the object. 

"We have seen that a positive value ior f'\ answers sign of the focal 
to a virtual, and a negative value to a real focus ; ^J^f^^o^te 
so, if the points of the image -be indicated ^^y ^^sitive whether the 
values for/", the image will be virtual; if by ii^ga-^^^'**^"' 
tive values, real. For a concave lens, F^^ is positive, 
and Equation (51), answers to this case. For a convex 
lens, F^^ is negative, and Equation (51), becomes 

15 
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Image will be 
r«al for a convex 
lens as long as 
the object is 
beyond the 
principal focos; 



/" = 



F 



(54) 



and the image will always be real as long as 



^ cos a < 1, 



or 



COS ^ 



liiQstratlon. 



Pig. 4a 



That is, if from the optical centre, with a radins eqnal 
to the principal focal distance, we describe the arc of a 
circle, and this arc cut the object, the image of all that 
part of the object in- 
cluded between the 
points of intersection 
A and J.' will be vir- 
tual, while that of the 
parts without these lim- 
its will be real ; if the 
distance of the object 
exceed that of the prin- 
cipal focus, the whole 
image will be real. 




§ 63. Multiplying both members of Equation (61), by 
sin ^, it becomes 



Equation (51) 
transformed; 



. sm = -^ 



. . . (56) 



COS 4 



+ F.. 



and giving to ^, its 'greatest value for any assumed object, 
f tan d will be the length of that portion of the object on 
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the positive side of the axis as long as ^ is positive and less Expimatioii or 
than 90® ; f*^ sin d, is the distance of the extreme limit of ' ^ 
the image of this portion of the object from the axis; and 
writing 

J^tan d = J, BalwtitatloiiB; 

/"sin« = *,^ 

Equation (55) becomes, after dividing both members bj 
/tand, 

5 IP 

-^ = -^ '^ . SqnatioiiCSS) 

^ J , jnt tomrformed; 

COS 4 "*■ " 

If the linear dimensions of the obi'ect be small as com- 

. - Object small as 

pared with its distance from the optical centre, we may compared with 
write imity for cos ^, the image will, § 48, and Eq. (52), its distance from 

. .J -xi ^ J .1 I \. optical centre; 

sensibly comcide with d^^, and the above equation 
reduces to 

^ F 






(66). 



In which the essential signs of all the quantities correspond 
to a concave lens. For a convex lens, F^^ is negative, and 
Equation (56) becomes 

^41 -^ ti_ iKT\ Equation for a 

T "^ " fZry^ * V* * ^^'^•eonrexlens; 

Equations (51) and (56), show that the image of every 
real object formed by a concave lens is virtual, erect, 
and less than the object, while Equations (54) and (57), 
show that the image of every real object formed by a 
convex lens is real as long as the object is beyond the 
principal focus, is inverted, and less or greater than the by concave and 
object, depending upon the distance of the latter from ^'^^•*^"^ 
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Whan the imag« the Optical Centre. When the distance of the object is 
theoijjM^; twice that of the principal focus, Equation (57) becomes 



^=-1, 



other eases. • and the object and image are equal in size. When the 
object is within twice the principal focal distance, it is 
less, and when beyond this same distance it is greater 
than the image. 

Eeifttion between § 64. If WO make ^ cqual to nothing in Equation (51), 
ofTe'^^lTZ/'' ^^11 coincide with the axis of the lens, its length 
will measure the distance of the image from the opti- 
cal centre, while / will measure that of the object on 
the same line. Denoting these distances by D^^ and i?, 
respectively, substituting them in Equation (51), clear- 
ing the fraction in the second member, and dividing 
both members by 2>, we find 



D F 



D f+F,; 



which, in Equation (56), gives 



(58) 



!n wordfc That is to say, the corresponding linear dimensions of an 
object and of its image are to each other directly as 
their respective distances from the optical centre. 

Image fennedhj § 65. If • an image be formed by deviation at a sin- 
devUttonatA j^ surface, its points will be readily found by means of 

Equation (36) ; tlie optical centre, m this case, being 

at the centre of curvature § 60. 

Writing f for c, and f for c\ that Equation becomes 
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1 m—l , m^ Bvudkm 



f T F -'dlBtoncej 



hence, 



1 1 II*. Eqnatioiilbr 

"27 *~" *r»~ T" "^' dtoeuaslon; 

or, 

J =r ---2^1 ir=- = ^-= — • > Same in anotlMr 

j + mF^ 1 J- ^IilL **™'* 

/ 

For an oblique pencil passing through the optical cen- 
tre, we have, on the supposition that the object is a 
right line perpendicular to the axis of the surface, 

-Pt ^1 .^^. Same for an 

J = — ]gT .... ^OvJobbquepencU 

1 + • COfl ^ thioughthe 

f " optical centra. 

wherein ^ = ^, as in article (62). 

§ ^^. 1£ the image be formed by reflexion, m^ — 1, 
and Equation (60) becomes 

/'— -^ //»^x Image Ibnnedbj 

_ _j .... \vi.j ^^on; 

1+ -££-cosa 
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nutntioii; since for a concave re- ^^^ ^ 

fleeter, F,, Eq. (59), 
becomes negative. This 
is a polar equation of a 
conic section, the nature 
of which will result 
from the relation of J^ 
to/. It will, §62, be 
an ellipse, parabola, or 
hyperbola, according as 



Imagepf aright f>F,\f^F,\ OT f < F'. 

line will be a 
oonic sectioiL 

Eeiauon between § ^^* ^^ * proccss entirely similar to that of § 63 and 
dimensions of §64, we shall find that the linear dimension of the oh 
oi^ectandimagfc^*^^^ l^ fg fj^ Corresponding dimension of the im^ge^ as the 
distance of the object from the centre is to that of the 
image from the same point And a moment's reflec- 
tion will show us that all real images must be in front, 
while all virtual images must be behind the reflectoj;. 

§ 68. We get the point in which the image cuts the 
axis by making 

Eqtlatlon for ^ = Q 

dlsoussing a 
concave reflector; 

or 

/■=--^=--y/_ . . . (62) 

Interpretation of ^his valuc of / being negative, the image will be 
results; fouud between the reflector and the centre, the distance/ 

being positive on the opposite side. As long as/ is posi- 
tive, the image will lie between the centre and reflec- 
tor, /' will be less than f and the image, consequently, 
less than the object. When / is zero, /' will also equal 
zero, and the object and image will be equal and occupy 
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the centre. When f becomes negative, or the object ^**'****°' "** 
passes between the centre and reflector, f will be posi- the image whaa 
tive as long as/ < i^, and the image will pass without, *^**^J*^*** 
/' will be greater than/, or the image will be greater than centre and the 
the object. When/, being still negative, is equal to F^ ^*^*^ 
or the object is in the principal focus, the image will be 
infinitely distant. The object still approaching the reflec- 
tor,/ will be greater than F^ ; / becomes negative again 
and the image will approach the reflector from behind it, 
and will be greater than the object till/ = 2 jF) or the 
object be in contact with the reflector, when/' will equal 
/, and the image and object be of the same size. 

§ 69. When the reflector is convex, t is negative, the conyexreiiectoi; 
principal focal distance F^ Equation (69), is positive, and 
Equation (60) becomes 

-f F\ r/.Qv Equation 

/ — ^ \"^/ applicable; 



F 

1-^COfld 



and making d =: 0, 



f zrz —I— ..*•.. (64:), »It»tion for 
*' f diflciudon; 

This value of/' is always positive, greater than J^, and ^^^^^ 
less than 2 i^, for all values of/, between 2 F^ and in- between the 
finity, or for any position of the object from the surface ^^^"^^^*^ 
of the reflector to a point infinitely distant in front. In 
the latter position, /' is equal to J^, or the image is in 
the principal focus. It follows also, that the image, which 
wiU always be virtual for real objects, will be elliptical, 
erect, and smaller than the object 

§ 70. If we make / positive, greater than F^ and less same for virtual 
than 2 i^, the object will be virtual ; the. image real, ""^^^^ 
erect, and greater than the object. 
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OF THE BYE AND OF VISION, 



Th«ey«; § 71. The eye is a collection of refi-active media wliich 

concentrate the waves of light proceeding from every 
point of an external object, on a tissue of delicate nerves, 
called the retina, there forming an image, from which, 
by some process unknown, our perception of the object 
arises. These media are contained in a globular en- 
Four coatings vclopc composcd of four coatiugs, two of which, very 
fefracuve media; uucqual in extent, make up the external enclosure of the 
eye, the others serving as lining to the larger of these 
two. 



Fig. 431 



Oraphio 

represontadoB of 
the eye ; 



Shape of the eye; The shape of the eye is spherical except immediately 
in front, where it projects beyond the spherical form, 
as indicated Sit de d'\ which represents a section of the 
human eye through the axis by a horizontal plane. This 

Theoomea; ^^j,^ jg ealled the cornea^ and is in shape a segment of 
an ellipsoid of revolution about its transverse axis which 
coincides with the axis of the eye, and which has to 
the conjugate axis, the ratio of 1,3. It is a strong, 
horny, and delicately transparent coat. 

Immediately behind the cornea, and in contact with 
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it, is the first refractive medium, called the a^iceotis M^^om 
humour^ which is fomid to consist of nearly pure wa- '™®"' 
ter, holding a little muriate of soda and gelatine in 
solution, with a very slight quantity of albumen. Its 
refractive index is found to be very nearly the same as 
that of water, viz. : 1,336, and parallel rays having the 
direction of the axis of the eye will, in consequence of 
the figure of the cornea, after deviation at the surface 
of this humour, converge accurately to a single point. 

At the posterior surface of the chamber A^ in con- 
tact with the aqueous humour, is the m«, g g^^^'* 
which is a circular opaque diaphragm, consisting of 
muscular fibres by whose contraction or expansion an 
aperture in the centre, called the jBV{pil^ is diminished ^°p"« 
or increased according to the supply of light. The ob- ' 
ject of the pupil seems to be, to moderate the illuijai- 
nation of the image on the retina. The iris is seen 
through the cornea, and gives the eye its color. 

In a small transparent bag or capsule, immediately 
behind the iris and in contact with it, closing up the 
pupil, and thereby completing the chamber of the aque- 
ous, lies the crystalline humour^ B } it is a double con- CrystaiUM 
vex lens of unequal curvature, that of the anterior sur- ^°°^®"* 
face being least; its density towards the axis is found 
to be greater than at the edge, which corrects the 
spherical aberration that would otherwise exist; its 
mean refractive index is 1,384, and it contains a much 
greater portion of albumen and gelatine than the other 
humours. 

The posterior chamber (7, of the eye, is filled with 
the mtreous humov/r^ whose composition and specific vitreoM 
gravity differ but little from those of the aqueous. Its re- ^'™'*"*' 
fractive index is 1,339. 

At the final focus for parallel rays deviated by these hu- 
mours, and constituting the posterior surface of the cham- 
ber C, is the retina^ hhh^ which is a net-work of nerves 
of exceeding delicacy, all proceeding from one great ^^ 
branch (9, called the optic nerve^ that enters the eye 
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Fig. 42L 



Graphic 

representation of 
the eye ; 




Choroid coat : 



Bclerotic coat ; 



Inverted images 
formed on the 
retina ; 



obliquely on the side of the axis towards the nose. The 
retina lines the whole of the chamber C, as far as i% 
where the capsule of the crystalline commences. 

Just behind the retina is the choroid coat^ h 7Cy cov- 
ered with a very black velvety pigment, upon which 
the nei'ves of the retina rest. The office of this pig- 
ment appears to be to absorb the light which enters the 
eye as soon as it has excited the retina, thus prevent- 
ing internal reflexion and consequent confusion of vision. 

The next and last in order is the sclerotic coat^ which 
is a thick, tough envelope d d' d'\ uniting with the cor- 
nea at d d'\ and constituting what is called the white 
of the eye. It is to this coating that the muscles are 
attached which give motion to the whole body" of the 
eye. 

From the description of the eye, and what is said in arti- 
cle (62), it is obvious that inverted images of external 
objects are formed on the retina. This may easily be seen 
by removing the posterior coating of the eye of any re- 
cently killed animal and exposing the retina and cho- 
roid coating from behind. The distinctness of these im- 
ages, and consequently of our perceptions of the objects 
from which they arise, must depend upon the distance 
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of the retina from the crystalline lens. The habitual h***»^i«^<« 
position of the retina, in a perfect eye, is nearly at the 
focus for parallel rays deviated by all the humours, be- 
cause the diameter of the pupil is so small compared with 
the distance of objects at which we ordinarily look, that 
the rays constituting each of the pencils employed in 
the formation of the internal images may be regarded 
as parallel. But we see objects distinctly at the distance 
of a few inches, and as the focal length of a system of 
lenses, such as those of the eye. Equation (25), increases 
with the diminution of the distance of the radiant or 
object, it is certain that the eye must possess the power jj^^^^^^^^^j^ 
of self-adjustment, by which either the retina may be power of 
made to recede from the crystalline humour and the"*"^**^^^**"*' 
eye lengthen in the direction of the axis, or the curva- 
ture of the lenses themselves altered so as to give^greater 
convergency to the rays. The precise mode of this ad- 
justment does not seem to be understood. There is a 
limit, however, with regard to distance, within which 
vision becomes indistinct ; this limit is usually set down 
Sit six inches^ though it varies with different eyes. The j^j^^j^^, ^^^^^^ 
limit here referred to is an immediate consequence ofviaion; 
the relation between the focal distances expressed in 
Equation (25), for when the radiant or object is brought 
within a few inches, the corresponding conjugate or im- 
agfe is thrown behind the point to which the retina may 
be brought by the adjusting power of the eye. 

With age the cornea loses a portion of its convexity, 
the power of the eye is, in consequence, diminished, and 
distinct imaojes are no longer formed on the retina, the^°^**^^*®***" 
rays tending to a focus behind it. Persons possessing 
such eyes are said to be long sighted^ because they see 
objects better at a distance ; and this defect is remedied 
by convex glasses, which restore the lost power, and with 
it, distinct vision. 

The opposite defect arising from too great convexity 
In the cornea is also very common, particularly in young 
persons. The power of the eye being too great, the 
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Images on the 
retina are 
inverted; 



Bnt objects 
appear erect; 



Shortsightedness image is formed in the vitreous humour in front of the 
•^ "™ ^' retina, and the remedy is in the use of concave glasses. 
Cases are said to have occurred, however, in which the 
prominence of the coniea was so great as to render the 
convenient application of this remedy impossible, and 
relief was found in the removal of the crystalline lens, 
a process common in cases of cataract, where the crys- 
talline loses its transparency and obstructs the free pas- 
sage of light to the retina. 

The fact that inverted images are formed upon the 
retina, and we, nevertheless, see objects erect, has given 
rise to a good deal of discussion. Without attempting 
to go behind the retina to ascertain what passes there, 
it is believed that the solution of the difficulty is found 
in this simple statement, viz. : that we look at the object^ 
not at the image. This supposes that every point in an 
image on the retina, produces, without reference to its 
neighboring points, the sensation of the existence of the 
corresponding point in the object, the position of which 
the mind locates somewhere in the axis of the pencil 
of rays of which this point is the vertex ; all the axes 
cross at the optical centre of the eye, which is just within 
the pupil, and although the lowest point of an object 
will, in consequence, agitate by its waves the highest 
point of the retina affected, and the highest point of 
the object the lowest of the retina, yet the sensations be- 
ing referred back along the axes, the points will appear 
in their true positions and the object to which they 
belong erect. In short, instead of the mind contemplat- 
ing the relative positions of the points in the image, the 
image is the exciting cause that brings the mind to the 
contemplation of the points in the object. 
Base of the optic It may be proper to remark here, that the base of 
to iSit*""**^^* the optic nerve, where it enters the eye, is totally insen- 
sible to the stimulus of light, and the reason assigned for 
this is, that at this point the nerve is not yet divided 
into those very minute fibres which are capable of being 
affected by this delicate agent. 



Explanation of 
the above. 
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§ 72. All other things being equal, the apparent viagmiude Apptrent magni 
of an object is determined by the extent of retina covered deteraiiwiL ^ 
by its image. 

f%4a 




If, therefore, JK JK' be a section of the retina, by a 
plane through the optical centre Cj of the eye, and 
AB=lj ah = \ the linear dimensions of an object and 
its image in the same plane, we shall have, from the 
similar triangles CA B and C a &, 



8 



(65) 



denoting by «, the distance of the object. And for any 
other object whose linear dimension is V and distance s^, 
calling the corresponding dimension of the image \^ 



Dimension €f 
Image of an 
object on tbo 
ntina; 



\ = -Ca.i!, 



Sameforaaeeond 
ol^eot; 



and since C a i& constant, or very nearly so, 






Proportioa 



that is, tTie apparent linea/r dimensions of ejects are as 
ihei/r real dimensions directly^ and distances from the 

eye inversely. But — ^ may be taken as the measure of *°^* ' 
the angle BC A^hC a^ which is called the insual an- 
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Bole second • gU^ and hence tJie apparent linear magnitudes of objects 
are said to he directly proportional to their visual angles. 
Small and large objects may, therefore, be made to ap- 
pear of equal dimensions by a proper adjustment of their 
distances from the eye. For example, if X = x^, we have 



Example for 
lUastration , 



I -V 



or. 



V.6 . 



Numerical data; and i{ I = 1000 fcct, s = 20000, and I' = 0,1 of a foot, 
or little- more than an inch. 



Besnlt 



200OT.^^2fe,^^ 
1000 ^ 



the distance of the small object at which its apparent 
magnitude will be as great as that of an object ten thou- 
sand times larger, at the distance of 20000 feet. 



MICROSCOPES AND TELESCOPES. 



ICcroscopes ; 



Explanatory 
remarks ; 



§ 73. From what has just been said, it would appear 
that there is no limit beyond which an object may not be 
magnified by diminishing its distance from the optical 
centre of the eye. But when an object passes within the 
limit of distinct vision, what is gained in its apparent in- 
crease of size, is lost in the confusion with which it is seen. 
If, however, while the object is too near to be distinctly 
visible, some refractive medium be interposed to assist the 
eye in bending the 'rays to foci upon its retina, distinct 
vision will be restored, and the magnifying process mav 



ELEMENTS OF OPTICS. 239 




be continued. Such a medium is called a single micros- stogie 
cope^ and usually consists of a lens, whose principal focal *^*^**^^ * 
distance is negative and numerically less than the limit of 
distinct vision. 

To illustrate "^^ 

the operation of 
this instrument, 
let M]!f be a 

section of a dou- [ 'S^-'^^^f^^^^ 7 ]^T?T'' 

ble convex lens 

whose optical 

centra is O; 

QP an object in front and at a distance from C equal 

to, the principal focal distance of the lens; jE?the optical 

centre of the eye, at any distance behind the lens. 

The rays Q O and P C, containing the optical centre, 
will undergo no deviation, and all the rays proceeding 
from the points Q and P, will be respectively parallel to 
these rays after passing the lens; some rays, as -ZT^ExpianaUonrf 
from Q^ and JfjFfrom P, will pass through the optical the figure; 
centre of the eye, and will belong to two beams of light 
whose boundaries will be determined by the pupil, and 
whose foci will be at q and jp on the retina, giving the 
visual angle, 

MFJV = POO: Kelationfroin 

*' ' same; 

or the apparent magnitude of the object P Q^ the same 
as if the optical centre of the eye were at that of the 
lens. And this will always be the case when an object 
occupies the principal focus of a lens whatever the dis- 
tance of the eye, provided the latter be within the field 
of the rays. 

"Without the lens, the visual angle is QEP <^P CQ; Effect of the 
hence, the apparent magnitude of the object will be in- ^^^^ 

microscope, 

creased by the lens. 

Calling X and X^, the apparent magnitudes of the ob- 
ject as seen with, and without the lens, we shall have, 
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MagnitodeBof P Q P Q 1 1 

Ions compared ; 

or, by using the notation employed in Equation (33)^ and 
calling E Q^ the limit of distinct vision, unity, 

^ = ^ = _,„_i)(i+i,) . . m 



When the lens As loug as i^^ < 1, or the principal focal length of 
l^gig* the lens is less than the limit of distinct vision, the ap- 

microsoope; parent sizc of the object will be increased, and the lens 

may be used as a single microscope. 

We can now understand what is meant by the power 

of a lens or combination of lenses, referred to at the close 

What is meant -t 

by.the of article (39). — -, which was there said to measure 

magnifying jt^^ 

^werof asingie^jjQ powcr of a Icns, wc scc from Equation {66\ expresses 
the apparent magnitude of an object compared to that 
at the limit of distinct vision, taken as unity ; and what- 
ever has been demonstrated of the powers of lenses gen- 
erally, is true of magnifying powers. Thus, in Equation 
(31), we have the magnifying power of any combination 
of lenses equal to the algebraic sum of the magnifying 
powers taken separately. Should any of the individuals 
of the combination be concave, they will enter with signs 
contraiy to those of the opposite curvature. 
Bole for The poweT of a single microscope is^ Equation (66), 

^wof a^singie ^J"^^^ ^0 the limit of distinct vision divided hy itsprind- 
^croecoi*; pal focol distance^ and the numerical value of the power 
win be greater as the refractive index and curvature are 
gre^r. 



§ 74. To obtain a general expression for the visual an- 
gle under which the image of an object formed by a 
lens, and having any position in reference to the eve, 
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Flg.4& 




ifl seen, let Q jP, be 

an object in front of 

a concave lens. From 

P, draw through the 

optical centre ^, the 

lineP^; from P, 

draw the extreme 

ray P M^ and from 

JfcTdraw M S, making with P Jf produced the angle SMT 

equal to the power of the lens ; then will, § 47, MS be 

the corresponding deviated ray, and its intersection ^, 

with the ray P J?, through the optical centre, will be a 

point in the image; from p, draw p q^ parallel to P C 

till it is cut by the ray QE^ through the other extreme 

of the object and optical centre; p q will be the image. 

Let (?, be the optical centre of the eye ; then denoting 

the visual angle jp C^j by J., we have, 



To find th« 
Tisnal angle 
under which an 
image formed by 
a lena is Been ; 



A- M.- _JLV__. 

^~ Oq~ Eq-OE' 



Value of Tiaiial 

angle; 



and representing the distances Q E hj f^ Eqhj /", 
and EOhy d^ we find, 

qp = QP.^; Eq-EO^r-d\ 

and hence 



A-QP f" . 



BamelnotlMr 
tomu; 



and denoting the risual angle PEQ hj A', 



J_ _ /" _ _1 

f" 



16 



Satio of visual 
(67) angles with and 
without the lens. 
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Sign of this 
ratio depends 
upon; 



The angles A and A^ will have contrary signs when on 
opposite sides- of the axis of the deviating surface. 
The relation expressed by this equation answers to a 
concave lens in which /" will, Equation (27), be posi- 
tive for a real object. Moreover, d is positive, the eye 
being on the same 



side of the lens as 
the object ; but that 
"^iZ^, the image may be 
seen the eye must 
be on the opposite 
side, in which case 
d will be negative, 
and the Equation 
becomes 



E je plaoed so as 
to Bee 

formed by a 
eoncavelens; 



Fig. 4& 




Equation 
corresponding to 
this case; 



A' 



1 + ^ 
f" 



(68) 



Beal image 
formed by a 
convex lens; 



whence we conclude that objects will always appear dimin- 
ished when seen through concave lenses. 

If the lens be 
convex and the 
object be situa- 
ted beyond its 
principal focus 
y" will be nega- 
tive, and Equa- 
tion (68) becomes 




Equation . 
corresponding; 



A! 



1 ^„ 



(69) 



Distinct vision 

supposed possible and supposiuff distinct; vision i)0S8ible for all positions 

for all positions ,• ,, .f 

of the eye. ^^ ^hc cyc, it appears. 
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Ist. That when the object is at a distance from the oondnsi«m him 
lens greater than that of the principal focus, in which 
case there will be a real image, the lens 'will make 
no diflFerence in the apparent magnitude of the object, 
provided the eye is situated at a distance from the 
lens equal to twice that of the image. 

2d. At all positions for the eye between this limit Seoonci, 
and the image, the apparent magnitude of the object 
is increased by the lens. 

3d. At a position half ^way between this limit andnurd, 
the lens, the apparent magnitude of the object would 
be infinite. 

4:th. The eye being placed at a distance greater than Fourth-, 
twice that of the image, the apparent magnitude of the 
object will be diminished by the lens. 

5th. When the distance of the object from the lens^ 
is equal to that of the principal focus, in which case /" 
becomes infinite, the apparent magnitude will be the 
same as though the eye were situated at the optical centre 
of the lens, no matter what its actual distance behind 
the lens. 

§ 75. The visual angle under which the image formed to find the vtaud 
by a reflector is seen, is found in the same way. Thus, let ■"«** ™^*' 

^ , . • y 1 which »n image 

P ^ be an object in formed by a 

front of a convex re- ^^ Mflectorisaeen; 

flector M N. From 

the extreme point P, 

of the object, and 

through the optical 

centre C, draw the 

ray P C\ from the 

same point /*, draw to 

the extreme of the 

reflector the ray P J/", and from 2£ draw MS^ making 

with P M^ the angle P MS equal to the power of the ExptoMtion; 

reflector; Jf/S^will, § 53, be the deviated ray, and its 

intersection with P (7, will give the image of the point 
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ConBtrnction of P, 
the image formed I i 
bj a reflector; ® 



Draw p y, paral- 

to P Q, till it is 
intersected by Q C7, 
drawn through the op- 
posite extreme of the 
object and optical 
centre, and we have 
the image. Let the 
optical centre of the 
eye be at ; then, de- 
denoting the visual angle p q hj A^ will 




Valne of visnal 
angle with the 
reflector; 









and representing, as before, C Q^ Cq^ and G 0, by /, 

/', and ^, respectively, and the visual angle zL!^^ A\ 

G Q 

we have 



Batio of visual 
angles with and 
without the 
reflector. 



A_ 

A' 



_ f 



(70) 



We shall not stop to discuss this Equation. 



In practice § 76. "Wc havc supposcd, iu the preceding discussion, 

distinct vision is (jjgtinct visiou to be possible for all positions of the eye : 

not possible for ^ ^ '^ ^ 

all positions of but this wc kuow dcpcuds upon the state of convergence 

the eye; ^^ divergence of the rays. If, however, the image, 

when one is formed, instead of being seen by the naked 

eye, be viewed by the aid of another lens, so placed 

that the rays composing each pencil proceeding from 

the object shall, after the second deviation, be parallel, 

or within such limits of vergency that the eye can 

command them, the object will always be seen distinctly, 

And the Image is and either larger or smaller than it would appear to 

therefore viewed |.|^^ unassistcd eye, depending upon the magnitude of 

through an eye . j ^ r g r o 

lens. the image, and the power of the lens used to view it. 
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As most eyes see distinctly with plane waves or parallel Position of the 
rays, this second lens is usually so placed that the image *^* ^*°*' 
shall occupy its principal focus ; and where this is the 
case, we have seen that the apparent magnitude of the 
image will be the same as though the eye were at its . 
optical centre. 



Fig. 49. 




Befiracting 
telescope; 



The image p y, being in the principal focus 
of the lens m n, draw from the point p^ the line constTuction for 
^6^, to the optical centre of this lens; the rays from^JJg^t^r'^/to 
will, § 73, be deviated parallel to this line, and the line ^^ ^^^'^^ 
0' K^ through the optical centre (9' of the eye, paral- 
rel to p (9, will determine by its intersection K^ 
with the retina, the place upon that membrane of the 
image of the point P. 

Calling the principal focal distance of this lens, {F^) ; 
% in Equation (67), will equal /" + (i<^^), and that equa- 
tion will become, by first making f" and d negative and 
then replacing d by this value, 



-4 
A' 



r 



{K) 



.General eqnation 

(71) made applicable 

to tbis telescope ; 



and if the object P Q^ be so distant that the rays com- 
posing each of the small pencils whose common base is 
Jf iV, may be regarded as parallel, f'^ becomes i^^, 
and we have, 



A^ 
A' 



\K) 



Batio of visnal 
(72) angles for parallel 
rays; 
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B«firacttng 
tolMoope; 



Fig. 49. 




C^mpoand 
microscope ; 

Field and eye 
lonses; 



Rule for 

raagniiying 

power. 



Objects appear 
Inverted. 



Galilean 
telescope; 



Constmctlou of 
image on the 
retina; 



Equation (71) exhibits tlje principles of the com- 
pound refrdcting microscope, and refracting telescope; and 
Equation (72), which is a particular case of (71), those 
of the astronomical refrojcting telescope. The lens MN^ 
next the object, is called the object orfidd lens^ dnd m n, 
the eye lens. The magnifying power in the firet case, is 
equal to the distance of the image from the field lens 
divided hy the principal focal length of the eye lens; 
and in the second, to the principal focal length of the 
fi^ld lens, divided hy that of the eye lens. 

The ratio of A to A\ being negative, shows that ob- 
jects appear inverted through these instruments, the vis- 
ual angles of corresponding parts of the object and im- 
age being on opposite sides of the axis. 

§ 77. If instead of a convex, a concave lens be used 
for the eye lens, the combination will be of the form used 
by Galileo, w^ho invented this instrument in 1609. In 
this construction, the eye lens is placed iij front of thp 
image at a distance equal to that of its principal focus, f(o 
that the rays composing each pencil shall emerge from it 
parallel. 

Draw through the point j9, where the image of P 
would be formed, the line p 0, to the optical centre of 
the eye lens, and through the optical centre 0' of the eye, 
the line 0' ^parallel top 0, its intersection IT, with the 
retina will give the image of the point JP on the back 
part of the eye. 
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The rule for finding tlie magnifying power of this MagmiyiBg 
instrument is the same aa in the former case; for y^QVowwtojod 

' analytically; 

have, 

which in Equation (67), after making^", and d^ negative, 
gives 



A" "XF^y •• • • • (^^) 



and for parallel rays. 



^ -In. 



^ ~ iK) 



(74) 



Batloof Tisnal 
anglfis; / 



Samefiir panllal 
rays; 



The second member being positive, shows that objects objects appear 
"ceen through the Galilean telescope appear erect. *^^ 



§ 78. K we divide both numerator and denominator of 
Equation (72), by F,, . {F^,\ it becomes, 



A' 



1 



Magnifying 
powet in terms 
of the powers of 
tbe lenses; 



and denoting by Z, the power of the field, and by Z, that 
of the eye lens, we have 



A' 



I 
1 



(75) Batfoofyisnal 
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Euieibr tliat is, the magnifying power of the astronomical tele- 

^^r/ * scope is equal to ths quotient arising from dividing t7i>e 

power of the eye lens hy that of the field lens. 



Fig; 51. 



Geometrical -P 

illustration of the — 
field of view ; Q 



(seDeral 
explanation ; 



Field of view; 



Determined by 
construction ; 




§ 79. If E^ be the optical centre of the field, and O 
that of the eye lens of an astronomical telescope, the 
line E 0^ passing through the points E and 0^ is called 
the axis of the instrument. Let Q^ P' be any object 
'"whose centre is in this axis, and q* p' its image. Now, 
in order that all points in the object may appear equally- 
bright, it is obvious from the figure, that the lens must 
be large enough to embrace as many rays from the points 
P' and Q\ as from the intermediate points. It is not 
so in the figure ; a portion, if not all the rays from those 
points will be excluded from the eye, and the object, iii 
consequence, appear less luminous about the exterior 
than towards the centre, the brightness increasing to a 
certain boundary, within which all points will appear 
equally bright. The angle subtended at the centre of the 
field lens, by the greatest line that can be drawn within 
this boundary, is called the field of view. To find this 
angle, draw T/iiTand Mn to the opposite extremes of the 
lenses, intersecting the image injp and j, and the axis in 
X ; then will jp $' be the extent of the image of which 
all the parts will appear equally bright. Draw qEQ 
and pEP\ the angle PEQ^p Eq^ is the field of view, 
which will be denoted by f ; 



First form of its 
yalne; 






(76) 
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but 

I>i = ^'^r (77) 

to find XO and Xr, call the diameter Jf iTof the object "" 

lens a, that of the eye lens /?, and we have 

a,:^ :: EX\ XO Pxoportlona,. 

cL + P:^i\EX+XO:XO 



hence, 



^^=^-(/"+(^,)); 



and in the same manner, 

a-T P thefiguro: 



thefigara; 

these values in Equation (77), give 

_ ^ f" — a- {F ) SateUtaUoM; 

and this in Equation (76), gives, by introducing the 
powers of the lenses, 

S = Z ^ ^^ ^ ^ /frc^s Final value for 

' l + Z V*^^ field of view. 

The rays of each of the several pencils emerging from 
the eye lens parallel, will be in condition to afford dis- 
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FI& 6L 



Oeometrieal 
lllastratlon; 




Proper position 
for the eje 
indicated in 
telescopes ; 



tinct vision, and the extreme rays m 0' and n 0\ will 
be received by an eye whose optical centre is situated 
at 0\ If the eye be at a greater or less distance than 
(?', from the eye lens, these rays will be excluded, and 
the field of view will be contracted by an improper posi- 
tion of the eye. It is on this account that the tube con- 
taining the eye lens of a telescope usually projects a 
short distance behind to indicate the proper position for 
the eye. 
From the similar triangles p Oq^ and m O'n^ we have 



Distance of 
optical centre of 
the eye flx>m that 
of the eye lens ; 

Position of the 
eye for the 
Galilean 
teleiscope ; 



0'= 'Tl^.rO^ Ji^±^.(i?;,) .... (79) 



Arrangement for 
changing the 
distance between 
the lense& 



This also applies to the Galilean instrument, by chang- 
ing the sign of Z, which will render 0\ negative. 
The eye should, therefore, be in front of the eye-glass 
in order that it may not, by its position, diminish the 
field of view ; but as this is impossible, the closer it is 
placed to the eye-glass the better. 

When the telescope is directed to objects at different 
distances, the position of the image. Equation (27), will 
vary, and the distance between the lenses must also be 
changed. This is accomplished by means of two tubes 
which move freely one within the other, the larger usu- 
ally supporting the object and the smaller the eye lens. 



Terrestrial 
teleficope; 



§ 80. The terrestrial telescope is a common astronomi- 
cal telescope with the addition of what is termed an 
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erecting jnece^ which consists of a tube supporting atEneUiifpiM*; 
each end a convex lens. The length of this piece should 
be Buch as to preseiTe entire the field of view, and its 
position so adjusted that the image formed by the object ^ 
glass, shall occupy the principal focus of the first lens 
of the erecting piece, as indicated in the figure. 



Fig. 52. 




in which case a second image will be formed in the prin- 
cipal focus of the second lens of the erecting piece, and 
the corresponding linear dimensions of these images vnll 
be to each other as their distances from the lenses whose ^j^j^^j^^^^^^^ 
principal foci they occupy. Equation (72). These images the two images 
being viewed through the same eye lens, viz. : that of ^"^ ' 
the telescope, their apparent, will be directly as their real 
magnitudes. Hence, denoting by A and A'' the visual 
angles subtended at the optical centre of the eye lens by 
the first and second images respectively ; by Z' and Z" the 
powers of the first and second lenses of the erecting 
piece, we have. 



41 
A 






Batio of their 
Tlsnal angles at 
the optical centre 
of the eye lens ; 



in which F^^ and i^^^, are the principal focal lengths of 
the first and second lenses. Multiplying this by Equation 
(75), member by member, we have for the magnifying 
power of the terrestrial telescope, 



4^ 
A! 



L 



V 



Magnifying 
power of the 
terreetrial 
telescope. 
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oidects appear And since the ratio of A" to A! is positive, objects will 



erect 



appear through this instrument erect. 



Compound 
microecope ; 



§ 81. If, now, the object approach the field lens, /", 
in Equation (71), will increase, and the magnifying power 
become proportionably greater; but this would require 
the tube containing the eye lens to be drawn out to ob- 
tain distinct vision, and to an extent much beyond the 
limits of convenience if the object were very near. This 
difficulty is avoided by increasing the power of the ob- 
ject lens, as is obvious from Equation (54) ; and when 
this is carried to the extent reqmred for very great prox- 
imity, the instrument becomes a compound microscoj>e^ 
which is employed to examine minute objects. The cora- 



Gomponnd 
microscope ; 



Fig.6& 




Same in principle pound microscope uot differing in principle from the 
asrefracting telcscopc, its magnifying power is given by the Equa- 
"^^^ tion(68.) 



Its magnifying 
power; 






Same in a 
dilTerentform; 



and substituting for -~ its value in Equation (40), W6 
have for a convex object lens 

A' 



1 1 
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or, writing D for _ ; and representing, as before, the 
powers of the field and eye lenses by L and Z, . 



A_ 
A' 



IT^TZ' 



Final ralae fbr 

magnifying 

power; 



from which it is obvious that the magnifying power may 
be varied to any extent by properly regulating the pa-Mayberarfed; 
sition of the object ; but a change in the position of the 
object would require a change in the position of the eye- 
glass, and two adjustments would, therefore, be neces- 
sary, which would be inconvenient. For this reason, it 
is usual to leave the distance between the lenses imal- 
tered and to vary only the distance of the object to suit 
distinct vision. It is, however, convenient to have the 
power of changing the distance between the glasses, as 
by that a choice of magnifying powers between certain 
limits may be obtained, and for this purpose the object 
and eye glasses are set in different tubes. 



Usnal practice ; 



Object and eye 
glasses in 
different tnbesL 




§ 82. If the field lens of the astronomical telescope be 
replaced by a field reflector M N^ whose optical centre 
is at (7, as indicated in the figure, we have the common 
agronomical reflecting telescope. C being the optical 
centre, d becomes equal to/' — {F^)^ and Equation (70), 
becomes, by first changing the sign of f\ and then sub- B^pianaUon; 
Btituting this value for d^ 
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Magnifying 
power for 
terrestrial 
objects; 



Bunefor 
celestial ol:|]ects. 



A- JL 

and for plane waves or parallel rays, 

F. 



A_ 

A! 



iK) 



(80) 



hence, the rule for the magnifying power is the same 
as for the refracting telescope. 
To obviate the The figure represents a reflecting telescope of the sim- 
iigh^by th^ ^ P^^st construction, and it is obvious that the head of the 
observer's head; obscrver would intercept the whole of the incident light, 
if the reflector were small, and a considerable portion 
even in the case of a large one ; to obviate this, it is 
usual to turn the axis a little obliquely, so that the image 
may be thrown to one side, where, it may be viewed' 
without any appreciable loss of liglit. By this arrange 
ment, the image would, of course, be distorted, but ii; 
very large instruments, employed to view faint and very 
distant objects, it is not suflScient to cause much if any 
Herachers inconvcnience. This is Herschel 's instrument. 



Instrament 



§ 83. The obstruction of light is in a great measure 
avoided in the Gregorian telescope, of which an idea may 
be formed from the figure. 



Fig. 58L 



Gregorian 
telescope; 




-3/i\ris a concave spherical reflector, of which the op- 
tical centre is at C, and having a circular aperture G II]a.n 
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image pq o{ any distant object P Qj is formed by it as 8«»nd imiige 
before; the rays from the image are received by a second gmaii concave 
concave spherical reflector, much smaller than the first, "^*«^'5 
and verbose optical centre is at C; a second image ^' q\ 
is formed by this small reflector, in or near the aper- 
ture of the large reflector and is there viewed 
through the~ eye lens m n. The distance of the poduon of the 
small reflector from the first image must be greater than""^"^**^'' 
its principal focal distance, and so regulated that the se- 
cond image will be thrown in front of the eye lens, and in 
its principal focus. In order to regulate this distance, the 
small reflector is supported by a rod that passes through a 
longitudinal slit in the tube of the instrument, the rod Device for 
being connected with a screw, as represented in the figure, re^^ttos**- 
by means of which a motion in the direction of the axis 
may be communicated to it. 

The apparent magnitude of the images p q and j>' q\ 
as seen through the same eye-glass at the distance of its 
principal focus, are as their real magnitudes ; and the lat- Beiationbetwoen 
ter are as the distances of these images from the centre of **»®*^<>*°**6«* 
the small reflector, § 67. But by Equation (36), making 
m = — Ij and recollecting that in the case before us, o 
is negative, we have, calling I^^^ the principal focal dis- 
tance of the second reflector, . 

1 1 -^ 1 fltme ezpreased 



whence 



C' ■" F ^ C tMlytiaOly; 






dividing by — c, 



d ^^ F^ A" SMnelnothw 
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which, being multiplied by Equation (80), member l)y 
member, gives for the magnifying power of this tele- 
scope, 



. Magnifying 
power of 
Gregorian 
telescope; 



May be varied. 



Objects appear 
erect 



A' 



F. 



F, 



(K) 



F,-c 



(81) 



whence, this ratio being positive, the object will appear 
erect; its apparent magnitude may be made as great 
as we please by giving a motion to the small reflector 
which shall cause its principal focus to approach the 
first image, and drawing out, at the same time, the eye 
lens to keep the second image in its principal focus. 



Gassegrainian 
telescope ; 



§ 84. If the small reflector be made convex instead 
of concave, we have the modiflcation proposed by M. 
Cassegrain, and called the Gassegrainian telescope^ which 
is represented in the figure. Its magnifying power is 



Fig. 58. 



Graphic 
representation ; 




given by Equation (81), by changing the signs of i^j 
and t?, which will give. 



Magnifying 
power ; 



a: 



(i^J 



■F, 



(82) 



and because the ratio of A^ to A* is neffative, objects 

Objects appear , ° . 

inverted. sccn through this telescope with ordinary eye pieces, 

appear inverted. 
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§ 85. Sir Isaac Newton substituted for the small cur- NewtoniMi 
ved reflector a plane one inclined under an angle of 45° ^®****p*' 
to the axis of the instrument, and so placed as to inter- 
cept the rays before the image is formed. The vergency 
not being affected by reflexion at plane surfaces, § 55, 
the image is formed on one side, and viewed through 
the lena supported by a small tube inserted in the side of 



Fig. 57. 




Oraphie 
represenUtton ; 



Magnifying 

the main tube of the telescope. The magnifying power pow«r found; 
of the Newtonian telescope is given by Equation (81) 
or (82), by making F^ infinite, in which case c^ becomes 
equal to 2ii^3, the distance of the first image from the 
optical centre of the small reflector being sensibly equal 
to the radius of curvature. This gives 



A' 



(K) 



Its yaliWi 



(83). 



DTNAMETER. 



Dysametar 



§ 86. If any telescope, properly adjusted to view dis- 
tant objects, be directed towards the heavens, the field 
lens may be regard^ed as a luminous object whose ™-i>istaiioeof 
age will be formed "by the eye lens. The distance of oi^ject; 

17 
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the object in this case will be the sum of the princi- 
pal focal distances or F,, + (i^,), and this being sub- 
stituted for /, in Equation (57), we get, by inverting 
and reducing, 



Eelatlon between - — = '' \ (8^) 

object and image; ^^y \^ ^^) 



hence, any linear dimension of the objecf glass of a tele- 
scope^ divided hy the corresponding linear dimension of 
.Kuiew its im^age^ as formed J>y the eye glass^ is equal to ths 

magnifying power of the telescope. This is the princi- 
ciple of the Dynameter^ a beautiful little instrument 
used to measure the magnifying power of telescopes. 



Iig.58L 



IllnstratiiHi ; 



Construction of \^^^ >^ 

the dynameter ^'***'-— — "■''''^ 

explained ; 

To understand its construction, let us suppose two lu- 
minous circular disks, a tenth of an inch in diameter, 
to be placed one exactly over thB other in the principal 
One disk focus m of a Icus K and with their planes at right an- 

aapposedtobe ^ ^ \ *■ ^ 

moved tangent to gles to its axis ; an image of the common centre of the 
the other; gjgj^g ^jjj ^^ formed ou the retina of an eye viewing 
them through the lens, at m". If one of the disks be 
moved to the position ^', so that its circumference be 
tangent to that of the other, the image of its centre 
will be at m'", determified by drawing from 0^ the 
optical centre of the eye, a line parallel to that joining 
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the optical centre of the lens and the centre of the Take one <»a 
movable disk, article (73); the images will be tangent J^^^"^^. 
to each other, and the movable disk will have passed 
over* a distance equal to- its diameter, viz. : one tenth 
of an inch. We now take but one disk, and suppose the 
lens divided into two equal parts by a plane passing 
through its axis; as long as the 'semi-lenses occupy a 
position wherein they constitute a single lens, an image 
of the disk will be formed as before at m" ; but when 
one of the semi-lenses is brought into the position denoted *'ov«on«i»»tf 
by the dotted lines in the figure, having its optical cen- • 
tre at E\ in a line through m, parallel to fnl E^ two 
images, tangent to each other, will again be formed ; 
for, all the rays from the centre of the disk, refracted 
by the semi-lens in this second position, will be paral- 
lel to m E\ and m'*\ is one of these rays. It is 
obvious .also, that the distance E E\ through which the 
movable semi-lens has passed, is equal to the diameter 
of the disk. 

The dynameter ^» 

consists of two tubes 
A B^ and (7Z), mov- 
ing freely one with- 
in the other, the lar- 
ger having a metal- 
lic base with an 
aperture in the cen- 
tre, over which, to 
qualify the light, is 
placed a thin slip 
of mother-of-pearl 
-P. In the oppo- 
site end of the 
smaller tube, two 
semi-lenses E E\ 
are made to move 
by e<bh other by 
means of an ar- 




Efisential parts of 
the dynameter : 



Fig. eo. 




Arrangement ftir 
moTing the 
seroi-Ienses; 
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niastntton ; 



Gradaated 



Bpring; 



Valne of ono 
entire turn of 
screw head ; 



Talne of one 
division. 



Method of QBing 
thedynameter; 



Fig. CO. 




rangement indicated in the figure, wherein ti is a right- 
handed screw with, say, fifty threads to an inch ; n' is 
a Jeft-handed screw, with the same number of threads, 
which works in the 
former about a com- 
mon axis, and is 
fastened to the 
frame that carries 
the semi-lens M 
The screw ti, is ren- 
dered stationary as 

regards longitudinal motion, by a shoulder that turns 
freely within the top of the frame /STat r, and works 
in a nut at F, connected with a frame that carries the 
semi-lens jE" ; this screw is provided with a large cir- 
cular head XZ", graduated into one hundred equal 
parts, which may be read by means of an index at Jf 
or JTj on the frame of the instrument. At ty is a spring 
that serves to press the frames against their respective 
screws, to prevent loss of motion when a change of 
direction in turning takes place. 

When the graduated head is turned once roimd to the 
right, the semi-lens -E", is drawn up ^ of an inch, while 
the semi-lens jF, is thrust in an opposite direction through 
the same distance, making in all a separation of the opti- 
cal centres of ^ of an inch, and the semi-lenses are kept 
symmetrical with regard to the centre of the instrument. 
If the screw had been turned through but one division on 
the head, the separation would have been y-J-y of -^ or 
yjVj of an inch. 

To use the instrument, direct the telescope, whose power 
is to be measured, to some distant object, as a star, and 
adjust it to distinct vision ; turn it off the object, and apply 
the dynameter with the pearl end next the eye lens, and 
an image of the object lens will be seen ; turn the grad- 
uated head, supposed to stand at zero, till two images ap- 
pear and become tangent to each other ; read the ilnmber 
of divisions passed over, and multiply it by ^-jVyj the pro- 
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duct will give the diameter of the image in inchee. Mea- ^^gaftying 
flure by an accnrate Bcale, the diameter of the visible por- power ©r 
tion of the object glass, which being divided by the mea- **^*^^ *'™*' 
sure of its image just found, will give the magnifying 
power. The index will indicate zero, if the dynameter be 
properly adjusted, when the semi-lenses have their opti- 
cal centres coincident. This little instrument is the more 
valuable, because it gives, by an easy process, the magni- 
fying power of any telescope, however complicated. 



CAMERA LUCIDA. 



^ Used to copy 
ttom nature ; 



§ 87. This little instrument, the invention of Dr. Wol- camera indcu; 
LASTOisr, is of great as8istan(*fe in drawing from nature. 
In its simplest form, it consists of a glass prism, a section 
of which is represent- 
ed by J. ^ d), with «g. iL 
one right angle at Ay 
and the opposite angle 
(7,136°. Kays proceed- 
ing from a point of any 
object Sy in front of the 
face AJ)y enter this 
face without undergo- 
ing any material devi- 
ation, and being re- 
ceived in succession 
by the faces D G and 
CB within the limits of 
total reflexion, they are 

reflected, and finally leave the face B -4, in nearly the same 
state of divergence as when they left the object S. The 
eye ^, being so placed that the edge -Bof the prism E«piMatt<»; 
shall bisect the pupil, wiU receive these rays and bring 
them to a focus V, on the retina, at the same time that 




Eseential parts 
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Action of the ^^ ^^^ receive through the half of the pupil not covered 
camera incida in by the prfsm, rajs proceeding from the point P, of a 
forming imagea; p^j^^j]^ placcd bclow ou a shect of paper, and bring them 
also to the same focus r; so that the point in the ob- 
ject and point of the pencil will appear to coincide on 



linear 

dimensions of aioim 

object and imageF. 



the paper, the whole 
of which will be seen 
through the uncovered 
half of the pupil, and 
a picture of the object 
may thus be traced by 
bringing the pencil 
in succession in ap- 
parent contact with 
its various parts. 
The linear dimen- 
of the picture 
will be to those of the 



Fig.6U 




concave lens 
witli the camera 
Incida ; 



object, as the distance of the camera from the paper, 
to its distance from the object, nearly. 
Use of convex or If the paper be very near, the eye may not have 
power to bring the rays proceeding from the pencil to 
the same focus with those from the object ; this diflBculty 
is obviated by the use of a convex lens at Z, or a con- 
cave one at L ; the effect of the former being to reduce 
the divergence of the rays from the pencil to the same 
degree with that of those from the object, and of the 
latter, to increase the divergence of the rays from the 
object, and render it the same^ with that of the rays from 
the pencil. The camera lucida is constructed of various 
forms, having reference to the facility of using it, the 
optical principle being the same in all. 



The Inbtrument 
has various 
formSb 
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CAMERA OBSCURA. 



Fig.«a. 



Usedtooopj 
from luifciire ; 



§ 88. This instrument is also used to copy jfrom ^^'■"^ oUea»; 
nature, and like the camera lucida, has various 
forms, one of the best of which is represented in the 
figure. A B C\a2L prismatic 
lens, which is nothing more 
than a triangular prism with 
one or both of its refracting 
faces ground to spherical sur- 
faces ; it is set in a small box 
resting on a cylindrical tube 
tv^ that moves freely in a 
similar tube in the top of a 
dark chamber, formed by up- 
rights or legs, about which 
is suspended a ijotton cloth 
rendered impervious to light 
by some opaque size. On one 
face of the box m n, contain^ 
ing the prismatic lens, is an 
opening to admit the light 
from any object in front of 

the instrument, and on One side the cloth has been 
omitted in the figure to show a table JT y, supported 
by the uprights, on, which the paper is placed to re- 
ceive the picture. Now, the rays from any point in an 
object Sj will enter the face AO oi the prismatic lens, 
be totally reflected by A B^ and brought by 67 -B, to a 
focus on the paper, from which, owing to the minute 
irregularities of its surface, they will be reflected in all 
directions ; and thus a picturei of the external object S 
will be painted at 8\ which may easily be traced by a 
person situated within the folds of the cloth forming the 

•\ _ ° . ItsactioDin 

dark chamber. The eflfect of the prismatic lejis being forming imagw 
the same as that of a convex lens, except that the former e^i*tned; 
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coDBtractfon of changes the direction of the 
^^' axis of a pencil d^iated by it, 
it is obvious that the surface of 
the paper should be spherical. 
The image of the object is 
brought accurately to the table 
X y, by means of the tube t v, 
which admits of a vertical mo» 
tion in th^ top of the chamber ; 
this tube also admits of a 
horizontal motion, the purpose 
of which is, to take in differ- 
ent objects in succession with- 
out changing the position of 
the body of the instrument. 



Fig. a. 



HeoDBof 
ft^Qstiiig; 



Method of using. 




THE MAGIC LANTERN. 

Magic lanterm, § 89. This cousists of a Small close chamber, from 
one side of which proceeds a tube containing usually 
two convex lenses A and jff, with an intermediate open- 
ing for a glass slide C, which may be moved freely in 

E68entiAiiMurto; a direction at right angles to the common axis of the 
lenses. Within the chamber is an Argand lamp i>, 



s^ea 



GrapUe 
repreaenUtloii; 




behind which is a concave reflector E. The rays pro- 
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ceeding from any point in a figure, painted with some ^**«^ 
transparent pigment upon the glass slide and strongly ^t^^^j 
illuminated by the lens -4, upon which the direct light «pJ»in«<i; 
from the lamp, a^well as that from the reflector jF, 
is concentrated, will be brought to a focus by the lens 
-B, on a screen M N^ placed at a distance in front of 
the instrument ; here the light being reflected will pro- 
ceed as from a new radiant, and a magnified image of 
the figure will thus appear upon the screen. Should, 
the screen be partially transparent, a "portion of the light 
will be transmitted, and the image will be visible to an 
observer behind it. 
The linear dimensions of the object or figure, will^^*"**"^^^"^®*" 

. - , . ,. the dimensions of 

be to those of the image, as their respective distances the objected 
from the lens B\ if, therefore, the lens -5 be mounted*™^® J 
in a tube which admits of a free motion in that con- 
taining the lens A^ its distance from the figure may be 
varied at pleasure, and the image on the screen made 
larger or smaller, the instrument, at the same time, be- 
ing so moved as to keep the screen in the conjugate 
corresponding to the focus occupied by the glass sli&e. 
The instrument with an arrangement by which this can 
be accomplished, is called the phantasmagoria. In or- Phantasmagoriiu 
der, however, that the deception may be complete, there 
must be some device to regulate the light, so that the 
illumination of the image may be increased with its 
increase of size, not diminished, as it would be without 
such contrivance. 



SOLAR MICROSCOPE. 



§ 90. This is the same as the magic lantern, except soiar 
that the light of the sun is used instead of that from ^^^^'^'p*' 
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Solar 



a lamp. J9 ^, is a long reflector on the outside of a 

microscope; . , - ^ . , . , , v^ vx « 

Window shutter, in which there is a hole occupied by 
the tube containing the lenses. 



Fig. 64 



Essential parts 
and manner of 
ubing. 




The object to be exhibited is placed near the focus 
of the illuminating lens A^ so as to be perfectly en- 
lightened and not burnt, which would be the case were 
it at the focus. 



CHROMATICS. 



Chromatics; 



Color in light 
corresponds to 
pitch and 
harmony in 
■onnd; 



Explanatory 
remarks; 



§ 91. Chromatics is a name given to that branch of 
optics which treats of Color. Color is to light what 
pitch and harmony are to sound. We have seen, in 
Acoustics, that by the principle of the coexistence and 
superposition of small motions, any number of sonorous 
waves may exist at the same time and place, and pro- 
duce, through the organs of hearing, an impression dif- 
ferent from that produced by either of the waves when 
acting singly. The united tones proceeding from the 
various voices of a full choir of music, for example, im- 
press the ear very differently from the insulated note 
of the acute treble, the medium tenor, or the full, 
deep-toned bass ; and as each voice is partially or 
wholly suppressed in succession from a full strain of 
concordant sounds, while others are reinforced, the mind 
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marks the change, and attributes to it a distinct and AnaiogjbetweeB 
specific character. the action of 

•T ^ ^ 8<morpii8 and 

So it is with the luminous waves which act upon theiaminonawftTcs; 
organs of sight. These come to us from the sun, and 
other self-luminous bodies, of every variety of length ca- 
pable of affecting the eye ; they coexist and are super- 
posed upon the retina, and by their united influence 
give us the impression of white light; and when one whitaHght 
after another of these waves is enfeebled, while others p"*^°^' 
are strengthened, each new combination gives us a dif- 
ferent impression, and each impression we call a color. 
The longest waves capable of affecting the eye corres- 
pond to red^ and the shortest to violet or lavender grey. 

But how are individual waves either suppressed or 
separated from the group which produce the sensation Principles which 
of white light? The answer is, by the principles of i/jr "^ 
terference and of unequal refrangibility. . 



COLOR BY INTEHFERENCE. 



Colors of Chasings. 



Fig. 6SL 



§ 92. Kecallingthe expla- 
nation of §7, let Jf iTbe a " Coionor 
wave front proceeding from g™ting»; 
a source 0, Assume any 
point (?^, in front of the 
wave, and draw the straight 
line 0^ 0. Take the dis- 
tance A B equal to half the 
length \^ of the longest, 
and A B' equal to half the 
length X^, of the shoi*test 
wave capable of affecting 

the organs of sight ; and make BC= CD = AB =^ ^\, constnietionor 
With 0, as a centre, and the radii 0^B\ O^B, (?^ C,^«™» 












J? 


-~^~x/ 


r^ 


C 
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Colon ot 
gratingB; 



Fig.6& 



Gonstraotlon of 
flgore; 




Of,Dj &c., describe arcs 
cutting the wave front in 
J', ^> <^5 ^) &c. ; then will the 
portions Ah^ hc^ cd^ &c., 
in the immediate vicinity 
of -4, partially, and those 
remote from the same point, 
wholly, interfere^ §7, and 
neutralize each other's ef- 
fects at O^ ; for, at this point 
the secondary waves from 
the successive points of the 

portion A J, beginning at J., will be opposed to those from 

portions of main ^^c Corresponding points in the portion h c, beginning at 

wave opposed to j^ being iu opposite phases; and it is plain that if the 

po ons. g^^^j,g^| portions be numbered in order from A^ that 

those distinguished by the even will be opposed to those 

designated by the odd numbers, the odd portions tending 

to displace the molecule at 0^ in one direction, and the 

even ones in the opposite direction. 

Now, conceive the e^n portions 5 r, de^ &c., to be 
stopped by the interposition of some opaque screen ; the 
odd portions no longer being neutralized, will have full 
effect upon (9^, which will become greatly more lumi- 
nous by the conspiring action of the longest waves — 
EflfectofJongest that is, by the waves whose length is \, But the shprtest 
toCTftw^rit o s^c^^d^^y waves proceeding to O^ from the portion i b\ 
'^' on one end of A 5, will interfere and neutralize those 
from an equal portion A « , at the other end, so that the 
effect of the longest waves at (9^, will be increased in 
a much greater proportion than that of the shortest. 

From the construction O^c— 0^ A=^ \, Take a point 
O^^ such that O^c — 0^A=^ X^, then will the point <?„, 
for the same reasons, receive the greatest possible dis^ 
turbance from the action of the shortest waves which are 
waves m«t^ here in the same phase, while the effect of the longest 
»t<?,; waves, at this point, will be less than at (?^, being no 
longer in the same phase. The effect of the waves whose 



Consequence of 
stopping the 
eten portions; 
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lengths are intermediate between \ and X^, will have 
their preponderance upon jnolecules between these two 
points, and the space O^ (?,, should exhibit correspond- 
ing effects. And this is found by experiment to be the 
case. For when a grating is formed by fine parallel ^^^^^^^^''^^^^^ 
wires, or by a series of fine furrows cut in the face of 
a piece of well polished glass', and held in front of any 
luminous source, there will be formed upon a screen 
placed behind, a series of richly colored fringes, sepa- 
rated by dark intervals, and arranged along a line per- 
pendicular to .the furrows. The fuiTOWs intercept the 
light, while the intermediate spaces between permit it 
to pass ; the former correspond to the even and the lat- 
ter to the odd portions of the luminous wave referred to 
above, and form, as it were, a series of parallel linear 




ninstratioB , 



radiants. The molecules (9^, O^r^ &c., where the longest 

waves prevail, exhibit red, and those at 0^^ O^^^ &c., KxpiMiatioii of 

where the shortest preponderate, violet or lavender grey, ^^ ®®^®"* 

the molecules between exhibiting orange, yellow, green, 

blue and indigo, in the order named, beginning at the 

red. The line X Y, being drawn from the luminous 

source to the middle of an opaque portion of the grating, 

the first fringe on either side of this line is formed by 

Becondary waves whose radii differ by \ the second by 

2X, the third by 3 X, and so on ; that is, every fringe is 
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i^diuiur^i fringe*, formed by the conspiring of secondary waves whose radii 
differ by some even multiple of W while the dark spaces 
between are produced by the opposition of waves of 
which the radii diflFer by some odd multiple of |X. 



Effects of light 
tnuumitted 
through 
Airrowed glass ; 



EifiBcts of light 
reflected from 
the same; 



Frannhofer and 

Barton's 

ezperimenta. 




Fig. 68. 



§ 93. If the furrowed 
glass be interposed between 
the eye at (?, and any lu- 
minous source L, say a 
small hole in a window 
shutter, the latter will ap- 
pear flanked on either side 
by similar fringes with in- 
termediate dark spaces 
between also arrdnged on 
a right line perpendicular 
to the direction of the fur- 
rows, the red appearing on 
the outside, the violet on 
the inside, with the other 
colours in the order just 
named between. And to 
an eye at 0\ so placed as 
to receive the light reflect- 
ed from the ridges of plane 

glass between the furrows, the whole furrowed space will 
appear covered by the most beautiful irised hues which 
change with every change of position of the eye. 

By means of a fine diamond point, Feaunhofer suc- 
ceeded in forming a ruled surface of glass in which the 
striae were actually invisible under the most powerful 
microscope, the interval of the furrows being only ayi^T 
of an inch. In some furrowed sm^faces produced by Mr. 
Barton, the lines are so close that 10000 of them would 
occupy only the space of an inch in breadth. The light 
reflected from surfaces so minutely divided, exhibits the 
purest colors of which we have any knowledge. Simi- 
lar appearances are exhibited when light is reflected 
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This substance is*"^"°*"*^ 



from metallic surfaces which have been polished by a 
coarse powder, and from surfaces of glass over which 
the finger is passed after being moistened by the breath. 

The beautiful colors of mother of pearl are natural Effects of th« 
instances of the same phenomena, 
composed of a vast number of thin layers, which are 
gradually and successively deposited within the shell of 
the oyster, each layer taking the form of the preceding. 
When it is wrought, therefore, the natui'al 'joints are cut 
through in a great number of sinuous lines, and the result- 
ing surface, however highly polished, is covered by an 
immense number of undulating ridges formed, by the out- 
cropping edges of the layers. These striae may be ob- 
served by the aid of a powerful microscope, although they 
are so close that 5000 of them occupy but a single inch. 
That they are the cause of tl^e brilliant colors displayed Experiment tr 
by this substance has been placed beyond doubt by Sir ^^*^* 
DAvro Brewstee, who received from an impression of the 
surface of pearl on soft wax the same display of colors 
as from the pearl itself. 



Fig. 69. 



Semarklit 



§94. Knowing the space AO^ occupied by a single ToUnd the 
furrow and one of its adjacent transparent intervals, it J^^* ^ 
will be easy to find the lengths of the waves which cor- 
respond to the difi^erent colors. For this purpose T^e 
remark, 

1. That the firet 
colored fringe ^, 
seen through the 
glass on either side 
of the luminous 
source L is formed 
by secondary waves 
whose radii differ 
by X, the second F^ 
by 2 X, the third by 
3 X and so on, and 
are called respec- 
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Fringes of 
different orders. 



£eintfk2d. 



Fig. 69. 



IHstance of the 
fringe of any 
order. 



Explanation. 



Ware length. 



lively fringes of the 
ji/rst^ second^ thirdy 
&c., order. 

2. The angular 
distance of a fringe 
of any order from 
the luminous source 
Zjis sensibly equal 
to the angular dis- 
tance of the fringe 
of the first order, 
multiplied by the 
number which marks the order of that fringe. For ex- 
ample, the angular distance LEF^ of the fringe of 




Same. 



the 3d order, is equal to the angular distance LE Fy^ 
multiplied by 3. 

The actual distance of the projection of the fringe of 
any given order from the luminous source will be pro- 
portional to the distance of the fmTowed glass from the 
same source. LF^^^ for instance, is obviously greater 
than II Fl^ and is proportional to EL. 

Now, with centre E and radius E A^ describe the arc 
A K. The distance C K will be equal to X, or the 
length of the wave corresponding to the color seen along 
the line E C. 

Denote the distance EA by r ; the sum of the furrowed 
and transparent parts, which is equal to -4 CJ by 5 ; the 
angle AEG hy 6] and the length of the wave, equal to 
EG, by X; then will 

52 = X(2r.i-X); 

and because X may be neglected in comparison with 2 r, 
the above may be written, 

X = - . - = i 5 . tan 5 ; 

and because, for the small angle 5, the arc may be taken 
for its tangent, 

X = ^5.(5 (86) 
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From which it appears that S will be greater in pro-Coio» 
portion as X is greater ; and that the coloi-s of each Zn^^w^^ 
fringe which correspond to the longest waves will, there- ^'^•'os^fro" 
fore, be found at the greatest distance from the lumin- 
ous source. 

To find X, we have only to find 8 and 6. The for- 
mer is known from the cutting of the furrows, and M. 
Babinet has given a very simple method for determin- 
ing the latter. It is as follows. 



Fif.70. 




To find X 
experimenUjIy , 



Zzplanation of 
appantoB ; 



§ 95. Let ^ and J5 be two 
candles, or still better, two nar- 
row openings in a plate of metal 
held before a window, the one, jB, 
a little more elevated than the 
other ; P^, a perpendicular to 
-4 jff at its middle point P, and 
-ffi?', the furrowed glass placed 
somewhere upon P^, and held so 
that the furrows shall be per- 
pendicular to A B, On placing 
the eye at E^ and looking through 
the glass, we shall see the two 
candles or openings by direct 
view, and each of them flanked 

on either side by a series of fringes, those about B be- 
ing higher than those about A. By moving the glass 
ItR\ to or from the candles, the red, or any other co- 
lor of the fringes on the left of B^ may be brought 
accurately over the same color of the fringes to the 
right of A, These coincidences, however numerous, may Coincidences of 
be established because of the law of the angular and "^^^^^ 
ti'ue distances of the fringes from their respective lumi- 
nous sources referred to in the preceding article, 
provided the angle B E A^ does not exceed 5 or 6 de- 
grees. 

Denote by n, the number of coincidences of any par-uoutioaj 
ticular color between A and B ; there will be ti -f 1 

18 
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Graphio fringes from j1 to ^ in estimat- 

ropresenUUon ; J^g f^,^^ ^^ fo^ ^^6 of the fringes ^^ 

belonging to A will cover or fall 
upon the candle £. The angle 
A E B will, therefore, be equal 
to (n + 1) . i ; and its halfPif^, 
n + 1 



to 



^. But in the right 



angled triangle P EA^ we have 



Proportion from 



whence 



FI^TO. 




Same in form of 
an equation ; 



tan 



n + 1 



6 = 



PA 

PE^ 



As long as PEA does not exceed two or three degrees^ 
its tangent may be taken equal to its arc, and we may 
write 



Equation for 
email angle ; 



» + i 



PA 



whence, denoting AB "hj h, and PEhj d^ 



HotatlMi; 



^ = 



(71 + 1). df 



sabstitntion; and this value in Equation (85), gives 



First form of 
▼alaoforXi 



2X== 



s . b 



{n + l).d 



(8(0 
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and denoting by c^ the nmnber of furrows in an inch, we NotaUoa; 
shall have 



,= -, 



and this in Equation (86), finally gives 



2X = 



c.(n+l) .d 



(ST\ ^^'^ ^*^°* ^ 

A' 



whence this rule, viz: Aicgmervtthe numher of coinci- 
dences hetween the candles hy unity / raultiply this sum 
hy the number of furrows in an inch^ and this product 
hy the distance^ in inches^ of the glass from the plane of ^ 
the candles^ and divide the distance^ in inches^ hetween 
the candles by this product / the quotient will he double 
the len-gth^ in inches^ of the wave^ corresponding to the color 
with reference to which the coincidences are made. 

By the application of this rule in the manner indicated, 
we find, when the experiments are made in the atmos- 
phere, the results in the following 



TABLE. 



Colon. 


Length or 
X 

in parts of an inch. 


Nomber of 

X 
in one inch. 


Extreme red, - - - - 
Orange, - - - . - 

Yellow, 

Green, ------ 

Blue, 

Indigo, 

Extreme violet, - - - 


.0,0000266 
0,0000210 
0,0000227 
0,0000211 
0,0000196 
0,0000185 
0,0000167 


37640 
41610 
44000 
47460 
51110 
54070 
69760 



Tr»bnlar resnlts 
of experiments 
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Une; 



niostration ; 



Fig. Tt 



AXC 



Toflndth« § 96. Let us now determine the distances of the fringes 

partic^JfiJta^ from the central line X T. They 

from the central depend upou the sum AC=s, of 
the width of one opaque and one 
adjacent transparent interval, and 
upon the distance JT Yj of the 
screen from the grating. 

Tlie place (?, of the fringe of any 
order, say' the nth, is determined 
by the condition that the difference 
of its distances A O and C (9, from 
A and C, is an integer multiple of 
the length X, of the wave of the particular color con- 
sidered. Now, drawing the lines A A' and C C\ paral- 
lel to X Ty and denoting the distance X Yhy dy and 
YOy by a?, we find 

Eqaationfl from 




xjt y c' j^ 



Dilferenoe 
between these 
eQnationB ; 



the distance t?, being very great in comparison with x 
and 5. 
Hence, 

2d d ' 



But this difference is equal to nX; that is, 

EqoaltonX; ^ S.X ^^ 

# =— = W A. 



whence 



Vnlae for 
distance of any 
fringe frt>m 
central line. 



•» = 



W . X . (? 



(88) 
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From which it appears that that the fringes will be crowd- conditions that 
ed together more and more in proportion as d decreases ^" "^^^^ 
relatively to 5, or ^ increases relatively to d — ^a result towards tue 
confirmed by experience, for when the screen is either **°^' 
made to approach the grating, or the furrows are in- 
creased in size, the fringes will bo observed to contract 
and crowd in upon the centre Y^ till they become so 
narrow as not to be perceptible. 

§ 97. Again, let \ and X^, denote the lengths of the 
waves which give red and violet colors respectively ; 
then will Equation (88) give 

' Vl • d •'^ Distances of the 

colors of the nth 
fringe from tba 
^ Tlr . ^ • X^ centra 



In which, because X, is greater than \, x^ which de- 
notes the distance from Y to the red color of the nth 
fringe, will be greater than a?,, which represents the dis- 
tance of the corresponding violet color from the same 
point. , 
Subtracting the 'second from the first, we get The colors 

separate from 
each other ; 

a:,-a?, = ^-^(X,-X,) .... (89) 



From which we see that the diflTerent colors will sep- 
arate more and more as the fringe to which they belong And the dark 
recedes from the centre Y. The black intervals will, *"^^*^ *^*"^ 
therefore, be encroached upon, and at no great distance 
from Y will disappear. 

To find the order of the last insulated fringe, denote by 
a?^^.i and a?„ the distances of the (n+l)th and nth fringes of**the lant* ** 
from Y\ and by X^ the length of the wave for red, then insulated fringe; 
will Equation (88) give 
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Notation and 
eqnattona ; 



«»+! = 



{n+l).\.d 



»- = 



n ,\ . d 



whence, taking the difference, we obtain for the inter- 
val between the reds of two consecutive fringes, 



Interval between 
the reds of two 
conseoutlTe 
fringes ; 



««+! - «» = 



\.d 



and placing the second member of this Equation and 
that of Equation (89) equal, we find 



whence 



Order of the last 
insalated frtnge. 



n = 



\-\ 



(90) 



Experimental 
illoBtration. 



Tliat is to say, the order of the last insulated fringe is 
denoted by the number of units in the quotient arising 
from dividing the length of the red wave by the dif- 
ference of the lengths of the red and violet waves. 

This result is beautifully illustrated by interposing 
between the screen and grating some medium which 
will arrest all the waves but those which correspond to 
a particular color. When this is done, the fringes will 
be greatly multiplied in number beyond that of the nth, 
order determined by Equation (90). 



Experiment 
performed in 
▼acuom; 



§ 98. Thus far the waves have been supposed to pro- 
ceed, after passing the grating, in the atmosphere. But 
when the experiment is performed in vacuum, with the 
same grating and same position of the screen, the fringes 
are found to dilate and separate from each other ; when per 
formed in a medium of greater density than the air, aa 
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in water or glass, the fringes are reduced in width and Experinwnti 
crowded towards the centre; and what is remarkable, ^denaar medium 
and important to observe, this latter effect is found, by **»»•'' J 
careful experiments, to be exactly proportional to the in- 
dex of refraction of the medium as referred to that of 
atmospJieric air. 

Now, referring to Equation (88), it is easy to see that 
this chancre in the position and width of the fringes ^°*'®'*^* 

^^ * ® change in 

can only arise from a change in X, which denotes the position and 
length of the waves, since 8 and d are, by the conditions ^^^^ ®' ^^ 
of the experiment, constant ; and from the relations of 
X and X, in that Equation, it follows that the length of 
luminous waves of the same color are shorter in propor- 
tion as the indexes of refraction of the media in which 
they exist are greater. But, Equation (2), these indexes Lengths of wtTM 
vary inversely as the velocities of wave propagation, and ^ duferent 
hence the lengths of the waves a/re^directly proportional 
to the velocities with which they are tra/nsmitted through 
differerU media* The cause by which the lengths of the 
waves are thus altered in the direct proportion to their ^"^^p'®®'^^^ 

,,, . HIT •••? J* 1 • acceleration Mid 

velocities, is called the principle of wave acceleration retardation. 
and retardation. 

§ 99. Returning to the experiment in air ; if a very 
• thin plate of glass be interposed in front of one of the interposing a 
grate openings, and parallel tct the plane of the grating, p^*^®'^^"" 
the whole system of fringes will be shifted towards eonditioaa. 
tho side of the interposed glass. K an exactly 
similar plate be placed. in front of the other opening, 
and parallel to the first plate, the fringes will be re- 
stored to their original position. If one of the plates 
be slightly inclined, so as to cause the waves passing 
through it to traverse a greater thickness, the fringes 
will all move towards that side, and by gradually in- 
creasing the inclination, they will pass entirely out of 
Bight. 

Taking plates of any other medium, possessing a 
Ijreater refractive index than glass, and of the same 
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Effect of 
interpoBing a 
plftteofany 
medlom. 

Effect on the 
lengths of the 
rays; 



This last effect 
investigated ; 



niostration ; 



Explanation ; 



thickness as before, it is found that the effects just no- 
ticed will be increased, and in the direct ratio of the 
refractive indexes of the media. 

In the shifting of the fringes, it is evident that the 
lengths of the rays which correspond to the central one 
are made unequal, and that the differences as to lengths 
existing among the rays which ^appertain to the other 
fringes, are not the same as before the interposition of 
the medium. We will now * investigate this change. 

For this purpose, let the waves from both openings 
pass through a prism of any medium, as glass, hav- 
ing a very small refracting angle, 
i, the first face being held pa- 
rallel to the plane of the grating. 
The thickness of the prism tra- 
versed by two interfering waves 
will be different ; cali this diffe- 
rence, which is rn in the figure, 
d. Draw nn\ parallel to JS^Zr] 
with Oy as a centre and Or as a 
radius, describe the arc rr\ It 
is obvious that the number of 
waves in the length An+ Or will 

be equal to the number in the length Cn'+Or\ since 
the circumstances are the same ih both routes ; the only- 
difference, if there be any, must He in the paths n t 
and n' r\ Since the angle made by the rays A and 
C Oy is very -small, these rays will enter the first sur- 
face under very small angles of incidence, and both be- 
ing refracted towards the perpendicular, their direction 
through the prism will be nearly normal to that surface ; 
hence, denoting by &, the distance r n\ we have 




Equation* (hnn 
llgnre; 



^ = 5 . sin i J 



but under the above supposition, the angle of incidence 
at the second surface will be equal to i\ and denoting 
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the corresponding angle of refraction by 9, we also get 

Bin 9 = mBin*; Equation tor 

' the deviation 

in which m is the relative index for glass. 

Denoting the distance 71' / by d\ we have, because 

, . ., Notation and 

r r IS very smaU, , equations; 

y 
e?' = J . sin 9 = ft . m . sin i = m e? = -^^ • d 



in which V denotes the velocity of the waves within 
the air, and V that in the glass, and from which we 
find 

d:d' :: V : F; proportioii; 

that is, the distances r n and / n\ are directly propor- 
tional to the velocities with which they are traversed by 
the waves ; they must, therefore, be passed over in the 
same time, and the velocity in air will exceed that in gla.ss^ — 
a fact fatal to the Newtonian or emission theory of light, 
which requires the converse to be true, and which for a 
long time contested the claims of its rival hypothesis of 
waves, first advanced by the celebrated Hdyghens. There "®°***°'* 
will be the same number of waves in nr as in nV, and 
while the lengths of the routes from A and to will 
differ when expressed in the same unit, yet these routes, 
estimated by the number of waves in each, will be equal. 

Before leaving this subject, it may be remarked, that oonflrmation oi 
the lengths of waves answering to difierent colors have the tabular 
been computed by means of Equation (88), after care-''**''^'*^'^^^ 
fully measuring the distances x and e?, and were found 
to agree in all respects with the results given in the 
table of § 95. 
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COLORED FRINGES OF SHADOWS AND APERTURES. 



Shadows of 
objects in pencils 
of light usually 
bordered by 
throe fringes; 



Positions of 
tiiebe fringes. 



Colors of the 
fringes in white 
light 



Peculiarities of 
tiie fringes in 
homogeneous 
light 



Fringes 

independent of 
the nature of the 
buily. 



Measurements of 
the fringes show ; 



First; 



§ 100. When ai* object is placed in a pencil, such as 
may be formed by admitting light through a very small 
aperture into a dark chamber, or by a convex lens, and 
the shadow of the object is received upon a screen, it 
is found to be bordered externally by fringes, usually 
three in number, at decreasing distances from each other, 
each fringe being made up of different colors. These 
fringes are parallel to the outlines of the shadow, ex- 
cept when the latter terminate in^a salient angle, in 
which case they curve around it ; or when the outlines 
form a re-entering angle, and then the fringes cross and 
run up to the shadow on each side. 

In white light, the colors of the fringes, reckoning from 
the. shadow, are, in the first, black, violet, deep blue, 
light blue, green, yellow, and red ; in the second, blue, 
yellow, and red ; and in the third, pale blue, pale yel- 
low, and pale red. 

In homogeneous light, the fringes increase in number 
and are alternately, dark and bright. In passing from 
one color to another, they vary in width, being broadest 
in red and narrowest in violet ; and it is from the par- 
tial superposition of these and the remaining colors, that 
the different colors arise when the experiment is made 
with white light. 

These fringes are entirely independent of the nature 
and figure of the body whose shadow they surround, 
being the same when formed by a mass of platina or a 
bubble of air — by the back or edge of a razor. 

The shadow being received upon a convex lens, be- 
hind which is placed a micrometer, the linear elements 
of the fringes may be measured to any desired degree 
of accuracy. These measurements show : 

1st. That the distances between the fringes and the 
shadow diminish as the lens approaches the body, and 
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finally vanish, so that the fringes haVe their origin 
close to the edge of the body. 

2d. That the locos of each fringe is an hyperboloid 8ee<»d; 
of revolution, termhiating near the edge of the body. 

3d. That, the distance of the lens from the body re- Third- 
maining the same, the fringes will be more dilated, as 
the body approaches the luminous point. 

It is also found, that Vhen the luminous point is in- ^.^^ ^^ 
creased so as to become an appreciable circle, the fringes increasing the 
formed by the light proceeding from each of its points *^™^*^'" p^^** 
overlap and confuse one another, obliterating the colors 
and forming a penumbra, which consists of a ring whose 
brightness varies from the edge of the shadow, where 
it is least, to its exterior boundary, where it is greatest. 

§ 101. If the size of the body be much reduced in Effect of 
one direction, parallel to the screen or plane of the lens, "ducing the 

^ ' . * ' Bize of the body 

the shadow will be found to consist of bright and dark parallel to the 
fringes parallel to the length of the body, a bright fringe ^^^'t 
occupying the centre. If the body be small and of a 
circular form, having its plane parallel to that of the 
screen, the shadow will be made up of a series of con- 
centric bright and dark circles, having a bright spot in 
their centre. 

As the body diminishes in size, the stripes diminish Appearances •• 
in number and increase in width, till all disappear but **** ^*^y 

' ^^ diminishes 

the central illumination. The reverse effect will arise 
either on increasing the size of the body, or diminish- 
ing its distance from the screen. 

§ 102. If a portion of the pencil be transmitted through p«°cii admitted 
a small and well defined circular aperture and received'^c^^ *j^^^ 
upon a screen, concentric rings will also be produced ; 
and if the transmitted portion be viewed through a con- 
vex lens, the hole will appear as a bright spot, encircled 
by rings of the most vivid colors, which undergo a great 
variety of changes, both as regards tint and linear dimen- 
sions, in varying the distance of the lens from the aper- 
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ture, and that of the aperture from the radiant or lunai- 
nous point. 
Light When the light is transmitted through two very small 

through two apertures, close together, rings corresponding to each 
circular aperturea'v^ill \)q formed as bcfore, and in addition there will be 
ose ge er. £^^^^ ^ number of straight parallel fringes between the 
centres of the circles, and at right angles to the line 
joining them ; two other sets of parallel fringes will also 
be seen in the form of St. Andrew's cross proceeding 
from the space between the centres ; and by multiplying 
the number of the apertures and varying their relative 
dimensions, a set of phenomena arise of exceeding bril- 
liancy and beauty. 

I' 
Cause of the § ^^^' "^^^ colored fringes of shadows and small aper- 

coioredMngesoftures, as wcU as all appearances referred to under this 
apwt^L!"*^ head, are caused by interference]^^ the interference taking 

place between the secondary waves from the edges of the 

body or aperture and those from that portion of the 

primitive wave which is not intercepted. 
Names originally Thcsc phenomena were at one time called the inflection 
applied to them. ^^ diffroction of lights and were supposed to arise from 

some peculiar action exerted by the edges of bodies on 

the rays as they passed near them. 
Effect of If the refractive index of the medium in which the 

Increasing the experiments are performed be increased, the phenomena 
of the medium, indicate a diminution in the lengths of the waves in the 

same ratio. 



COLORS OF THIN PLATES. 

All media §104:. Transparent, and indeed all media, when re- 

exhibit colors duccd to vcry thin films, are found to exhibit colors 

toirfihL'' which vary with the thickness of the film. These are 

called the colors of thin plates^ and the easiest way to 

exhibit them is by means of a soap bubble blown from 

the end of a quill or the bowl of a common smoking 

♦See Appendix No. 1. 
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pipe. As the bubble increases in diameter, and therMniitar 
fluid envelope is reduced in thickness at the top by^^^^J^j^^ 
gradual subsidence toward the bottom, many colored plates; 
and concentric rings will be seen around the point of 
least thickness. At this, point, the color will be found 
to change, first appearing white, then passing through 
blue to perfect blackness, the rings the while dilating till 
the bubble is destroyed. 

*^The same is true of any other medium, whether gase- 
ous, liquid, or solid. 

These different colors being exhibited upon the same when the puu 
plate of variable thickness, no single color can be iden- ^J^^^^^"" 
tified with its chemical composition. When of uniform 
thickness, a single color only will be seen, and this will 
change as the thickness of the plate changes. 

A thin plate is very con- 
veniently formed of air ; and rig. ra. 
for this purpose, let A B, be "^^^^^Hf^^^^Thin.piate of ^r 
a plano-convex, and CD a ^^fe¥^^i^&fe«^^B formed; 
plano-concave lens, placed 

one upon the other, as represented in the figure. When 
this arrangement is viewed on either of the plane faces 
by reflected light, colors will be seen in the form of con- Appearances bj 
centric circles about the point of contact, which, should "^^^^^'^^sht; 
the pressure be sufficient, will be totally black. If view- 
ed by transmitted light, rings whose colors when 
united with those of the flrst, form white light, and which By transmitted 
colore are, therefore, said to be C6>7W^Zewi^nto/y, will ap- "*^*' 
pear about the central spot, which will now be per- 
fectly white. With waves of a single length, as yellow, 
these rings are alternately bright and dark, begin- 
ning with the central spot; and by reflected light, 
dark and bright. They are broadest and have the great- 
est diameter in the red, and narrowest with least diam- 
eter in the violet; the breadths and diametei-s in the 

Effects due to 

other colors being intermediate and varying in magni- waves of a single 
tude in the order of the spectrum from red to violet. It^®"^^' 
is by the superposition of these" rings, or the waves 
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Newton's scale; which produce them, that the different colors appear in 
common light. 

These colors, which are of different orders as regards 
tint, 'constitute what is called Newton's scale ; and by 
reflected light, occur as follows, beginning with the cen- 
tral spot. 



First order; 

Second; 

Thlid; 

Fourth, kc. ; 
Seyenth. 



1st order. Black, very faint blue, brilliant white, yel- 
low, orange and red. 

2d order. Dark violet, blue, yellow-green, bright yel- 
low, crimson and red. 

Sd order. Purple, blue, rich green, fine yellow, pink 
and crimson. 

4:th order. Dull blue-green, pale yellow-pink, and red. 

bth order. Pale blue-green, white and pink. 

6th order. Pale blue-green, pale pink. 

^ih order. The same as 6th, very faint. The other or- 
ders being too faint to be distinguishable. 



Waves which 
Interfere to 
produce the 
colors by 
reflexion | 



ninstration and 
explanation ; 

/ 



These colors arise from the in- 
terference of waves reflected from 
the first, with those reflected from 
the second surface of the air 
plate. 

Suppose a small beam incident 
perpendicularly or nearly so, on 
the first surface M N of the plate, 
where the thickness is t. A part 
A will be reflected back, the 
rest A B^ being transmitted, will 

traverse the thickness t. At the second surface, again 
a part B G^ is reflected, and the reflected portion return- 
ing through the thickness ^, will emerge at the first sur- 
face in ^he direction C (?, and be siiperposed on that first 
reflected at this surface, and these will either conspire 
and reinforce each other or will interfere and partially 
Of* wholly neutralize each other, according to any of the 
conditions explained in § 7, depending upon the differ- 
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ence of ronte 2 t. Whenever 2 ^ is equal to any even if 2 « be an even 
multiple of \ \ for any color, this color will be increased, ™"^"p'® **' * ^' 
and when equal to any odd multiple of ^ X, it will be 
suppressed. Now, 2 ^, will vary from a value sensibly 
nothing to one equal to many times X, for even the long- 
est waves, in passing outward from the point in which 
the spherical surfaces are tangent to each other, and if an odd 
hence the colored fringes and the intermediate dark"'^"^'*" 
rings. 

But the portion reflected at the second surface will, T»n«"*"ed 
in part, be again reflected at the firet, and will traverse ^^^ refl^ectcd 
the thickness ^, a third time, and emerge below super- rfngs are dark; 
posed upon the portion first transmitted at the second 
surface. The difference of route of these portions will 
also be 2 ty so that the effects should be the same on 
either side of the lenses. Experiment shows, however, 
that this is not the case, for wherever there is total 
darkness by reflexion, there is a maximum of bright- 
ness by transmission. Hence, there must be half a wave 
length subtracted from the route at each internal re- '"**" dwference 

, acooontedfor; 

flexion j the cause of the loss being a change in density 
and elasticity at the surfaces of contact of the glass and 
air. This will give for the interfering rays, in case of 
reflected rings, a difference of route expressed by 



2^ + -^; 

and for the transmitted, ^^ '^' 

« 

2 ^ + X. 

To ascertain the value of #, at the 
different rings, call d^ the diameter 
2 PJ?^ of one of them, as determined 
by actual measurement; r and / the 
radii of the surfaces, v and v\ the cor- 
responding versed sines of the arcs whose sines PR and 
Pll\ are equal to the semi-diameter of the ring in question. 



Difference of 
route for reflected 
rings; 




Same for 
transmitted ringBL 



To find iy at the 
'different rings; 
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EqaatloD from 
the figure; 



Then, for very small arcs, we have 



2r ' 



and 



Another 
equation ; 



, (4)* 



Taloe of (; 



whence 



d' /I 1\ 



Same for first In this wRj Newton found the thickness at the brightest 
bright nng, ^^^^ ^^ ^j^^ g^,^^ ^..^^ ncarcst the central black spot, to be 

0,00000561 of an inch. He also found the diameters of 

Law of variation 

of diameters of the darkest rings to be as the square roots of the even 
dark and bright numbcrs 0,2,4,6, &c., and those of the brightest as 
the square roots of the odd numbers 1,3,5,7, &c. 
The radii of the surfaces being great compared with the 
diameters of the rings, the value of i at the alternate 
points of greatest obscurity and illumination are as the 
natural numbers 



Law of variation 
of <; at the dark ^ 
and bright rings; 



0,1,2,3,4, 



&c.. 



Bule. 

Above results 
compared with 
X for yellow; 



hence, the value of ^, just found, multiplied by these num- 
bers, will give the thickness at the different rings. 

On comparing the value for the thickness at the first 
bright' ring, with the numbers in the table of article 
(95), it will be found just equal to one-fourth of the 
interval denoted by X, for the yellow ray, which is the 
most illuminating of the elements of white light. 

Taking this value for tj we shall have for the difference 
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of route for the interfering rays producing the dark niirerence of 
rings by reflexion, including the central black spot, ^kwflectod 

rings; 

X 3X5x7x« 

these being the even multiples of i X, increased by | X 
for the retardation caused by one internal reflexion. 
The odd multiples, increased by i \ give 

X, 2 X, 3 X,. &C. Bamefor th« 

bright reflected 
riDgn 

The transmitted rings will be complementary to those 
seen by reflexion. 

The phenomena w^ have just considered are equally game 
produced, whatever may be the medium interposed p^®"®™*"* 

produced by 

between *the glasses, the only difference being in the diflferent medta. 
contraction or expansion of the rings, depending upon 
the refractive index of the medium. It is found that as 
the refractive index of tjie medium increases, the diame- 
ter ,of the rings will decrease, which might have been 
inferred from article (99). 

§ 105. If any one of the rings at a particular color be 
conceived to be expanded in all directions in the plane of 
the ring and to retain the same thickness, it is obvious 
that the plate thus produced would present the same 
color over its entire surface. If a second plate of the colors of nature 
same thickness and material be placed behind this one, it ^^^^ *^ ^^ 
would act upon the waves transmitted through the first 
just as the latter did upon the incident waves, and the 
same would be true of any number of plates, so that a 
body made up of a series of such plates would present 
a uniform, distinct, and characteristic color. These con- 
siderations, in connection with those relating to the 
color of minute gratings or striae, furnish an explana- 
tion of the colors of natural bodies. 

19 
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COLORS OF INCLINED GLASS PLATES 



Colors of 
inclined glaas 
plates; 



Circumstances 
attending the 
deviation of 
light hj such 
plates; 



Emergent waves 
will generally 
have travelled 
routes diflfering 
in length ; 

Two will emerge 
after having 
travelled 
different routes 
ct equal length ; 



Slnstratlon ; 



§ 106. If a luminous object be viewed through two 
plates of glass of precisely equal thickness, slightly in- 
clined to each other, it will be evident that besides the 
transmitted image, there will be a number of images 
formed 'by the successive reflexions between the glasses. 
The first or brightest of these is formed by the waves 
which have all undergone two reflexions and at difierent 
pairs of the four surfaces. On entering the fii-st plate 
they undergo a partial ifeflexion at every surface they 
successively encounter, each of the reflected waves un- 
dergoing a similar series of partial reflections at each 
surface. Thus it will appear evident that the different 
portions into which the waves have been separated must 
go through a length of route differing by the length of 
the interval between the glasses and the thickness of 
the glasses, or the different multiples of those which 
they have respectively traversed. They will, therefore, 
in general^ emerge after traversing routes which differ 
by considerable quantities. 

Among these portions, however, there are two which, 
(if we abstract the very small difference in the in- 
terval between the glasses at the points where they re- 
spectively pass,) will have gone through different routes 
^precisely equal length. These two waves will be, 

1st. One which passes di- 
rectly through the first 
plate A jff, equal to t^ and 
through the interval B C^ 
equal to % between the 
plates, is then reflected 
at 67, in the first surface 
of the second plate, re- 
turns along (7i?, equal to 
i, and a thickness D E^ 
equal to the first, or t\ 



Fig. T6. 
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at the first, sui-face it is reflected again and passes the 

whole system EF^- F O + O II, equal to 2 ^ + i; or^^^*"^"' 

upon the whole, it has travelled over 4: ^ + 3 i. 

2d. Another portion proceeds directly through the 
whole A£ + £ 0+ Cd, equal to 2 ^ + t, is reflected at 
rf, in the last surface, retraces the distance de + efj 
equal to ^ + *, is reflected at the second surface of the first 
glass and pursuing the course J^ff+ff^<i equal to i-ht^ 
emerges after having, on the whole, passed through 
4 ^ + 3 i, or a route exactly equal in length to that of 
the former, neglecting, as before, the difference in t. 

It will be seen that out of all the possible combina- No other wav«t 
tions of different successive reflexions, these two are the^j^^^j^^. 
only ones which will give routes precisely equal ; all the 
others will differ by quantities amounting to some mul- 
tiple of t or i. If we now recur to the small difference 
in the interval i, for the points at which the rays respec- 
tively pass, it is obvious that by slightly altering the in- 
clination of the plates we may diminish the difference of J^^^J^ 
routes to any amount, and may consequently make them colored fringes 
differ by half a wave length, or any multiple of the 
same; and we shall thus produce colored fringes sepa- 
rated by dark bands, parallel to the intersection of the 
planes of the glasses. 



COLORS OF THICK PLATES. 



§ 107. Another phenomenon, which 
depends upon the same principle, 
and called the colors of thick plates, 
will be readily understood from pre- 
ceding considerations, 

The effect is observed to take 
place under these circumstances, 
viz. : Light being transmitted through 
a small hole A, in a screen, and al- 
lowed to fall upon a spherical con- 




now thtj tam§ 
beexhibttett; 
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DhiBtntioBMid cave glass reflector JfJV", with con- 



•zpltaafcioi ; 



Facts with 
re|;ard to tbeM 
colon; 



How prodnced. 



NotftUon; 



EqiiAtionr; 




centric sur&ces, the back being sil- 
vered, and its centre of curvature 
situated at the aperture, there will 
be formed upon the screen about 
the aperture a series of colored ringsj 
or in luminous waves of a single 
length, alternate bright and dark cir- 
cles. These become faint and disap- 
pear if the distance of the screen 
be increased or diminished beyond a small difference 
from its original position. They diminish in diameter 
as the glass is thicker. They arise from the interference 
of waves which emerge from different points of tlie first, 
after being reflected from the second surface. 

Denote by y, the radius A J9, of one of the rings, either 
dark or bright; by t, the thickness GJ^y of the reflector; 
and by r, the radius A G. The equivalent interval to tj 
in air, will be m^, in which m denotes the relative index 
of refraction for air and glass. The question is to find 
the difference of the routes 



and 

or to find, 

Now, 



ag+g:^+bg+gd, 

AG+GF+ED; 
EG+GD^FD; 



by neglecting the fourth and higher powers of y ; and 



y! 



Another; ^2? = ^(2 m ^ + r)^ + y» = 2 m ^ + r -^ g^-^J^ 

EG-^cGD^ED^t.^ y\ ; 
2r 2(2m^-t-rj' 



^,^ , whence, 

Diflierenoe of ' 

routes eqoal to 
some molUpld of 
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But this difference of route must be equal to some mut 
tipleof J A; whence, 

yt y% Taliio for radloi 

— — — r = A ^ • ^ • of the aaaomcd 

2r 2(2771^ + r) ^ Ig! 

and neglecting 2 m Ha comparison with r, in value of y, 
we find, 

. Same reduced. 



= r./^ 



^mt 



(91)' 



This accords precisely with the most exact measure- 
ments of Sir Isaac Newton. 



COLOR FROM UNEQUAL REFRAN GIB ILITT. 

§ 108. It is demonstrated in the "Analytical Mechanics," 
§ 316, that the velocity of wave propagation through an 
elastic medium, is given by the equation 



gin^ ________ Velocity of wave 

p = 5- ^ (92) ''"'^""- 



(^)" 



in which F denotes the velocity of wave propagation, iff" a 
function of the elasticity and density of the medium, r the 
distance between the adjacent molecules, A r the projection 
of this distance on the direction of the wave motion, and 
^ the wave length. 

Now, when r is very small in comparison to X, the arc of 
^which the sine enters the last factor above will be small ; '' 
the ratio of the sine to its arc will be equal to unity, and 
the velocity will be simply equal to 'v/jB'. In other words, yeiocity win be 
when the distances between the consecutive molecules of **»««»"«*'«' 
Ae medium are small compared to the wave lengths, i^ngth^. 
the velocity becomes the same for waves of all lengths. 
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waves : 



This is the case This is the cose with sonorons waves. Equation (3), 
withsonorona Acoustics, whose lengths vary from several inches to seve- 
ral feet; compared to which distances those between 
the consecutive molecules of air may be regarded as 
insignificant. 



But is not true § 109. In the ethereal medium^ whose vibrations, pro- 
foriurainoua ^^^^ liffht, howcver, as it exists in the various forms 

waves; o ' . ' 

of natural bodies, the above conditions do not obtain. 
In the ether of the atmosphere, for example, the lumin- 
ous waves, we have seen, vaiy in length from 0,0000167 
to 0,0000266 of an inch, compared to which distances 
those between the adjacent molecules have a sensible 
value ; the last factor in Equation (92), cannot, therefore, 
be unity, and the velocity of wave propagation must 
depend upon the wave length. A consideration of the 
Velocity greatest cquatiou shows that the velocity will be greatest for the 

for red and least j.^^J g^jj^ \Q2^S>t for the violct WaVCS. 

f<>r violet waves. ' > . , . « , • t-i 

Refractive index The ludcx of rclractiou of any substance is, Equation 
(2), the ratio of the velocity of the luminous wave 
through the ether of a Torricellian vacuum to thai 
through the ether of the body. And the relative index 
of two bodies is the ratio of the velocities through their 
respective ethers. Hence, both the absolute and rela- 
tive indices vary with the wave lengths, being greatest 
in lavender grey and least in red, those of violet, indigo, 

Is greatest for bluc, grccu, ycllow, and orange, lying intermediate be- 

lavendergrey tWCCU thcSC. 
f and least for red. 

Effect of an When, therefore, the waves which constitute white 

oblique incidenc 
of white light 



varies with the 
wave length ; 



obiiqueincidencejjg^^^^jj ^^ji^^^^^ly and simultaueously upon the face of 
a new medium, they will all be deviated on account of 
the change of density and elasticity of the ether which 
they then encounter, and the intromitted waves will be 
unequally deviated, because of their difference of wave 
length ; these waves will, hence, separate from each other 
and pi-oceed in different directions; and, if intercepted by 
any reflecting surface, as a screen, will exhibit thereon 
their respective colors. 



ELEMENTS OF OPTICS. 



295 



FJg.TB. 




§ 110. Tliis is well illustrated by the action of an 'opti- Experimenui 
cal prism. Let a 
beam SjS\ of solar 
light, be admitted in- 
to a dark room 
through a small hole 
in a window shutter, 

and received upon a I ^^^"V^^^^ J- 

screen X JT; it will 
exhibit a round lu- 
minous spot at T^ in 

the direction of ^SS* produced ; but if the face of a re- ' 

fracting prism ^^ C, be interposed, the spot Twill dis- 
appear, and there will be formed upon the screen 
an elongated image of the sun, variously and beautifully J^J^J^ 
colored, beginning with red on the side of the refract- pass through a 
ing angle J., of the prism, and passing in succession^'**™' 
through orange^ yellow^ green^ hlue^ indigo^ and terminat- 
ing in violet and lavender grey^ making eight in all. 
These colors are not separated by well-defined bounda-^^®"^"^™**' 
ries, but run imperceptibly into each other ; nor are the 
colored spaces of the same length. The following table 
exhibits the relative lengths of these spaces as obtained 
by Sir Isaac Newton with the glass prism used by him, 
and by Fkaunhofeb, with a prism made of flint glass. 



1 Kewton. 


TnonholiB'. 




Eed .... 45 


56 




Orange - - - 27 


27 




Yellow . .* . . 48 


27 


Selatlre lengtbi 


Green - - - 60 


46 


of the colored 


Blue .... 60 


48 


Vwee; 


Indigo - - - 40 


47 




Violet and lavender grey, 80 


109 




Total length, 360 


360 





This property of luminous waves by which they pos- unequal 
different indices of refraction and are deviated "*^^^^**^* 
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8oitf ipMtram. through different angles for the same angle of incidence, 
is called the uneqvul refrangibility of light / and the 
colored image thence. arising is called the solar apectriMn. 



BffiBCtof 

admittiiigthe 
light through a 
nanowBlit; 



EflbeiTaries 
with the light 



Fig. 79. 



1 



Um of these 
lines; 



§ 111. When the light is admitted through a very 
narrow slit parallel to the refracting edge of the prism, 
and the prism is of pure homogeneous glass and held in 
the position of minimum deviation, § 25, the whole 
spectrum appears mark- 
ed by dark and bright 
lines, all parallel to the 
slit, some being broader 
and better defined and 

more conspicuous than others. With an ordinary prism 
of flint glass, the eye distinguishes about twelve ; Frauk- 
HOFEB, with a fine prism of his own glass, distinguished, 
by the aid of a telescope, six hundred. Certain of these 
lines are at unequal intervals, which also differ for dif- 
ferent media, though they are of the same order and in 
the same colored spaces. They differ essentially with 
the light employed : the light of the clouds, of the Moon, 
and of Venus, show them exactly as in the direct light 
of the sun. The bright fixed stars give lines peculiar 
to themselves, as also do electric lights. The light of 
flames shows none, or at least only certain dark intervals 
under peculiar circumstances. These lines furnish the 
means of measuring the refractive indices of different 
media for different colors. 



eonsitlered ; 



Knmberof § 112. A question often proposed, as to the number of 

primary colors primary colors, cau only be answered with reference to 
* the sense in which it is asked. If it be meant to apply 
to the number of tints distinguishable in the spectrum, 
this will be a matter of individual judgment to different 
eyes. Newton distinguished seven^ Sir John Herschkl 
eighty Sir David Brewster three ; but perhaps most ob- 
servers would admit that it is impossible to fix on any- 
definite number, since the light appears to go through 



ELEMENTS OF OPTICS. 297 




every possible shade of color, from the deep red to faint coiow of the 
violet or lavender grey. K we understand the question J^i/^d into" 
as applying to the number of definite points at each of eight classes, 
which a wave of different length occurs, their number 
must be considered as infinite. These waves resolve 
themselves into eight classes, distinguished by the color 
they excite in the mind, the same color of different shades 
being produced by waves whose lengths vary between 
certain limits. 



§ 113. To find the index of refraction for any one of to And the 
these different co- * ^ft^«^«i°d« 

lor8,let^be are- ^^ '^'^"^"^^" 

fracting prismjmade 
of any transparent 
medium ; m n, a gra- 
duated circle, to the 
centre of which a 
small telescope is 
attached in such a manner that its line of colli- 
mation shall move in a plane parallel to that of the gra- 
duated circle, which is held in a position at right angles Explanation: 
to the edges of the prism. The telescope, being pro- 
vided at its solar focus with a fine wire perpendicular to 
the plane of the circle, is directed to some distant source 
of light, and the reading of the vernier noted. It is 
then directed so as to receive the colored rays from the 
prism, and the reading again noted when the prism is 
turned to the position giving the deviation a minimum. 
We shall then have 

BDC=S = J)OS+DSC viuerfj. 

or neglecting the very small angle subtended by -D C at 
the distance of the object, 

S = DCSj Sanarednoedi 
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Any color 
deviated a Mcond 
Ume. 



Middle of which is the difference of the readings ; and this in 

frt^me^'''' Equation (12), will give the value of m. 

refractive index. If the color occupjiug the middle of the spectrum be 

taken, we shall find the value of m, which answers to 

what is called the mean deviation, and which is the 

same as that given in the table of article 18. 

If a hole be made in the screen, Fig. (78,) at any one 
of the colors, as green, for example, and this color, after 
passing through, be deviated by a second prism P, no 
further separation of the waves will be found to take 
place, but a green image, of the shape and size of the 
hole in the first screen, will be formed upon a second 
screen held behind at O '. 

The colore of the spec- 
trum being received, 
each upon a separate 
mirror, may, by vary- 
ing the relative position 
of the mirrors, be re- 
united, by refiexion, on 
a screen at TF", where 
a white spot will be 
formed as though it 
were illuminated with 
common light. 



Result of 
renniting the 
colors of the 
spectrum. 



Fig. 81. 




DISPERSION OF LIGHT. 



Dispersion of 
light; 



DispersiTe 
power. 



§ 114. From what has just been explained, it appears 
that the waves which constitute white light may be sepa- 
rated from each other by refraction. The act of such 
separation is called the dispersion of light, and that pro- 
perty of any medium by which this is performed, is 
called its dispersive power. 



§ 115. Supposing the light to be incident under a very 
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-email angle on any prism, we may replace tBe sine of the 
angle of incidence and that of refraction by the arcs, 
and we shall have from Equations (10), (3) and (3)', by 
accenting the refractive index and refracting angle of the 
prism, 

, + + = ^(,' + 4'') = ^'-' jrX 

and this in Equation (11), by accenting ^, gives 

J' =z= {jn' — 1) . a', (93) Equation foroM 

prism; 

from which it appears that the deviation will increase 
with the refractive index and refracting angle of the 
prism. 

For a second prism, we have in like manner, 

y ^ {m" -l).a" Same for a 

second prism;] 

and the same for others ; and for a number n of prisms 
we have, by taking the sum of all the deviations, and 
denoting the total deviation by ^„ 

^^=(m'- l)a' + (W-l) a" + (m'"-l)a'". . . (7/2„- 1) a„ . . (94) Same for any 

nnmber. 

in which, as long as the index of refraction exceeds unity, 
the terms will have the same sign when the refracting 
angles of the prisms are turned in the same direction, 
but contrary signs when these angles are tm-ned in oppo- 
site directions. 

In the case of two prisms whose refracting angles are 
turned in opposite directions. Equation (94) becomes 

^ =(7/i'- l)a'-(m"- l)a" ^^ ^,, 

* ^ ^ ^ ' Two prisms with 

refracting angle* 

and if h^ be zero, or there be no final deviation, we have ^^ opposite 

directiooflh 
I 

(m'-l)a'- (m"--l)a"=0 
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or 



Gondition that 
will prodnce no 
dovlAtloa for a 
particular color. 






m 



whence we see, that if the refracting angles of two 
prisms be in the invei-se ratio of the excess of the indices 
of refraction of any wave above unity, this wave will 
not be finally deviated by the action of both prisms. 



ro And the § 116. Ecsuming Equation 

diBpersive power (94V ^^^ denoting the devia- 

•f avymedinin; ^ -" " 

tion TnV,o{ the violet, Tn R, 
of the red, and Tn (?, of the 
green waves by ^^, S^^ and $^^ re- 
spectively, the green being 
the mean of the spectrum, we 
have 




Equations for 
the extreme and 
mean colon; 



s, = « - 1) «', 

*,=(m',-l)«'; 



in which w'^, mV, and m\y denote respectively the in- 
dices of refraction of the violet, red, and gi-een waves. 

Subtracting the second from the first, and dividing 
by the third, there will result 



Bednotions; 



m. 



m. 



m', -1 



(95) 



Notation; 



whence, the quotient arising from dividing the angle 
UnV^ subtended by the spectrum, by the angle Tn Gy 
of mean deviation, is constant for the same medium, and 
is therefore taken as the measure of the dispersive power 
of the medium. And denoting this quotient by 2>, the 
foregoing Equation gives, omitting the accents, 
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17h^ 



171, 



W^— 1 



. Value for 
V^O)di8peniT«poir«t; 



By this formula, after finding the values of wi,, m^ 
and m„ in the manner indicated, the dispersive powers 
of the substances named in the following table, as well 
as those of many others, were obtained. 

TABLE OF DISPERSIVE POIYERS. 







••-•r 


Realgar melted, 


0,267 


0.394 


Chromate of Lead, 


0,262 


0,388 


Oil of Cassia, 


0,139 


0,089 


Flint Glass, 


0,050 


0,032 


Crown Glass, 


0,033 


. 0,018 


Olive Oil, 


0,038 


0,018 


Water, 


0,035 


0,012 


Muriatic Acid, 


0,043 


0,016 



Table of 

dlBpexslT* 

powen. 



There is a circumstance connected with this subject 
which lias been already alluded to, and which should be 
carefully noticed, owing to its importance i» the con- 
struction of lenses. If the lengths of spectra formed by 
two prisms of different media be the same, the colored 
spaces in the one will not, in general, be equal in length irrationaiitj or 
to the corresponding spaces of the other. This circum- ^^speraion. 
stance has been called the irrationality of dispersion. 

§117. It is one of tbea popular, and at first view objection to 
plausible, objections to the theory, just explained, of the ^gj^'^**!^ 
constitution of white light, and especially of the unequal constitntion of 
velocities of waves of different lengths, that a star when^^*^"*^*' 
shut out from view, by the interposition between it and 
the earth of any opaque and non-luminous body, should 
exhibit at its disappearance tints of color due to the suc- 
cessive elimination from its light of the red, orange, yel- 
low, and so on, in the order of the spectrum, while at 
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Objection 
Answered. 



its reappearance it should' present the complementary 
hues of these tints in the reverse order as to time ; whereas 
no such phenomena are found to take place. The objec- 
tion^ however, assumes what we have no right to grant, 
viz. : that the relations of the wave lengths to the 
distances between the adjacent molecules in the great 
atmosphere of ether which connects us with the plane- 
tary and stellar regions, are the same as in the ether 
which pervades the bodies that make up the materi- 
als of the earth. But we have just seen that the wave 
lengths, as a general rule, diminish as the densities of the 
bodies in whose ether the waves exist, increase, while, 
on the contrary, the distances between the ethereal mole- 
cules may increase. 

It would be more consonant to the principles of in- 
duction, to adopt the law expressed by Equation (92), 
which is but the simple consequence of known physi- 
cal principles, and conclude from the non-appearance ol 
color at the occultation of a star, that the distances be- 
tween the ethereal molecules which occupy the celestial 
regions are insignificant in comparison to the wave 
lengths. This would bring the final waves at disappear- 
ance, of whatever length, all to the spectator at the 
And appearances ^^j^q instaut I and the samc being time of the first waves 

tbns accounted ' i i j i i 

fcr. at reappearance, there should be no color. 



Gonclnsion 
drawn from 
known 
principles ; 



CHROMATIC ABERRATION. 



Chromatie 
aberration ; 



tllaetration ; 



§ 118. It fol- 
lows from the un- 
equal refrangibili- 
tv of the elements 
m white light, 
that the action of 
a lens will be, to 
separate these el- 



Fig. 88. 
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ements and direct them to different foci, since the value Eiementaoi 
of/", in Equation (27), depends upon that of m. Sub- ^e^J^^t^^" 

..... • xr 4. .. 1 p / 1 1 \ • XT. different fod-, 

Btitutmg in that equation — fori 1, m the case 

p \r r I 

of a spherical lens ; and writing f^ and f^ for the focal 

distances of the violet and red rays, we obtain 



1 1\ 1 1 Belatlon between 

-— = yrri^ "" l) • — + "7" *^* ooiOngate 

Jv P J focal distances 

for red and 

fr P / 

in which m^, being greater than m^, /,, will be less than 
/^, and the violet rays will be brought to a focus soonest. 
This departure from accurate convergence, caused by the* 
unequal refrangibility of the elements of white light, when ^r^^^^^^ 
deviated by a lens, is called chromatic aberration^ and aberration 
depends upon the nature of the lens and not on its^**^"**^** 
figure. It is measured, along the axis of the lens, by the its measure, 
value of /. -/,. 

The intersection of the cone of violet rays, with that 
of the red rays, will give what is called the circle c?/circie of least 
least chromatic aberration. The diameter and position®?'^™*"** 

^ aberration ; 

of this circle can readily be found. From the point 
^, demit the perpendicular ^ (? = y, to the axis ; 
this will divide f^ — /^, into two parts -y (? = a?, and 
Or=^w\ and calling the radius of aperture of the lens 
a, we shall obtain from the similar .triangles of the figure. 



y W on ' Selations frcon 

— ^^ j% ^== ~~^ • thefigoro; 



whence we deduce 



y>+^=fr-fv = ?-(/r+/„) Binereduoed 

Cb 
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Eailiua of circle ^^ 
of least 
chromatlo 
•bemtion ; 



^ fr +/. 



(97) 



Diameter of 
theaame; 



The denominator of this expression is equal to twice 
the mean value of y", and therefore, 

2y = a (/,-/.).-!-,; 



Measure of 
chromatic 
aberratioa 



and from Equation (27), we have 

^1 1_ _ m^ — 1 m^ — 1 __ m, — w»^ 

/» /r "" P P "" P ' 



or 



/,-/.= 



^« — m^ 



./"% 



by substituting/"*, for/./^, to which it is nearly equal. 
Substituting the value of p, from second equation of 
group (30), the above becomes 



Same in a 
different form; 



Jr — Jv — 



_ m^ - m^ f 



"a 



m-1 F.. 



hence, 



Final value for 
diameter of 
circle of least 
ehromatic 
aberration. 



2y=:a."^~"f'- J"=.a.D.fl. 



m- 1 F. 



(98) 



In the case of parallel rays, the last factor is unity, 
wom which we conclude, that the diameter of the cirde 
of least chromatic aberration is equal to the radius of 
aperture of the lens^ multiplied hy the dispersive power. 

The distance of this circle from the lens is. 
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Distance of tbVi 



•P 'x f^ -P J Jv ' y circle from the 

replacing -^ by its value in Equation (97), we have 



a 



/.+«,= 4^_^ (99):::'„r 

The effect of chromatic abeiTation is to give color tOEfl^t^, 
the image of an object, and to produce confusion of chromatic 
vision in consequence of the diflerent degrees of conver- 
gence in the diiBferently colored waves proceeding from 
the same point of an object. The vertices of the cones 
composed of the rays of these waves, lying in the axis, 
every section perpendicular to this line will have its 
brightest point in the* centre, and the yellow waves con- in part 
verging nearly to the mean focus, and having by far the ^^^^^ * 
greatest illuminating property, the bad effects which 
would otherwise arise from this aberration are in part 
destroyed. Besides, these effects may be lessened by 
reducing the aperture of the lens, though not in the^ ^ 
same degree as those arising from spherical aberration, diminished. 



ACHROMATISM. 

§ 119. It is, then, impossible, by the use of a single Achromatism; 
homogeneous lens, to deviatq the different waves of white 
light accurately to a single focus, and^ consequently, im- 
possible, by the use of such a lens, to form a colorless 
image of any object ; both, however, may be done by the 
union of two or more lenses of different dispersive powers. 
The principle according to which this may be accomplished, Achromatio 
is termed Achromatism^ and the combination is said to ^™^^***^°- 
be achromatic. 

Let us suppose two lenses of different dispersive powers 
placed close together. The focus of the combination will, 

20 
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Twoienaci Equation (34), and the. fom-th Equation of group (30), for 
taken ; g^j^y ^j^^ q£ ^^xq elementary colors as red, be^iven by 

Focufl for red; 1 _ Wl^ — 1 m/ "" 1 , 1 . 

p . p / 

and for violet, 

Pocoan>,.iolet; ^ = ^?^lZ1 + ^Zll + ^ ; 

/• P • P / 

K yj." and y*,", were equal, the chromatic aberration, 
as regards these colors, would be destroyed; equating 
them we have, 

Equating these (m^ — 1) p'+ (^^' — 1) p = (m^ -. J) p' + ^^^' ^ 1) P 

focal distances ; 



whence, 



Belatlon 



J^ ^ {m^ — 1) - (^r — 1) _ _ ^„ — ^r 



obtained; ^ ^' (^'^_ 1) _ (^^' _1) 

the second member being negative, because m!^ is greater 
than w/^. 

Multiplying both members 'of this equation by 

m — 1* 



. (100) 



Explanation of The sccoud member expresses the ratio of the disper- 

the result; gjyg powers of the media, and the fii'st, the inverse ratio 

of the powers of the lenses for the mean waves; this 

being, negative, one of the lenses must be concave, the 

other convex ;, and the powers of the lenses being inversely 



Same in a 
different form ; 


it 


may 


be 


put under the form, 

171 — 1 ?7l^ — ffh^ 




m — 1 
P 
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as the focal distances, we conclude, that chromatic aher- ^nie for 
ration^ as regards red and violet^ may he destroyed hy ^^m^ic^^ 
uniting a concave with a con/vex lens^ the principal focal for red and 
lengths heing taken in the ratio of their dispersive powers. ^ ^ * ' 

The usual practice is to unite a convex lens of crown 
glass with a concave lens pf flint glass, the focal distance usnai 
of the first being to that of the second as 33 to 50, ^°^^*^»"^» • 
these numbers expressing the relative dispersive pow- 
ers as determined by experiment; (see Table § 116). The 
convex lens should have the greater' power, and, there- 
fore, be constructed of the crown-glass ; otherwise, the 
effect of the combination would be the same as that of convex lens 
a concave lens with which it is impossible to form a *^®^^** ^*^® *^* 

"*■ greater power; 

real image of a real object. 

Fig. 81 ^ 




^^~V* ^-"It* Illustration ; 



To illustrate : let parallel rays be received by the lens 
A ; its action alone would be, to spread the different 
colors over the spacp YB^ whose central point 7ai, is dis- 
tant from A^ 33 units of measure, (say inches), the violet 
being at "F, and the red at R\ the action of the lens jB, 
alone would be, to disperse the rays as though they pro- 
ceeded from different points of the line Y' R\ whose Explanation of 
central point W, is distant from B, 50 inches, the violet ^^'^^^^^^ ^'^^^^ 

•*■ ' ' ' compound lona ; 

appearing to proceed from Y\ and the red from R' ; and the 
effect of their united action would be, to concentrate the ' 
red and violet at F^ whose distance from the lens is 
equal to the value of F^ deduced from the formula 

1 1 1 1-1, Kittnple; 

— =— 1 = — ^ — mches. 

F 33 ^ 50 97 , 06 
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Point in which Qp 
red and violet 
W3ald he anited ; 



i^ = — 97 , 06 inches. 



Geometrical 
Ulnstration ; 



Fig. 6L 




^^--^ |r>'"-^'3'" 



"Why the other 
colors would not 
generally be 
concentrated in 
the same point ; 



Secondary 
spectrum. 



Now, any one of the colors, orange for example, at 
0, in the space H F, which is thrown by the 
convex lens in advance of the centre m, and the same 
color at 0' in the space "F' jff', which is thrown by the 
concave lens behind the centre m\ will, it is obvious, be 
united with the violet and red at i^, by the joint action 
of both lenses ; and the same would be true of any other 
color, but for the ir^'ationality of dispersion of the me- 
dia of which these lenses are composed, which prevents it,* 
and hence an image formed by such a combination of 
lenses will be fringed with color; the colors of the fringe 
constituting what is called a secondary spectrum. An 
additional lens is sometimes introduced to complete the 
achromaticity of this arrangement. 



Substances 
which fulfil the 
conditions for 
perfect 
achromaticity ; 



§ 120. If two lenses, constructed of media between 
which there is no irrationality of dispersion, be united 
according to the conditions of Equation (100), the com- 
bination will be perfectly achromatic. It is found that 
between a certain mixture of muriate of antimony with 
muriatic acid, and crown-glass, and between crown-glass 
and mercury in a solution of sal ammoniac, there is lit- 
tle or no irrationality of dispersion. These substances 
have therefore been used in the construction of com- 
pound lenses which are perfectly achromatic. The figure 
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809 



Fig. 86. 



1 1 ^«f^^M^<?/'>|i*?r//w.y^j|!j 



^^^'^^'iM^ 



represents a section of one of these, 
consisting of two double convex 
lenses of crown-glass, holding be- 
tween them, by means of a glass 
cylinder, a solution of the muriate in 
the shape of a double concave lens, 
the whole combined agreeably to the relations expressed 
by Equation (100). The focal distance of the convex 

lenses is determined from Equation (31). 



RepreMntatioii 
di,an ftchromotio 



§121. From Equation (98), we infer, that the circle circle on«»t 
of least chromatic aberration is independent of the focal <^J*"»™*^® 

* aberration 

length of the lens, and will be constant, provided the independent of 
aperture be not changed. Now, by increasing the focal '^^^®°^' 
length of the object glass of any telescope, the eye lens 
remaining the same, the image is magnified ; it follows, 
therefore, that by increasing the focal length of the field 
lens, we may obtain an image so much enlarged that 
the color will almost disappear in comparison. Besides, Telescopes 
an increase of focal length ife attended with a diminution fo™«'^y ^^t 
of the spherical aberration. This explains why, when 
single lenses only were used as field lenses, they were 
of such enormous focal length, some of them being as 
much as a hundred to a hundred and fifty feet. The 
use of achromatic combinations has rendered such lengths 
unnecessary, and reduced to convenient limits, instni- Modem ones 
ments of much greater power than any formerly made *^°'^'' 
with single lenses. 



INTERNAL REFLEXION. 



§ 122. Whenever the waves of liffht in their motion 

*^ . , ® Internal 

through any medium meet with a change of density and reflexion; 
elasticity, they will be both reflected and refracted. In 
consequence, objects seen by reflexion from a plate of 
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When objects glass, in the atmosphere, appear double when tlie faces of 

fteenbyreflexioii»^I^Q gloss are iiot parallel, there being an image formed 

appear double; by reflexion from each face. The image from the second 

surface will be brighter in proportion as the obliquity or 

angle of incidence of the incident waves becomes greater. 

If the second surface of the glass be placed in contact 

with water, the brightness of the image from that surface 

will be diminished ; if olive oil be substituted for the 

water, the diminution will be greater, and i£ the oil be 

Eeiative replaced by pitch, softened by heat to produce accurate 

im^r^rn the coutact, tlie image will disappear. If, now, the contact 

second surface is be made with oil of cassia, the image will be restored ; 

if with sulphur, the image will be brighter than with oil 

of cassia, and if with mercury or an amalgam, as in the 

common looking-glass, still brighter, much more so indeed 

than the image from the first surface. 

The mean refractive indices of these substances are as 
follows : 



In contact with 
various 
Bubstances ; 



Keft-Hctlve 
Indii^es of these 
substances ; 



Air, ----- 1,0002 
Water, - - - - 1,336 
Olive Oil, - - - 1,470 
Pitch, - - 1,531 to 1,586 
Plate Glass, 1,514 to 1,583 
Oil of Cassia, - - 1,641 
Sulphur, - - - 2,148 



Indices 

compared with 
the index for 
plate glass ; 



Ck>nc1asioiu 



Taking the diflferences between the index of refraction for 
plate glass and those for the other substances of the 
table, and comparing these differences with the forego- 
ing statement, we are 'made acquainted with the fact, 
which is found to be general, viz, : that when two media 
are in perfect contact, the intensity of the light reflect- 
ed at their common surface will be less, the nearer their 
r'efractive indices approach to equality ; and when these 
are exactly equal, reflexion will cease altogether. This 
is an obvious consequence of the rationale of reflexion, 
given in Acoustics, § ^^ 
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§123. Diflferent substances, we have seen, have, in owing to • 
general, different dispersive powers. Two media ^aay, ^,g^,^ 
therefore, be placed in contact, for each of which the po'^er the light 
same color, as red, for example, may have the same in- trans^tted^ 
dex of refraction, while for the other elements of white the second 
light, the indices may be different; when this is the' 
case, accor4ing to what has just been said, the red would 
be wholly transmitted, while portions of the other colors 
would be reflected and impart to the image from the 
second surface the hue of the reflected beam ; and this 
would always occur, unless the media in contact pos- 
sessed the same refractive and dispersive powers. 



ABSORPTION OF LIGHT. 

§ 124. The waves of light which enter any body are Absorption of 
not transmitted wijbhout diminution ; but in consequence of "^^*' 
a want of perfect elasticity due to the reciprocal action 
of the molecules of the ether and the particles of the 
body, and owing to the absence of perfect contact of 
the elements of bodies, these waves undergo a series of 
internal reflexions which give rise, as in the case of How produced, 
sound, to interferences and consequent loss of intensity. 
This action of bodies upon light is called ahsorption. 

The quantity absorbed is found to vary not only from Quantity 
one medium to another, but also in the same medium »bsorbed varies; 
for different colors ; this will appear by viewing the pris- 
matic spectrum through a plate of almost any transpa- 
rent, colored medium, such as a piece of srruilt Hue glass^ 
when the relative intensity, of the colors will appear al- 
tered, some colors being almost wholly transmitted, while 
others will disappear or become very faint. Each color 
may, therefore, be said to have, with respect to every 
medium, its peculiar index of transparency as well >as of ^°^®^*^' 

' •*• f J. *f transparen<y ; 

refraction. 
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Qiuntltj 
Absorbed 
depends upon ; 



Extreme ooImts 

transmitted 

longest 

HerschePs 
hypotheeis to 
aocoont for the 
extinction of a 
homogeneous 
wave; 



The quantity of each color transmitted, is found to 
depend, in a remarkable degree, upon the thickness of the 
medium ; for, if the glass just referred to be extremely 
thin, all the colors are seen ; but if the thickness be about 
■^jf of an inch, the spectrum will appear in detached 
portions, separated by broad and perfectly black inter- 
vals, the rays corresponding to these intervals being to- 
tally absorbed. If the thickness be diminished, the dark 
spaces will be partially illuminated ; but if the thickness 
be increased, all the colors between the extreme red and 
violet will disappear. 

Sir John Hebschel conceived that the simplest 
hypothesis with regard to the extinction of a wave of 
homogeneous light, passing through a homogeneous me- 
dium is, that for every equal thickness of the medium 
traversed, an equal aliquot part of the intensity which 
up to that time had escaped absorption, is extinguished. 

That is, if the th part of the whole intensity, which 



m 



will be called e?, of any homogeneous wave which en- 
ters a medium, be absorbed on passing through a thick- 
ness unity, there will remain, 



Portion 
transmitted 
through a unit of 
thickness; 



c_±-c=^^=^c: 



m 



m 



and if the th part of this' remainder be absorbed in 

m 

passing through the next unit of thickness, there will 

remain 



Portion 
transmitted 
through two 
imits; 



m " n nlm ^ n) m -- n^ 



. ^^ 



and through the third unit, 



Throaghfhrae 
imits; 



m — n^ n{m — 7h)^ 



) ^> 
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and through the whole thickness denoted by t units, 

(m — nV"* n /m — nV'^ ^ Im — tiV 

m / ' m\ m I \ m f 



— nV"^ n /m — 7l\«-* /m — nV Throngh t nnlts 

of thickness ; 



So that, calling c the intensity of the extreme red 
waves in white light, 0' that of the next degree of re- 
frangibility, c" that of the next, and so on, the incident 
light will, according to Sir J. H., be represented in in- 
tensity by 

C + C' + C" + C"' + &C. Intensity of 

incident light; 

and the intensity of the transmitted light, after travers- 
ing a thickness ^, by 

cy' + c'y''+c''y''' + &c. . . . (101)Th«tof 

tran^tted 
_ light; 

Wherein y, represents the fraction , which will 

m 

depend upon the waves and the medium, and will, of 

course, vary from one term to another. 

From this it is obvious, that total extinction will be "^^^ extinction 
impossible for any medium of finite thickness; but iff^^^te^ 
the fraction y, be small, then a moderate thickness, which twcknesa; 
enters as an exponent, will reduce the fraction to a value 
perfectly insensible. 

Numerical values of the fractions y, y\ y'\ &c., may indices of 
be called the indices of transparency of the different *^®P"®°*^y- 
waves for the medium in question. 

There is no body in nature perfectly transparent, though No body in 
all are more or less so. Gold, one of the densest of me- ^^^s^^T"^ 
tals, may be beaten out so thin as to admit the passage 
of light through it : the most opaque of bodies, charcoal, 
becomes one of the most beautifully transparent under 
a different state of aggregation, as in the diamond, " and 
all colored bodies, however deep their hues and however 
seemingly opaque, must necessarily be rendered visible 
by waves which have entered their surface ; for if re- 
Hected at their surfaces they would all, appear white 
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coioM of bodies alike. Were the colors of bodies strictly superficial, no 
not superficial; variation in their thickness could affect their hues ; but 
so far is this from being the case, that all colored bodies, 
however intense their tint, become paler by diminution 
of thickness. Thus, the powders of all colored bodies, 
or the streak they leave when rubbed on subst«ances har- 
der than themselves, have much paler colors than the 



Powders and 
streaks. 



same bodies in mass." 



THE RAINBOW. 



Bainbow defined; g 125. The raiubow is a circular arch, frequently seen 
in the heavens during a shower of rain, in a direction 
from the observer opposite to that of the sun. * 

If A B C, be a 
section of a prism of ^^' ^^ 

water at right angles 
to its length by a ver- 

Illustratlon by . i i j cr 

prtems of water; tical plane, and o r a 
beam of light pro- 
ceeding from the sun ; 
a part of the latter 
will be refracted at 
r, reflected at 2?, 
and again refracted 

at r\ where the constituent elements of white light, which 

had been separated at r, will be made further divergent, 

the red taking the direction of / jB, and the violet the 

direction r' T^ making, because of its greater refractive 

index, a greater angle than the red with the normal to 

the refracting surface at r\ To an observer whose eye 

is situated at J?, the point r' will appear red, the other 

colors passing above the eye ; and if the prism be de- 

order In which pressed SO as to occupy the position ^' JS' G\ making 

»pp^*in the ^" V\ parallel to /•' F, the point r" would appear of a 

primary bow; yiolct huc, the remaining colors from this position of th^ 
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prism falling below the eye. In passing from the firs* ^"^ "pJ**** 
to the second j^osition, the prism would, therefore, pre- water; 
sent, in succession, all the colors of the solar spectrum. 
If, now, the faces of the prism be regarded as tangent 
planes to a spherical drop of water at the points where 
the two refractions and intermediate reflexion take place, 
the prism may be abandoned and a drop of water sub- 
stituted without altering the effect; and a number of 
these drops existing at the same time in the successive po- 
sitions occupied by the prism in its descent, would exhi- 
bit a series of colors in the order of the spectrum with 
the red at the top. 

A line ES^ passing through the eye and the sun, is Axis of 
always parallel to the incident rays ; and if the vertical yeltiaa pUne j 
plane revolve about this line, the di'ops will describe con- 
centric circles, in crossing which, the rain in its descent 
will exhibit all the colors in the form of concejitric arches 
having a common centre on the line joining the eye and 
the sun, produced in front of the observer. When this . 
line passes below the horizon, which will always be the 
case when the sun is above it, the bow will be less than ^ Bemi-circoiar, 
a semi-circle ; when it is in the horizon, the bow will be ^» 
semi-circular. 



Fig. 87. 




niastration 

for primary bow. 



To find the angle subtended at the eye by the radii subtended at 
of these colored arches, let J. ^Z>, be a section of a drop ^be eye by the 
of rain through its centre; 8 A the incident, AD the colored arches; 
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Fig. 8T. 



ninstration for 
^maiybow; 




Uotation ; 



Equation for 
one internal 
reflexion : 



refracted, DB the reflected, and B R the emergent ray. 
Call the angle C Am— the angle of incidence, (p, and 
the angle CAD= the angle of refraction, 9'; the an- 
gles subtended by the eqnal chords A D and D B^x\ 
and the angle A CB^ 6. Then we shall have 

and if there be two internal reflexions, there will be 
three equal chords, in which case, 



For two internal 
rcfflexioDS ; 



a = 2*-3x; 

and generally, for n internal reflexions, 



For n internal 
reflezions; 



a = 2*-7i + l.x (102) 

but in each of the triangles whose bases are the equal 
chords, and common vertex the centre of the drop, 



Angle subtended 
by the eqiuL 
chords^ 



and this, in Equation (102), gives, on reduction. 

Substitution, d = 2(71 + 1) 9'- (7i-l)-r . . . .(103) 

Because the chords are all equal, the last angle of in- 
cidence OB Z>, within the drop in Fig. (87), or OBJ/^ 
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in Fig. (88), is equal to the angle of refraction C A D^ ^^f*" ""^^ 
and hence the angle of emergence CJBm\ is equal to to angle of 
the angle of incidence CA m. incidence; 

The angle AO B^'m Fig. (87), is the supplement of the 
total deviation of the emergent from the incident ray, 
and is equal to the angle BEF^ subtended by the ra-Beferencesto 
dius of the bow; in Fig, (88), it is the excess of total de-^*«°^' 
viation above 180°. 

Calling this angle ^, we shall have Notationand 

5=q=(29 — a); 

Fig. 88L 



ninstration for 
secondary bow ; 



the upper sign referring to Fig. (87), and the lower to 
Fig. (88) ; replacing ^, by its value in Equation (103,) the 
above reduces to 




General ralae 



d=iii(2(p-2(7l + l)9' + n~l.'r) . (104:) for radlusof a 

colored arch ; 

this, with equation 

sin 9 = m . sin 9', . . . ' . . (105) From which the 

radinaof any 
particular color 

will enable us to determine the value of ^, wh^n 9 and m «atti>«'o^dj 
are given for any particular color. 

For any value of 9, assumed arbitrarily, ^ will, in gen- 
eral, correspond to rays of the same color so much dif- 
fused as to produce little or no impression upon the eye ; 
but if 9 be taken such as to give ^ a maximum or mini- 
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What waves 
appertain to the 
rainbow. 



Belation that 
wiU fulfil the 
conditions for 
color; 
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mum, then will the rays corresponding to m, emerge pa- 
rallel,, or nearly so, for a small variation in the angle (p 
on either side of that from which this maximum or 
minimum value of $ results ; hence, the waves which en- 
ter the eye in this case will be sufficiently copious to 
produce the impression of color, and these are the waves 
that appertain to the rainbow. '^ 

§ 126. By an easy process of the calculus it is found 
that the relation which will satisfy these conditions, is 

1 cos (p * 



n-hl m cos 9' 

Clearing the fraction, squaring both members, adding 

m^ sin* (p' = sin* 9 



and reducing, we get 



Ck)iTesponding 
angle of 
incidence : 



cos 9 






-1 



(106) 



For one internal reflexion, which answers to Fig. (87), 



bame for one 

internal 

reflexion; 



Badii of the 
colors of 
primary bow 
deduced ; 



cos 



?=\/- 



m^ - 1 



3 



and substituting in succession the values of m, answering 
to the different colors for water, we shall have values for 
9, and consequently for 9', Equation (105), which substi- 
tuted in Equation (104), will give the angles subtended 
by the radii of the colored arches which make up what 
is called the primary how. 



For red, m = 1,3333, hence 



Example, red of 
the primaiy; 



cos 9= 0,5092 = COS 59° 21', 



sin 9 = v/1 -cos^ 9 = 0,8603 ; 

See Appendix No. 8. 
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this last in Equation (105), gives sobetitution wd 

redaction; 

9' = 40° 11', 
and these values of (p and 9', in Equation (104), give 

^ = - 118° 42' + 160° 44' = 42° 02'. Value of $; 

For the violet, m = 1,3456, 

Example, ylolet 
COS <p = 0,5199 = COS 58° 41^', of the primary; 

sin 9 = 0,8543, 
9' =39° 25', 
^'= - 117° 23' + 157° 40' = 40° 17'; vine of ^'; 

hence, the width of the primary bow is 

J - 5' = 42° 02' - 40° 17' = 1° 45'. 



Width of primarj 
bow. 



If there be two internal reflexions, as in Fig. (88), we 
shall, by making 71 = 2, find 



O reflexiosB ; 

and obtain, by a process entirely similar, the elements g^condary bow; 
of what is called the secondary bow. • 

For the red rays, 

5 =50° 57', Value of J; 

violet, 

*'-54°07', Talaeofd^ 

and , 

Width of 
J^ — 5=3°10'; ieamdarrhow; 
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Arrangement of 
the colors in the 
two bows ; 



Space between 
them; 



When these 
bows will be 
inyisible; 

To find elements 
of a tertiary bow; 



Tertiary not 
seen. 



the value of ^' in the secondary, being greater than S^ 
the violet will occupy the outside, and the colors, there- 
fore, be arranged in an order the reverse of that in the 
primary. Taking the difference between the values of 
6 in the primary and secondary bows, we will obtain the 
space between them, which is 50° 57'— 42° 02' = 8° 55'. 
The solar disk being about 32', the width of both bows 
must be increased by this quantity, the solution having 
been made upon the supposition that the light flows from 
a point. The primary is, therefore, 2° 17' in width, and 
the secondary 3° 42'. The half of 32' being added to 
the radius of the red in the primary, will give 42° 18', 
hence, if the sun be more than that height above 'the 
horizon, this bow cannot be seen. When higher than 
54° 23', no part of the secondary will be visible. 

By substituting in Equation (106), 3 for n, we might 
find the radii of a third bow, which would be found to 
encircle the sun at the distance of about 43° 50' ; but the , 
proximity of the sun, together with the great loss of 
light arising from so many reflexions, i*enders this bow 
so faint as to produce no impression; it is, therefore, 
never seen. 

Fig. 89. 



riastration for 
the primary and 
secondary bows; 




^, a maximum §127. By mcaus of the calculus it is easily shown 
Mdrntoimu^ that ^, in Equation (104), is a maximum for the primary 
for the secondary; and a minimum for the secondary. This explains the 
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remarkable fact that the space between these bows always f *"*"^^*of 
appears darker than any other part of the heavens in the the heavens 
vicinity of the bow ; for, no light twice refracted and once ^^^^^^^ 
reflected can reach the eye till the drops arrive at the prim- for. 
ary, and none which is twice refracted and twice reflected, 
can arrive at the eye after the drops pas? the secondary ; 
hence, while the drops are descending in the space be- 
tween the bows, the light twice refracted with one or two 
intermediate reflexions, will pass, the first above, and the 
second below or in front of the observer. 

The same discussion will, of course, apply to the lunar 
rainbow which is sometimes seen. 

§128. Luminous and colored rings, called Iialoa^ are^****' 
occasionally seen about the sun and moon ; the most re- 
markable of these are generally at distances of about 
twenty-two and forty-five degrees from these luminaries, 
and may be accounted for upon the principle of unequal 
refrangibility of light. They most commonly occur in 
cold climates. It k known that ice crystallizes in minute 
prisms, having angles of 60° and sometimes 90° ; these ]^*^*^*^** 
floating in the atmosphere constitute a kind of mist, and 
having their axes in all possible directions, a number 
will always' be found perpendicular to each plane, pasfr- 
ing through the sun or moon, and the eye of the obser- 
ver. One of these planes is indicated in the Figure. 

8m. being a 
beam of light pa- rig. 9a 
rallel to S E, 
drawn through the „ ., ,„, _ 

° • ^'k/0^^^^ ^ Illustration Md 

sun and the eye, ^ ^^^ „ explanation; 




and incident upon 

the face of a prism 

whose refracting 

angle is 90° or 60% • 

we shaU have the value of ^, corresponding to a minimum 

from Equation (12), by substituting the proper values of 

m for ice. The mean value being 1,31, we have 

21 
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Bin i(^+ 60°) = 1,31. sin 30° 

i 5 = 40° 55' 10" — 30° = 10° 55' 10" 
5 = 21° 50' 20" 



and 



Example Beoond ; 



sin i{5+ 90°) = 1,31 . sin 45° 
1.^=67° 52' — 45° = 22° 52' 
S = 45° 44'. • 



Betrospeotive 
view of the 
phenomena of 
itnpolarlzed 
light 



Other phenomena of a similar natm'e will be noticed 
hereafter. 



Remarks on the 
dititarbance of 
molecular 
•qnilibriam ; 




IGHT. 



§ 129. We have thus far been concerned with the pro- 
pagation of luminous waves through homogeneous media, 
with the deviation which these waves .undergo on meet- 
ing with 2L change of density, and with the superposi- 
tion of two or more waves, by which their effects are 
increased, diminished, or totally destroyed. We now 
come to a class of optical phenomena whose explanation 
depends upon considerations affecting the particular mode 
of molecular vibrations in these waves. 

When an ethereal molecule is displaced from its posi- 
tion of equilibrium, the forces of the neighboring mole- 
cules are no longer balanced, and their resultant tends 
to drive the displaced molecule back to its position of 
rest. The displacement being supposed very small in 
comparison with the distance between the molecules, the 
forces thus excited will, we have seen in Acoustics, bo 
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proportional to the displacement ; and according to prin-. 
ciples explained in Mechanics, the trajectory described by 
the molecule will be an ellipse whose centre coincides 
with the position of equilibrium. Hence, the vibration ^^^'^^'^^^ 

-I 1 -1 . • T ii» • J 1 molecule in 

of the ethereal molecules is, m general, elliptic, and the general, doscrib«« 
nature of the light thence arising depends upon the re- "*"*!**? 
lative directions and magnitudes of the axes. These el- 
liptic vibrations are in planes parallel to the wave front, 
and consequently transverse to the direction of wave pro- 
pagation. The axes of the ellipses may either preserve 
constantly the same direction in their respective planes, 
or may be continually shifting. In the former case the light i>tettnctioii 
is said to be polarized; in the latter, it is unpolarized polarized and 

or common light. common light 

§ 130. The relative magnitude of the axes of the ellip- Mature of tLe 
ses determines the nature of the polarization. When^^t^nrd; 
the axes are equal the ellipses become circles, and the 
light is said be circvZarly polarized^ when the lesser axis 
vanishes, the ellipse becomes a right line, and the light 
is said to hQ plane polarized--'ihQ vibrations being in this 
case confined to a single plane passing normally through 
the wave front. In intermediate cases the polarization 
is called eUipticaL and its character may vary indefi-^'^^^'^'P^*"^ 

1 /.IT., and elliptical 

nitely between the two extremes of plane and circular poiaHzaUon. 
polarization. 

The term polarization in optics has come to be a misno- ^^ <>' the term 
mer. It was introduced before the theory of luminous expui^** 
undulations had gained much favor with the scientific 
world ; and was intended at the time of its adoption to 
express certain fancied affections, analogous to the polari- 
ties of a magnet, conceived to exist in the material ema- 
nations which, according to Newton, constituted the es- 
sence of light. It would be better were it replaced by 
some other term more expressive of the actual condition 
of the light; but at present this seems to be impossible, 
owing to its very general acceptation, and it is accord- 
ingly retained. 
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Illustration by » § 131. To coDceive the manner in which an undulation 
Btretchedcord; jj^g^y |^g propagated bj transversal vibrations, imagine a 
cord stretched horizontally, one end being attached to 
a fixed point and the other held in the hand. If the lat- 
ter extremity be made to vibrate by moving the hand ^ 
up and down, each particle of the cord will, in succes- 
sion, be thrown into a similar state of vibration, and a 
series of waves will be propagated along the cord with 
a constant velocity. The vibrations of each succeeding 
, particle of the cord being similar to that of the first, 
will all be performed in the same plane, and -the whole 
ethemd ^^i^oies ^^^^ represent the state of the ethereal particles along a 
in a plane plane polarized "WdiYQ. The plane of vibration is called 

polarixed wave; the^Za7l6 of poUrization. 

If, after a certain number of vibrations in the vertical 
plane, the extremity of the cord be made to vibrate in 
some other plane, and then in another, — and so on in 
rapid succession — each particle of the cord will, after a 
certain time, proportional to its distance from the hand, 
assume in succession all these varied vibrations ; and the 
whole cord instead of taking the form of a curve lying 
in oneplcme^ will be thrown into a species of helical curve^ 
depending on the nature of the original disturbance. 
Condition of the g^^,]^ ig the conditiou of the ethereal molecules in waves 

ethereal particles 7 • jr t -i 

in common light of commou or uivpolartzed light. 

Undulation ."When, therefore, we admit a connection among the 

teaTsv^lwj^^ molecules of ether, similar to that which exists among 
vibrauonfl. the particlcs of the cord, there is no difiiculty in con- 
ceiving how a vibration may be propagated in a diiec- 
tion perpendicular to that in which it is executed. The 
particles of ether, it is true, are not held together by 
.cohesive forces like those of a cord, but the molecular 
forces which subsist among them, are of the same kind, ' 
and produce similar effects. Neither the particles of 
the cord nor the ethereal molecules are in contact. • 

§ 132. These illustrations being understood, conceive a 
transversal vibration to proceed from a disturbed mole- 
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Flc.91. 



JT' X 



cule at j4, towards C, and 
suppose the vibration to take 
pUce in the plane of the pa- 
per, and let MN be the front 
of the wave at the expiration "2— 
of any time ^, after the be- 
ginning of motion. The dis- 
placement a?, of the molecule 
at (7, will, § 55, Acoustics, be given by the equation 



jr 




TraiutTenal 
▼ibration 
soppoaedto 
proeeed fVom a 
disturbed partleto ' 
at^; 



a? = — 
c 



sm 



(^'-^) 



Conseqnent 
displacement of 
another particle 
at (7; 



in which a denotes the amplitude of the disturbance at 
unit's distance from A ; <?, the distance from AX,oC\ V^ the 
velocity of wave propagation, and X the length of the wave. 

At the same instant, suppose a second transversal vibra- ^ *®cond 
tion to proceed from any other point, as jB, towards (7, vibration from 
the vibrations in the latter case being perpendicular to*"yo*^«*"Po*^t; 
the foi-mer, and let Jf ' iV^' be the front of. the wave at 
the expiration of the same time ^ as above. The dis- 
placement y, of the molecule O^ due to this action, will 
be given by the equation 



y 



0. \ 



Vt- 



Displacement of 
the same particl* 
at<7; 



in which h denotes the amplitude of the disturbance at 
unit's distance from jB, and c^ the distance from B to C. 

Dividing these equations respectively by the coefficient 
of the circular function in the second member, we obtain 
the equations, 

^ Vt — c . ,cx 
2 IT. — - — = sm"* — , 



^ Vl — Cj . ,c,y 
2 f. — r — ' = sm-^ -^ ; 

A 



Eqnations 
obtained from 
these 
displacements ; 



NATURAL PHILOSOPHir. 



the cosines of these arcs will be respectively 



Cosines of thea* 



Subtracting the second of these equations from the first, 
we find, 

C<»inblnlng these 2 '^ , , .,CX . ,C,y 

equations and . [c, — C) =^ SIH"' Sin"*-^^. 

. . \, ^ ' ^ It h 



reducing; 



We obtain tlie 
equation of an 
ellipse ; 



X' ^ ' ' a 

Taking the cosine of each member of the equation, and 
recollecting that the cosine of the difference of two area 
is equal to thp sum of the rectangles of the cosines and 
sines, we find, after a slight reduction, 

^Ay^ + ^ aj^_2 cos^((j — ^).^. £i.y=sin«?!^((j -c)(107) 



which is an equation of an ellipse referred to its centre. 
Light eiupticaiif Til e axcs of tlic ellipses in this case preserving the same 
polarized; dircctiou, the light will, from what we have already said, 

be elliptieally polarized, and is obviously compounded of 

two waves plane polarized in planes at right angles to 

each other. 
When 

Supposition in c = — , and f- = ^ 

Kqnatlon (107) ; ' 4' ^ j' 

Equation (107), reduces to 

Which roduces it ^i + ^a __. ^a (108) 

to the equation of ^ 

a circle; 

the equation of a circle, and the light becomes circularly 

polarized, being compounded of two plane polarized waves 

Light circularly ^^ cqual intensity, having their planes of polarization at 

polarized; right auglcs to cach other. In this latter case, the light 
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will possess many of the properties of common light, but common ught 



may be regarded 




will differ from it in some miportant particulars to be „ ^n,pounded 
noticed presently. ^ of two wave* 

■*• polarized in 

planes 

§ 133. Tlie difference ^^ ^ perpendicular to 

each other; 

between polarized and 
common light being, 
that in the former, the 
axes of the ellipses de- 
scribed by the molecules remain parallel, while in the 
latter they are incessantly changing their directions ; 
common light, like ellipticaUy polarized light, may be 
regarded as compounded of two plane polarized waves, 
of which the planes of polarization are at right angles 
to each other. When these component vibrations are 
separated, each component becomes plane polarized light, separating these 
•This separation may be effected, either by causing these component 
component vibrations to take different directions byor-^*^^* 
dinary reflexion and refraction, by the retardation or ac- 
celeration of one over the other, as in the case of double ^.^ , 

^ DifTerent ways of 

refraction, soon to be explained, or by absorbing one and cansingthis 
permitting the other to pass unobstructed. separation. 



POLARIZATION BY REFLEXION AND REFRACTION. 

§ 134. It is ascertained that when a wave of common j^A^^on and by 
light is incident on any transparent medium of uniform refraction*, 
density, under a certain angle of incidence, called the 
polarizing am,gle^ the resolution above referred to^ takes 
place ; the reflected and refracted waves become plane 
polarized, the former in the plane of reflexion, and the 
latter in a plane at right angles to it. Both waves lose 
almost entirely the power of being again reflected or re- 
fracted when the surface of a second deviating medium introductory 
, is presented to either in a particular manner. remarks? . 
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FIC.9& 



Esperlmental 
lllutration ; 




Explanation of 
apparatas ; 



Appearance 
when the 
analyzer la 
perpendicular to 
the plane of first 
reflexion; 



The same when 
the analyzer is 
rerolved through 
any angle lees 
than90<*; 



Fig. M. 



Thus, MN and Jf' N\ representing two plates of 
glass, mounted upon swing frames, attached to two tubes 
A and JS^ which move freely one within the other about 
a common axis, let the beam 8D^ of homogeneous light, 
be received upon the first under an angle of incidence 
equal to 56° ; reflexion and refraction will take place ao-. 
cording to the ordinary law, and if the reflected beara 
D D\ which is sup- 
posed to coincide with 
the common axis of 
the tubes, be incident 
upon the second re- 
flector under the same 
angle of incidence,. 
the reflector heing per- 
jpendicular to the 
plane of first reflex- 
ion^ it will be totally 
reflected, there being 
none refracted. 

But if the tube B^ 
be turned about its 
axis, the tube A l)eing 
at rest, the angle of 
incidence on the glass 
M^ N\ will remain 
imchanged, refraction 




Fig. 9& 
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will begin, and the re- fi^ 9«. 

fracted portion will in- 
crease while the reflected 
portion will diminish, till 
the tube B has been turn- 
ed through an angle equal 
to 90°, as indicated by the 
graduated circle (7, on the 

tube A ; in which position of the reflector, the beam will 
be totally refracted. Continuing to turn the tube jB, the 
reflexion from M' N' will increase, and the refraction 
will decrease, till the angle is equal to 180°, whfen the 
plane of the first reflexion will be again perpendicular 
to M' N\ and the whole beam will be reflected ; beyond 
this, reflexion will again diminish, and refraction increase, 
till the angle becomes 270°, when the beam will be to- 
tally refracted ; after passing this point, the same phe- 
nomena will recur, and in the same order, as in the 
second quadrant, till the tube is revolved through 360°, 
when the restoration of the reflected wave will be com- 
plete. The same phenomena would have occurred had 
the second reflector been presented to the refracted com- 
ponent of the original incident wave on its emergence 
from the first plate of glass. 

It is important to remark in this connection, that the 
molecular vibrations in the wave reflected from, and 
in that transmitted through the second reflector, take 
place, the former in the plane of second reflexion and 
the latter in a plane at right angles, to it ; and that 
the effect of the second reflector is, therefore, to twist, 
as it were, the planes of polarization of these component 
waves in opposite directions, that of the reflected wave 
through an angle which measures the rotation of the 
second reflector about the axis of the tubes, and that of the 
refracted wave through an angle which is its complement. 

It thus appears that a beam of homogeneous light re- 
flected from, or refracted through, a plate of glass, be- 
ing incident under an angle equal to 56°, immediately 



The same for « 
rerolatioii 
tbroagh 90^ ; 



Appearances 
when the 
analyzer is 
revolved tb rough 
the other three 
quadrants. 



Same phenomena 
exhibited by the 
refracted wave. 



Important 
remark. 
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Characteristics 
of plane 
polarized light 



acquires opposite properties, with respect to reflexion and 
refraction, on sides distant from each other equal* to 90°, 
measuring . around the beam ; and the saTne properties at 
distances of 180° ; and these among other properties dis- 
tinguish plane polarized light. 
Effects when the "We havc supposcd the angle of incidence 56°, if it 
incidence differe ^^^^ ^^^^ ^^ greater than this, similar eflects would be ob- 
fromthatof scrved, though less in degree; or, in other words, the 
poar on. wavcs first deviated would be elliptically polarized, the 
eccentricity of the elliptical orbit increasing as the angle 
approaches more and more to that of polarization. 



Fig. 98. 



Apparatus. 




Position of the 
plitne of 
polarization 
determined ; 



Analyzer 
revolved ; 



The plate Jf iTis called thQ polarizer^ and Jf ' iT', the 
analyzer. The position of the plane of polarization iu 
any plane polarized wave, is readily ascertained by the 
total reflexion which takes place from the analyzer, when, 
the polarized beam being incident under the polarizing 
angle, the plane of the analyzer is perpendicular to it. 
Starting from this position of the analyzer, with respect 
to the plane of polarization, and calling a, the angle be- 
tween the plane of polariz9<tion and that of second inci- 
dence, which is equal to the angle through wKich the 
analyzer has at any time been turned about the first 
reflected or polarized beam ; A^ the intensity of this beam, 
and /, the variable intensity of that reflected from the 
analyzer in its various positions, the formula 



Intensity of 
reflected beam; 



!•= A cos* a, 



(100) 
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will express, for uncrystallized media, the law according Lawexpwaaed 
to which a polarized beam will be reflected from the^y**""^' 
analyzer when the angle of incidence is equal to that 
of polarization. 

According to this law, if we conceive a wave of com- Tb'*^*^ •??"«* 
men light as it emanates from any self-luminous body, 11^1,^. 
to be compounded of two waves polarized in planes at 
right angles to each other, that is, supposing the orbital 
motion of the molecules to arise, as they will, from two 
component rectilinear motions at right angles to each 
other, Equation (107), we should have for the intensity 
of reflexion from a reflector, 

1+ r =A.C08' a + A. cos* (90** — a ) = j1, Consequence; 

in which / and /', denote the intensity of reflexion of 
the two component polarized waves; whence, the inten- 
sity of the reflected wave will be the same on .whatever conclusion; 
side of the incident beam the analyzer be presented. 

§135. What has been said of the effects of glass poiarizingangia 
on light is equally true of other transparent homogene-^^^^s^ti^tb® 
ous media, except that the polarizing angle, which is con- 
stant for the same substance, differs for different bodies. 

It is found, from very numerous observations, that the 
tangent of the maximum polarizing angle is always equal 
to the refractive index of the reflecting medium taken in 
rtference to that in which the wave is reflscted ; thus, 
calling the relative index m^ and the polarizing angle 9, 
we shall have, 



*an9 = ^ (110)s,„,j,fo^,, 

«n equation; 

Example. Let it be required to find the polarizing^ an- 
gle when light is moving in water and reflected from 
glass. The refractive indices for water and glass are Example; 
1,336 and 1,525, respectively, hence. 
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Knmtrieal d«U; 



1,525 J j^jg = tan(p, 
1,336 ' ^' 



or 



fiMOlt 



9 = 48^ 47'. 



Bapposition; I^ ^^^ refractive ihdices of the media were equal, we 
should have 



Gonseqaenoe. 



and 



m = 1 



9 = 45^ 



The following are the values of 9, for the different sub- 
stances named, the wave being reflected in air. 



Table of 
polarizing angles. 



Water, - - 
Crown glass, - 
Plate glass, - 
Oil of Cassia, ■ 
Diamond, - 



53° 11' 
56° 55' 
57° 45' 
58° 39' 
68° 6' 



No perfect § 136. It is obvious that according to the law expressed 

^^^ht-^"^^ by Equation (110), there can be no sucli thing as per- 
fect polarization by reflexion in white light, since the re- 
fractive index is not the same for the different colors ; 
and hence there can never be total absence of light at 

And atint will , _ _ . . .77 7 /» t 7 

be reflected from the aualyzcr ; but a certain tint will be rejiected^ whose 

the analyzer; intensity wUl depend upon tTie dispersive power of the 

medium. For bodies of very high refractive powers, 

which are also, in general, highly dispersive, we must, 

therefore, understand by the polarizing angle for white 

What to liffht, that anffle of incidence at which the reflected light 

nnderetoodby , - , .♦ . rm . ,'* 

polarizing angle approachcs ucarcst to perfect polanzation. This angle 
for white ught; feeing ascertained for opaque bodies by experiment, the 
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relation expressed by Equation (110), furnishes the means Method of 
of ascert|iining their refractive indices. Thus, the maxi- refra^five*ndice« 
mum polarizing angle for steel is a little over 71°, the<>^<>P*^°«*^*«»- 
natural tangent of which is 2,85, which is, therefore, ac- 
cording to the law, its refractive index; the polarizing 
angle for mercury is about 76° 30', and its refractive 
index, consequently, 4,16. 



§ 137. We have spoken, thus 
far, only of the action at the Jlrst 
surface of the glass plate ; it is 
found that the light reflected at 
the second surface is as perfectly 
polarized as that reflected at the 
first, and in the same plane, when 
the faces of the plate are parallel. 
This is a consequence of the same 
law for, 



Fig. 97. 


Ltght reflected 
at the second 
Koiikcealdo 
/ polarlaed; 


Vic/ 





^ +„„ r^ sm (p sm © 
m =z tan 9 = 1 = 1— 

cos 9 sin. 9' 



EquAtion; 



hence, 



cos 9 = sm 9 



Belation ; 



or 9' is the complement of 9, and the first reflected beam 
is perpendicular to the first refracted. 
Moreover, 



m tan 9 



: cot 9 = tan 9' 



but — is the index of the wave passing out of the glass ; 



m 



hence 9' is the maximum polarizing angle for the second 

flurface PolarWngangie 

SUriace. ^ for second 

If a series of parallel plates be employed in the form sur&ce found- 
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EflpectofapUoofof a pile, tlie light reflected from the second surfaces 

plates. coming off 'polarized in the same plane, a polarized beam 

of great intensity may be obtained. This intensity can, 

however, never exceed half that of the incident beam, 

no matter how great the number of plates employed. 



Effect of. 
repeating the 
reflexions at 
angles different 
from that of 
polarization. 



§ 138. Although a wave of homogeneous light is but 
elliptically polarized when reflected once at an angle dif- 
fering from that of polarization, yet by repeating the re- 
flexions a sufficient number of times, the ellipse may be 
reduced to a right line, in which case the light will be 
plane polarized; and in doing this, it is not necessary 
that the reflexions take place at the same angle of inci- 
dence, but some may be above and some below the po- 
larizing angle. In general, the number of reflexions will 
increase as the angle of incidence recedes from that of 
polarization on either side. 

The same remarks will apply to light polarized by re- 
fraction. 



POLARIZATION BY ABSORPTION. 



i\»iariz8tioji by § ^^^' ^ pl^^G of Tourmaline^ about ^^ of an inch thick, 
absorption; cut parallel to the axis, possesses the property of inter- 
cepting that component of common light whose vibrations 
take place in a plane parallel to the axis, and of transmit- 
ting the other. This latter will, of course, be polarized in a 
plane at right angles to the axis 
of the crystal. If, therefore, light 
^ previously plane polarized, be in- 
ExperimentwithCident upou the plate with its 



Fig. 98. 



a plate of 
tourmaline ; 



plane of polarization perpendicu- 
lar to the axis, it will be wholly 
transmitted ; but if parallel, it 
will be wholly absorbed or inter- 
cepted. This is another property 



(jyinn^ifM/iAA) 
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by which plane polarized light may be distinguished, a characterbtio 
Hence, tvo plates of tourmaline foi-m a most convenient ^i^^^gj^^. 
apparatus for experimenting with polarized light when so 
arranged as to be capable of turning about a common 
axis, the one being used to polarize light, the other to 
analyze it. Plates of agate and some varieties of quartz ^pp*™*™®' 
possess similar properties. piatea* 



DOUBLE REFRACTION. 

§ 140. In treating of the transmission of light through Bgdies in which 
different media, we have regarded the ether of the latter ^'"('J^J^^** 
as possessing the same density and the same elasticity in all spherical : 
directions; in which case the luminous waves proceeding 
from any point, will always be spherical. But there is a 
large class of bodies in which neither of the above condi- 
tions exists. This class embraces all crystallized media ex- 
cept those whose primitive form is the cube, the octohedron^ 
and the rhomhoidal dodecahedron / also all animal sub- Those in which 
Btances among whose particles there is a tendency to reg-*^^^°^' 
ular arrangement; and, in general, all solids in a state 
of unequal compression or dilatation. 

As has been stated already, (§ 42, Acoustics,) the most 
general hypothesis, consistent with permanence of 'figure? 
that may be made with regard to the internal constitution 
of such bodies, is that which attributes a difference of elastic 
force in three directions at right angles to each other. The 
law of the elastic force, in directions inclined to these, is 
given by the equation of the surface of elasticity, and the Conatitntion of 
shape of a wave propagated through such a body, is defined ^*^ "* 
by Equation (16) of the same article. It must not be in- 
ferred," however, that the lines represented by. a, 6 and c, 
iu that equation, and denominated axes of elasticity^ have 
any particular location. They may have their origin any- 
where within the body, but must always be drawn in the 
same direction through it. Indeed, the principles of crys- 
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Constication of 

crystalline 

bodies. 



Principal see- 
tlons of wave 
sarfiice. 



Modal of wavo 





tallization lead us to admit that the arrangement of the 
molecules of a crystalline body, is similar in all parallel 
lines throughout the crystal, and the same property must 
belong to the ether v^ithin it, if, as we have every reason 
to presume, its elasticity be dependent upon ^that of the 
crystal. 

§ 141. The figure of the wave surface, given by Equa- 
tion (16), is studied to best advantage by taking its sections 
by the planes of the axes of elasticity. Supposing a > &, 
and b>c, these sections, by the planes J c, ac^ and a J, are 
respectively, 

y = 0; {z' + x'-b') (c«2«+ a»a:>- c'a') = 0, 
= 0; (a:«+ y«- c') {a*x'+ b' f - aH') = 0, 

The first gives a circle and an ellipse, the latter lying 
wholly withm the former ; the third gives the same kind 
of curves, but the ellipse wholly enveloping the circle; 
the second gives the same kind of curves, intersecting one 
another in four points. This last is the most important. 
It is the section parallel to the axes of greatest and least 
elasticities. 

It thus appears that the general wave surface, defined by 
Equation (16), " Acoustics," con- 
sists of two nappes^ the one wholly 
within the other, except at four 
points, where they unite, and at 
each of which they form a double 
umbilic, somewhat after the man- 
ner of the opposite nappes of a 
very obtuse cone. The figure 
represents a model of the wave 

surface, cut by the planes of the axes. The sections show 
the umbilic points, as well as the general course of the 
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Bappes,, by the removal of a pair of the resulting diedral 
quadrantal fragmeDts. 

§ 142. Taking the section by the plane a c, the semi- 
transverse axis of the ellipse will be equal to a, and the 
radius of the circle to b. Joining, by diagonal lines, the 
points of intersection of the ellipse and circle, and denoting 
the cosines of the angles which these lines make with the 
axis a, by o^ and a^^, with the axis b by /3^ and 0^^, and 
with the axis c by y^ and 7^^, it is shown, in the "Analyt- 
ical Mechanics," § 320, that ^HTw",'' 

Telocitlea. 



<*. = «..= / -^ — J-; Ps = Pu = o\ % = %,= 



And denoting by u^ and u^^ the angles which any arbitrary 
line, drawn from the origin, makes with these diagonal 
lines, then will the velocities, denoted by Vr^ and Kj^, of 

the points of the two nappes on this line, be given, (Ana- 
lytical Mechanics, § 320,) by 

|ri = i (-. + a*) + i{? "" a^ .'(costt,. costt,, - sin u,.%mu,), 





Beoiprooalof 
waye yelooitie^ 



and by subtraction, 

|ri-prf = (-9---.j-sinw,.8in«,, . . (111)^ 

Now, 

■pT a^<i ir 

are the retardations of wave velocity. As long'as a and c 
differ, the second member can only reduce to zero, when 
22 
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whence it appears that, as a general rule, 
every direction except two is distinguished by transmit- 
ting two waves, one in advance of the other. The two 
directions which form the exceptions are in the plane ol 
the axes of greatest and least, elasticity, and make with 
these axes the angles of which the cosines are a^ and y^ , 
a^, and 7,^. In these directions the waves will travel with 
equal velocities. 

Any direction along which the component waves travel 
with equal velocities is called ati cum's of equal wave velocity^ 
. All bodies in which the elasticities m three rectangular 
Biaxai bodiea. directions differ, possess, therefore, two of these axes, and 
are called hiaxal bodies. The retardation of one compo- 
nent wave over that of the other, will vary with the incli- 
nation of the direction of its motion to the axis of equal 
wave velocity ; and Equation (111) shows that the loci of 
equal retardations will be arranged in the form oi spherical 
lemniscaies about points on the axes as poles. 



Equal elasticity 
on two of the 
axes. 



Locus of equal 
wave retardation 
circular. 



§143. If&=c, then will 

«y = l; r/ = 0; 

the axes will coincide with one another and with the axis 
a, that is, with x; u^ will equal w^,, and. Equation (111), 

-prl"--^2 = (^--2)-si^'^/ . , (112) 

Also, Equation (16) of the general wave surface becomes 

{a? + y^ + 7?-<?)\o?o^+(?{y' + z^--a^c^=-0', 

and the wave surface will be resolved into the surface of a 
sphere, and that of an ellipsoid of revolution. Making 
Ellipsoidal and u^^O^ it wiU bc sccn, from Equation (112), that these 
wav.1^ waves travel with equal velocities in the direction of the 

axis a. For any other value for w, since u^ = u^^ , we have 
co§ u^ cos u^^ + sin u^ sin z^^^ = 1 ; whence 



5LEMENTS OP OPTICS. 339 



1 _1 1 _1 /I 1\ . , 

and it hence appears, that the velocity of one of the com- 
ponent waves will be constant throughout its entire extent, 
while that of the other will be variable from one point to ^^^""^^^ 

^ eztraordinarj 

another more and more remote from the axis. The first is waves, 
called the ordinary, the second the extraordinary wave. 

If c be greater than a, then will the ellipsoid be prolate ; 
if less than a, it will be oblate. There is but one direction 
which will make Vr^ = Vr^, and that is coincident with the 
axis a. Bodies in which this is true have but one axis of 
equal wave velocity, and are called uniaocal bodies. 

From Equation (112) it appears, that the loci of equal 
retardations are concentric circles, of which the common 
centre is on the axis of equal wave velocity. 

§ 144. The phenomenon which certain bodies thus pre- 
sent, of resolving the living force impressed upon its 
ethereal molecules into two components, and of transmit- ^^o^ 
ting these components with different velocities, is called 
double refraction. 

The index of refrojction^ is the ratio which the velocity of 
a wave in the medium of incidence bears tp that in the 
medium of intromittance ; and this ratio is the same as the 
sine of the angle of incidence to that of refraction. It 
therefore follows, from this discussion, that a wave of com- 
mon light, falling upon the surface of biaxal or uniaxal 
bodies, will divide into two parts, and the parts will take 
different directions through the body; and, hence, all ob- Bodies seen 
jeetB seen through such bodies will appear double. ^**"^'*- 

The components which come from the resolution of a 
common wave are polarized. 

Glauberite, nitrate of potassa, arragonite, sulphate ofinatancesof 
baryta, mica, sulphate of lime, topaz, carbonate of potassa, biaxai bodieai 
and sulphate of iron, are among the biaxal bodies. Ice- 
land spar, carbonate of zincj phosphate of lead, tourmaline, j^gt^^^g ^^ 
quartz, emerald, beryl, and ruby, are some of the uniaxal uniaxai bodies. 
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Oblate and 
Prolate waves. 



class. In Iceland spar, a is less than c, and in quartz, (six- 
sided prisms,) a is greater than c. In the first case the 
extraordinary wave is oblate^ and in the second prolate. All 
these bodies are distinguished from one another by greater 
or less peculiarities of crystalline form ; but the second 
class differs from the first by the exhibition of some one 
remarkable line of symmetry, showing a great difference 
in the law of internal molecular arrangement between the 
classes. 



Plane of princi- 
pal section. 



§ 145. A plane through either two of the axes of elas- 
ticity is called a plane of principal section. In a biaxal body, 
there are but three of such planes, but in uniaxal bodies 
there are an infinite number; for any plane containing the 
axis of equal wave velocity, which is one of the axes of 
elasticity, will also contain another of these axes, all lines 
at right angles to that of equal wave velocity being lines 
of equal elasticity. 



Double 
refraction in 
a particular 
Instance 
considered ; 



Two plane 
j>olari£ed wares 
within tbe 
crystal; 



If the second 
surface be 
parallel to the 
first, no doable 
refraction 
observed ; 



§ 146. To illustrate how double refraction takes place 
in a particular instance, take, for example, the simple case 
of a beam of light proceeding from an indefinitely distant 
point, and falling perpendicularly on the surface of an uni- 
axal crystal, cut parallel to the aocis. The incident wave 
being plane, and parallel to the surface of the crystal, the 
vibrations are also parallel to the same surface, and will 
be resolved into two component vibrations, the one par- 
allel and the other perpendicular to the axis of the crystal. 
Now, the elasticity brought into play by these two sets of 
vibrations being different, they will be propagated with 
different velocities; and there will be two waves within 
the crystal polarized in planes at right angles to each 
other. If the second face of the crystal be parallel to the 
first, the two waves will emerge parallel, resuming the 
velocity which they had before incidence ; they will, there- 
fore, be unequally accelerated, but will retain their paral- 
lelism after emergence, the only effect being to cause one 
to lag behind the other. But when the second face of the 
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!and 



crystal is oblique to the first, it will also be oblique to the if the second 
wave fronts, and this obliquity will make their unequal '^^"^^^.j^^ 
change of velocity apparent by causing the waves to take fi«t, double 
difierent directions; there will, in this case, be double ^p^""" '"" 
refraction at emergence. 

One of the component waves in Iceland spar is propa-F«.rmofthe 
gated equally in all directions, and is, therefore, spherical «>*np«n*nt 
m lorm when proceedmg from a point m the crystal ; the .par. 
other is propagated unequally in different directions, the 
form of the wave being that of an oblate spheroid of revo- 
lution, whose shorter axis coincides with the optical axis 
of the crystal. 

Now, the radius of the ellipsoidal wave is always K«'»"f"^tween 
greater than that of the spherical wave, except when ordinary 'La * 
the refracted ray coincides with the axis ; and these radii extr^ouunHry 
being described in the same time, may be taken as the 
measures of the velocities of wave propagation in .the 
extraordinary and ordinary waves. The refractive in- 
dex being .equal to the ratio, of 
the velocity before incidence, to 
that within the crystal, the extra- 
ordinary index will be variable, 
and less than the ordinary index. 
But the index of refraction being 
also equal to the ratio of the sine 

of the angle of incidence to that of refraction, the exti*a- 
ordinary ray must always be thrown farther from the axis, ^ 
than the ordinary ray; and the extraordinary index of extraordinary 
refraction will have its minimum value when the ex^ra- ^^^'^^ ^"^ ^® • 

minimum. 

ordinary ray is perpendicular to the axis. 



Fig. loa 




Extraordinary 
index variable 



§ 147. With rock crystal, which oc- 
curs in the form of hexagonal prisms, 
terminated with six-sided pyramids, the 
case is juat reversed ; the ellipsoidal 
wave is prolate, its longer axis coin- 
ciding with the optical axis 'of the 
prism, and being equal in length to the radius of the 




Sock crystal ; 



Propertiee the 
reverse of those 
of Iceland spar. 
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spherical wave; the extraordinary ray is always found 
between the ordinary ray and the axis, as if drawn towards 
the latter; and the extraordinary index is a maximum 
when the extraordinary' Tay is perpendicular to the axis. 
These circumstances have given rise to a division of doubly 
refracting substances into two classes,distinguished b}'- their 
Donbiy refract- axcs, which are said to he positive when the extraordinary 

inir Bobstances . , . ^. - . _ . . , 

ciftssineA ray is between the ordinary ray and' the axis, as m the 

case of rock crystal; and negative when the positions of 
these rays are reversed with respect to the axis, as in Ice- 
land spar. 



TABLE OF A FEW POSITIVE CRYSTALS. 

Zircon. Hydrate of magnesia. 

Quartz. Ice. 

Tungstate of zinc. Hydrosulphate of lime. 

Stannite. * Dioptase. 

Boracite. Sulphate of potassa. 



PoAitire 
crystals 



TABLE OF SOME NEGATIVE CRYSTALS. 



Negative 
crystals. 



Iceland spar. 

Carbonate of lime and magnesia. 

Carbonate of lime and iron. 

Tourmaline. 

Ruballite. 

Sapphirk * 

Ruby. 

Emerald. 



Beryl. 

Apatite. 

Mica. 

Phosphate of lead. 

Arseniate of copper. 

Cinnabar. 

Phosphate of lime. 

Idocrase. 



TABLIE OF A FEW BIAXAL CRYSTALS, WITH THE INCLINATION OF 
THEIR AXES. 

O / O V 

Sulphate of nickel . . 3 00 Stilbite . . . . . 41 42 

Talc 7 24 Sulphate of nickel. . 42 04 

Biaxai crystals. Hydrate of barytcs . 13 18 Topaz. .'.... 50 00 

with inclination Arragonite . . . . 18 18 Sulphate of lime . . 60 00 

of their axes. ^^^^^ ^8 42 Feldspar 63 00 

Sulphate of magnesia . 3T 24 Carbonate of potassa . . 80 30 

Sulphate of barytes . 37 42 Cyanite 81 48 

Spermaceti .... 37 40 Sulphate of iron . . 90 00 
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§ 148. If a plane wave 
W TT'j of common light be 
incident on the upper sur- 
face 1!>f a crystal of Iceland 
Bpar to which it is parallel, 
this wave will be resolved 
into two components, one of 
which will take the direction 
of and be normal to an ob- 
lique line Pe^ and will be 
refi'acted according to the 
extraordinary law ; the other 
will preserve its original 

course and pass through without deviation. These waves 
will both leave the crystal normal to that plane of prin- 
cipal section which is perpendicular to its upper face, 
the waves themselves becoming parallel; each will be 
plane polarized, the plane of polarization of the ordinary 
wave coihciding with the plane of principal section just 
named, and that of the extraordinary wave being at 
right angles to it. 

K these component waves be received upon the upper 
surface of a second crystal of the same kind, and whose 
optical axis is parallel to that of the first, they will take 
the directions e' e" and o' o'\ parallel, respectively, to the 
directions P e^ and P o^ and will not be again divided, 
the first undergoing extraordinary, and the latter ordi- 
nary refraction ; and if the crystals be of equal thick- 
ness, the distance e" <?", will be double eo. K either or 
both of the component waves whose directions are e e\ 
and o o\ had been polarized by reflexion, refraction or 
absorption, the action of the second prism would have 
been the same ; this is, therefore, another characteristic 
property of plane polarized light, viz. : that it will not un- 
dergo double refraction when its plane of polarization is 
either j^araZZ^Z oy perpendicular to the plane of principal sec- 
tion ; being in the former case wholly refracted according to 
the ordinary^ and the latter according to the extraordi- 



PUuie wftTe of 
eommon light 
incident npon « 
ciystal of Iceluid 
•par; 



EfTect of this 
crystaL' 



Emergent wares 
received npon a 
second crystal of 
Iceland spar ; 



Another 
characteristic of 
plane polarized 
light 
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BeveiM true for norj/ \a.w» The reversc would have been the case if the 
podtiTe cryitQta. crystal, like quartz, had possessed a positive axis. 



The second 
crystal snppoaed 
to torn on its 
base; 



Elfeet on the 
ordinary ware; 



Slfeetonthe 

ordinary 

wave; 



§ 149. When the crystal 
j3f ' i\r', is turned around on 
its base so that the prin- 
cipal sections of the crys- 
tals, which are normal to 
the upper surfaces, make 
an angle with each other, 
each of the component 
waves of which the direc- 
tions are oo' and ee\ will 
be again divided into an 
ordinary and extraordi- 
nary wave, whose relative 
intensities will depend up- 
on the inclination of the 
principal sections to each 
other. To avoid complica- 
tion, let us suppose the 
wave moving along JP e, to 
be arrested by sticking^ a 
piece of wafer to the lower 
surface of the first crystal 
at e ; then will the intensi- 
ties of the portions into, 
which the wave moving 
along oo\ is divided by 
the second crystal, be ex- 
pressed by the formulas 



0^ = A. cos* a ) 

0,= ^.sin«a) ^. 

Wherein A represents the 
intensity of the wave o o' ; 



Fig. loa. 




FIfr 104. 

o 




0*^ / 



,-»^ 



:^" 



Fig. 105. 
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a, the angle made by the principal sections of the crys-NotoUan; 
tals ; Og^ the intensity of the ordinarily refracted wave ; 
and 0^ that of the wave refracted according to the ex- 
traordinary law. 

Removing the wafer from e^ and calling 'E, and JE^ 
the intensities of the extraordinary and ordinary waves 
into which the wave moving on P^ is separated by the 
second crystal, and B its intensity on leaving the first 
crystal, we shall, in like manner, have 



E, = B . cos» a i 
S; = j5 . sin* a ) 



Ee- B . wo- «. ; Components of 

^ , J V^^^/ theextraordinaiy 



Taking the smn of the four emergent waves, there will 
result, 

(9, + (?. + ^. + ^, = ^ + j5. Sumof thefoar 

emergent wavea. 

The waves O^ and 0^^ in Equations (113), are always 
found to be polarized, the former in the plane of princi- 
pal section of the second crystal, the latter in a plane at 
right angles to it; and the same remark being applica- 
ble to Eo and jE^, in Equations (114), it follows that the 
planes of polarization of 0, and jF, wiU be parallel to^^^'*^^^^^ 
each other, as also those of 0^ and E^. polarization. 



CIRCULAR POLARIZATION. 

§ 150. All questions of polarization are directly con- 
cerned with the shiape of the molecular orbits and the ^^]^^*J^^^ 
directions of the molecular motions in these orbits. It is molecular orwta 
shown (Analytical Mechanics, §§ 340-343) : 
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Glrci)Iar orbits 
prodaced. 



Directions of 

molecalar 

motioit 



Waves oppositely 
polarizedf and 
plane of 
crossing. 



Composition of 
waves. 



fiesolntion of 
waves. 



1st. That two waves, plane polarized, will, by their simul- 
taneous action upon the same molecule, cause it to move 
uniformly in a circular path, provided they be of the same 
length and intensity, and the same phases m each are sep- 
arated in the direction of wave motion by one quarter, or 
any odd multiple of a quarter, of wave length. 

2d. That the molecular motion in this orbit will take 
place from right to left or left to right, as viewed from the 
same point, depending upon the directions of its motions 
in the component waves at the instant of their simultane- 
ous action. 

8d. Two circularly polarized waves, in which the mo- 
lecular motions are in opposite directions, are said to be 
oppositdy polarized ; and supposing the orbits in two such 
waves to coincide, a plane perpendicular to the wave front, 
through their common centre and the place of the mole- 
cule at the instant these waves begin their simultaneous 
action upon it, is called \hQ plane of crossing. 

4th. That the simultaneous action of two oppositely po- 
larized waves, give a resultant wave polarized in the plane 
of crossing, and of which the intensity is double that of 
either component. 

5th. Conversely, a plane polarized wave may be re- 
solved into two equal and oppositely polarized waves. 

The resolution and composition of plane and circularly 
polarized waves, are well illustrated by two and four in- 
ternal reflexions from the faces of Fresnel's rhomb of St. 
Gobain's glass. 



Effect of metaHio 
reflectors on 
plane pqjarized 
iight 



§ 151. We might naturally conjecture that the effects 
produced by metals upon the reflected light would be 
analogous to the phenomena of total reflexion by glass 
and other transparent substances,r— there being no tran- 
smitted wave in either case. It is accordingly found 
that when a plane polarized wave is incident upon a 
metallic reflector, the reflected light is elUptically 
polarized; the laws of the phenomena ate, however, dif- 
ferent from those of total reflexion from transparent media. 
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§ 152. There are many substances whose molecular 
structure is such as to resolve a plane polarized wave into ^"*"**°^ "*•* 

, , , . , 1 . -I route the plan« 

two component waves circularly and oppositely polarized, ©f poiariation. 
and transmit them with diflFerent velocity. In consequence, 
the phases peculiar to each at the instant of resolution will 
separate in the direction of wave propagation, and at 
emergence from the substance, will have their plane of 
crossing inclined to its first position, which was coincident 
with the primitive plane of polarization, — ^the final eflFect 
being, to give, the plane of polarization of the resultant 
emergent wave an inclination to its position before enter- 
ing, as though this plane had been revolved about a line 
normal to the wave front. 

It is shown, (Analytical Mechanics, §§ 342, 343,) that 
the law of this rotation is given by the equation 

r,.t __ rj 

rotation. 

in which V^ is the angular velocity, V the velocity of wave 
propagation, X the length of the wave, t the time of the 
wave's motion in the body, and f the ratio of the circum- 
ference of a circle to the diameter. The first member is 
the arc, expressed in circumferences, described by the 
molecule while the wave is moving through a thickness 
V.t of the, medium. So that a wave, compounded of 
many components having different wave lengths, but all 
polarized on entering a medium, may emerge with the 
planes of polarization of its several components so twisted 
through different angles as to diverge from a common line 
perpendicular to the wave front. Crystalline and vegeta- 
ble bodies furnish many examples of this. A piece of 
quartz, of a peculiar kind, is known to twist the plane of 
the extreme red wave through an angle of 17® 29' 47'', Effects of some 
and of the extreme violet, 44° 04' 58^', for each 0.04 of an ^^"^^^'^^ 

. . quartz. 

inch. Different varieties of the plagiedral quartz turn the 
plane of polarization in opposite directions, and a connec- 
tion exists between this property and the right or left 
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handevi direction in which certain small faces lean around 
oilier b«x3ies ^hc summit of the cr3'^stals ; and if two of these bodies be 

p<i88068 the same . ., /i.->ii i -••» 

jiToperty; mtcrposed, the arc or rotation is that due to the sura or dif- 
ference of their thicknesses, according as they exert their ac- 
tion in the same or opposite directions. Or, more generally, 



Formola for a 
eombination 



Notation 
explained ; 



Applies also to 
liquids. 



in which JS is the rotation due to the combination ; T 
its entire thickness ; r, r\ &c., and t^ t\ &c., the corres- 
ponding quantities answering to the several individuals 
of the combination ; the products entering the expression 
with the same or different signs, according as the diffe- 
rent media tend to turn the plane of polarization in the 
same or different directions. This formula is found to 
hold good not only with solid crystals, but also with 
liquids possessing this property, when mixed together. 



CHROMATICS OF POLARIZED LIGHT. 

introdnctory g 153. Having explained the. general phenomena of 

polarization and double refraction, we pass to the consid« 
eration of the effects produced when polarized light is 
transmitted through crystalline substances. The phe- 
nomena displayed in such cases, are among the most 
splendid in optics ; and when we consider that through 
these phenomena we are enabled almost to view the in- 
terior structure and molecular arrangement of natural bo- 
dies, the importance of the subject will be apparent. 

First discoreries. The first discoveries in this department of science were 
made by Arago, in the year 1811, and the subject has 
since been successfully prosecuted by some of the first 
philosophers of Europe. 



§ 154. "We have seen that when a wave of light, po- 
larized by reflexion, is incident upon the analyzer under 
the polarizing angle, no reflexion will take place when 
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the plane of incidence on the analyzer is perpendicular Eireet of 
to that on the polarizer. Now, if between the two re- *"T*^u. 

^ ' polarized light 

flectors we interpose a plate of any double-refracting sub- through • 
stance, the power of reflexion at the analyzer is suddenly donbie-refrwting 
restored, and a portion of the light is reflected, the quantity 
depending on the position of the interposed crystal ; and 
by this property the double-refracting structure lias been 
detected in a vast variety of substances, in which the sep- 
aration of the two waves was too small to be directly per- 
ceived. 



§ 155. In order to analyze this phenomenon, let the crys- iheMc 
talline plate be placed so as to receive the polarized wave «»»^y^«d^y 
parallel to its surface, and let it be turned round in its crystal in its own 
own plane. We shall then observe that there are two^^*' 
positions of the plate in which the light totally disap- 
pears, and the reflected wave vanishes, just as if no 
crystal had been interposed. These two positions are 
at right angles to one another ; and they are those in 
which the principal section of the crystal coincides ^^^^^henno n hti» 
the plane of first refl^xion^ or is perpendicular to tY. reflected from tho 
When the plate is turned round, from either of these "*^^^®'"' 
positions, the light gradually increases, until the princi- ^momt il a 
pal section is inclined at an angle of 45° to the plane maxtmum. 
of first reflexion, when it becomes a maximum. 

§ 156. In these experijjients the reflected light is white, coior* produced 
But if the interposed crystalline plate be very thin, the^f J®^^*^ 
most gorgeous colors appear, which vary with every 
change of inclination of the plate to the polarized wave. 
Jlica and sulphaU of lime are very appropriate for the 
exhibition of these beautiful phenomena, because they gniphateofiinw; 
can be readily divided by cleavage into laminae of almost 
any required thinness. If a thin plate of either of these 
substances be placed so as to receive the polarized wave 
parallel to its surface, and be then turned round in its Appearances 
own plane, the tint does not change, but varies onlv in «*^^*>*'«** ^7 

. 1 1 . 7 . ,1 , ^»in8 these 

mtensity; the color vanishing altogether when the prin- substances 
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When uie light cipal sectioH o/ the crystal coincides with the plane of 
wi^uur*^ primitive polarization, or is perpendicular to it, — and, 
maximum. reaching a maximum^ when it •is inclined to the plane of 
primitive polarization at an angle of 45°. 

The crystal fixed g 157^ jf qj^ the Other hand, the crystal be fixed, and 

and the analjrzer 1 . t • i» 

turned; *^he analyzer be turned, so as to vary the mclmation oi 

the plane of the second reflexion to that of the first, 
the color will be observed to pass, through every grade 
of the same tint, into the complementary color ; it being 
PoeWone giving ^Iways fouud that the light reflected in any one position 
complementary of the analyzer is complernentary^ both in color and in- 
!* tensity, to that which it reflects in a position 90° from 

the former. This curious relation will appear more evi- 
dently, if we substitute a double refracting prism for 
the analyzer ; for the two waves refracted by the prism 
have their planes of polarization — one coinciding with the 
Doubierefracting principal sectiou of the prism, and the other at right an- 
^^^. » * ^les to it, and are therefore in the same condition as the 

enbetitnted for ^ ' 

the analyzer; light reflected by the analyzer, with its plane of reflex- 
ion successively in these two positions. In this manner 
the complementary colors are seen together, and may be 
easily compared. But the accuracy of the relation sta- 
ted is completely established by making these two waves 
partially overlap ; for, whatever be their separate tints, it 

caoflingthe "^^ ^® fouud that the pai't in which they are superposed 

tints to overlap.* ig absolutely to At ^. • 

Efltectofpiateeof § 153^ ^j^^n lamina3 of different thicknesses are inter- 

variable 

tbicknwaes; poscd between the polarizer and analyzer, so as to re- 
ceive the polarized wave parallel to their surfaces, the tints 
are found to vary with the thickness. The colors pro- 
duced by plates of the same crystal, of different thick- 
nesses, follow, in fact, the same law as the coloi*s reflect- 
ed from thin plates of air ; the tints rising in the scale 

Law followed by as the thickucss is diminished, until finally, when this thick- . 
' ness is reduced below a certain limit, the colors disap- 
pear altogether, and the central space appears llack^ as 
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when the crystal is removed. The thickness producing Besuits of 
corresponding tints is, however, much greater in crystal- «»p«riment»; 
line plates exposed to polarized light, than in thin plates 
of air, or any other medium of homogeneous structure. 
The hldck of the first order appears in a plate of sul- 
phate of lime, when the thickness is the ji^Vt ^^ ^^ ^^^^^ 5 
between ^^Vt ^^^ tV ^^ ^^ inch, we have the whole 
succession of colors of Newton's scale; and when the 
thickness exceeds the latter limit, the transmitted light ^^ ^ ^ 

' Y Eifects of 

is* always white. The tint produced by a plate of mica, different 
in polarized hVht, is the same as that reflected from a '"^^sunces 

oompared. 

plate of air of only the yj^th part of the thickness. 

The same subject has been investigated for ohlique in- qyaiqu^ 
cidences, and the laws which connect the tint developed incidencoa 
with the number of wave lengths and parts of a length 
within the crystal, for a wave of given refrangibility, 
have been determined, both for uniaxal and biaxal crys- 
tals. 

§159. Let us now apply the principles already estab- ^ppu^tion <rf 
lished, to explain the appearances. preceding 

It has been shown, that a wave of common light, on^ ^^cp^s; 
entering a crystalline plate, is resolved into two waves, 
which traverse the crystal with different velocities, and in 
different directions. One of these waves, therefore, will 
lag behind the other, and they will be in different phcisea 
of vibration at emergei^ce. When the plate is thin, this Preiiminarj 
retardation of one wave upon the other will amount only '®™*'^' 
to a few wave lengths and parts of a length; and it 
would, therefore, appear that we have here all the condi- 
tions necessary for their interference^ and the consequent 
production of color. 

But here we are met by a difficulty. So far as this An apparent 
explanation goes, the phenomena of interference and of ^®®^*^""^*^ ' 
color should be produced by the crystalline plate alone, 
and in common light, without either polarizing or ana- 
lyzing plate. Such, however, is not the fact ; and the 
real difficulty in this case is, — not so much to explain 
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Anquiry 
ftoggested. 



how the phenomena a/re produced, as to show why they 
are not always produced. 

In seeking for a solution of this difficulty, it may be 
remarked, that the two waves, whose interference is sup- 
posed to produce the observed results, are not precisely 
in the condition of those whose interference we have 
hitherto examined; they are polarized,^ and in planes at 
right angles to each other. We are led, then, to inquire 
whether there is anything peculiar to the interference 
of polarized waves which may influence these results ; 
and the answer to this inquiry will be found to remove 
the difficulty. 



Experimental 
researches on the 
interference of 
polarized light ; . 



Buloa deduced. 



Experimental 
llliutration. 



§ 160. Tlie subject of the interference of polarized light 
was examined, with reference to. this question, by Fres- 
NEL and Arago, and its laws experimentally developed. 
It was found that two waves of light, polarized in the 
same plane^ interfere and produce fringes, under the same 
circumstances as two waves of common light; — ^that 
when the planes of polarization of the two waves are 
inclined to each other, the interference is diminished, . 
and the fringes decrease in intensity ; and that, finally, 
when the angle between these planes is a right angle^ 
no fringes whatever are produced, and the waves no lon- 
ger interfere at all. These facts may be established by 
taking a plate of tourmaline which has been carefully 
worked to a uniform thickness, cutting it in two, and 
placing one-half in the path of each of the interfering 
waves. It will be thus found that the intensity of the 
fringes depends on the relative position of the axes of 
the tourmalines. When these axes are parallel, and con- 
sequently the two waves polarized in the same plane, 
the fringes are best defined ; they decrease in intensity 
when the axes of the tourmalines are inclined to one 
another ; and, finally, they vanish altogether when these 
axes form a right am,gle. 



§ 161. The non-interference of waves, polarized in 
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planes at right angles to one another, is a necessary result ExpeHmenta 
of the mechanical theory of transversal vibrations. In ^^^,^* 
fact, it is a mathematical consequence of that theory, that theory of . 
the intensity of the resultant light in that case is constant^ ^^^on^ 
and equal to the sum of the intensities of the two compo- 
nent waves, whatever be the phases of vibration in which 
they meet. 

But although the intensity of the light does not vary 
with the phase of the component vibrations, the character 
of the resulting vibration will. It appears from Equation 
(107), that two rectilinear and rectangular vibrations com- 
pose a single vibration, which will be also rectilinear 
when the phases of the component vibrations differ by an 
exact number of semi- wave lengths; that, in all other 
cases, the resulting vibration will be elliptic; . and that 
the ellipse will become a circle^ when the component 
vibrations have equal amplitudes, and the difference of ^®*"^'®**'***^ 

•^ *- ^ ' theory and their 

their phases is an odd multiple of a quarter of a wave experimental 
length. These results have been completely confirmed by «>"fi"^*on- 
experiment. 

In the above mentioned law we find the explanation of -^ppawo* 
the fact, that no phenomena of interference or color are J^^^^^^ 
produced, under ordinary circumstances, by the two 
waves which emerge from a crystalline plate, — ^for these 
waves are polarized in planes at right angles to one an- 
other ; and we see that, to produce the phenomena of 
color in perfection, the planes of polarization of the two 
waves must be brought to coincide by the analyzer. 

§162. Fjbesnel and Arago discovered, further, that^^^®^"^* 
two waves polarized in planes at right angles to each "*^^ ^ 
other, will not interfere, even when their planes of po- 
larization are made to coincide, unless they belong to a 
wave, the whole of which was originally polarized in one 
jplane / and that, in the interference of waves which had 
undergone double refraction, Jialf a wave length must be 
supposed to be lost or gained^ in passing from the ordi- 
liitry to the extraordinary system, — just as in the transi- 

23 
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tion from the reflected to the transmitted system, in the 
colors formed bj thin plates. 

The principle of the allowance of half a wave length 
is a beautiful and siftiple consequence of the. theory of 
transversal vibrations. In fact, the vibration of the wave 
incident on the crystal is resolved into two within it, at 
right angles to one another, — one in the plane of prin- 
cipal section, and the other in a plane perpendicular to 
it. Each of these must be again resolved, in two fixed 
directions which are also perpendicular ; and it will easily 
appear from the process of resolution, that, of the four 
components into which the original vibration is thus re- 
solved, the pair in one of the final directions must con- 
spire^ while in the other, at right angles to it, they are 
opposed. Accordingly, if the vibrations of the one pair 
be regarded as coincident, those of the other must difer 
hy half a wave length. Hence, when the plane of reflex- 
ion of the analyzer coincides successively with these two 
positions, the colors, which result from the interference 
of the portions in the plane of reflexion^ those in the per- 
pendicular plane being not reflected, will be convplemenr 
tary. 



Office of the § ig3^ The former of the two laws explains the office 

polarizer ; . x . 

of the polarizer in the phenomena. To account mechani- 
cally for the non-interference of the two waves, when 
the light incident upon the crystal is unpolarized, we 
may, § 133, regard a waVe of common light as composed 
of two waves of equal intensity, polarized in planes at 
right angles to one another, and whose vibrations are 
therefore perpendicular. Each of these vibrations, when 
resolved into two within the crystal, and these two 
Exphmationof j^^ rcsolved in the plane of -reflexion of the ana- 

appearancea. o * • ^ 

lyzer, will exhibit the phenomena of interference. But 
the amount of retardation will differ by half a wave length 
in the two cases ; the tints produced will therefore be 
complementary, and the light resulting from their union 
will be white. 
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§ 164. The preceding laws of interference being kept B«aM>n of um 
in mind, the reason of all the phenomena is apparent. ?*»«»«»•»•; 
The' wave is originally polarized in a single plane, by 
means of the polarizer ; it is then resolved into two waves 
within the crystal, which are polarized in planes at right 
angles to each other; and these are finally reduced to 
the same plane by means of the analyzer. Tlie two 
waves will, therefore, interfere, and the resulting tint will 
depend on the retardation of one of the waves behind 
the other, produced by the . difference of the velocities Resultant tint 
with which they traverse the crystal. dependent upon; 

§165. It is plain, Equation (107), that the light issu- Emergent light, 
ing fi'om the crystal is, in general, dliptimUy polarized^^^^^^^ 
inasmuch as it is the resultant of two waves, in which polarized; 
the vibrations are at right angles, and differ in phase. 
Hence, when homogeneous light is used, and the emer- 
gent wave is analyzed with a double-refracting prism, 
the two waves into which it is divided vary in intensity 
as the prism is turned, neither, in general, ever vanish- 
ing. When, however, the thickness of the crystal is such thickness^gives 
that the difference of phase of the two waves is an exact *^® <i*fl'erenoe of 
numher of semi-wa/ve lengths^ they will constitute sl plane nu^i^^^ 
pola/rized wave at emergence, — the plane of polarization semi-wave 
either coinciding with the plane of primitive polarization, ° ' * 
or making an equal angle with the principal section of the 
crystal on the other side, according as the difference of 
phase is an even or odd multiple of half a wave length. 
Accordingly, one of the waves into which the light is 
divided by the analyzing prism, will vanish in two posi- 
tions of its principal section ; and it is manifest that the 
successive thicknesses of the crystalline plate, at which 
this takes place, form a series in arithmetical progres- 
sion. On the other hand, when the difference of phase 
is a qua/rter of a wave lenoth. or an odd multiple of that 

. J T_ \ . , When the 

quantity, — and when, at the same time, the principal diflferenoe of 
section of the crystal is inclined at an angle of 45° to the^^*"***, 
plane of primitive polarization— the emergent hght will be wave length , 
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circularly polarised. This is one of the simplest means 
of obtaining a circularly polarized wave ; but it has the 
disadvantage, that the required interval of phase can only 
be exact for waves of one particular length, and that, 
therefore, the circular polarization is perfect only for one 
particular color. 

• 

\ § 166. We have seen that the phenomena of color are 

only produced when the crystalline plate is thin. In 
thick plates, where the diflFerence of phase of the two 
waves contains a great many wave lengths, the tints of 
different orders come to be superposed (as in the case 
. of Newton's rings, where the thickness of the plate of 
air is considerable), and the resulting light is white. 
The phenomena of color may still, however, be produ- 
ced in thick plates, by superposing two of them in such 
a manner, that the wave v/hich has the greater velocity 
in the first shall have the less in the second. We have 
only to place the plates with their principal sections ^^r- 
pendicular or pa/rallel^ according as the crystals to which 
they belong are of the 8ame^ or of opposite denomina- 
tions. Thus, if both the crystals be positive, or both 
negative, they are to be placed with their principal sec- 
tions perpendicular; and on the other hand, these sec- 
tions should be parallel, when one of the crystals is po- 
sitive and the other negative. The reason of this is 
evident. 

Effects produced g jg^^ j^^^ ^ ^^^ cousidcr the effects produced when 

when a polarized " , * 

wave traverses a a polarizcd wavc travcrscs a ^m^^M?aZ Crystal, in various" 
directions inclined to the axis at small angles ; and let 
us suppose, for more simplicity, that the crystalline plate 
is cut in a direction perpendicular to the axis. 

Let ABOD be the 
plate, and -E'the place of 
the eye. TBie visible por- 
tion of the emergent beam 
will form a cone, A EB^ 
whose vertex coincides 



Method 
explained. 



onlaxal crystal ; 



Fig. lOT. 
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With the place of the eye, and axis EO^ with the axis 
of the crystal. The ray which traverses the crystal in 
the direction of the axis, P(?^, will undergo no change 
Ti^hatever ; and will consequently be reflected or not from 
the analyzing plate, according as the plane of reflexion 
there coincides with, or is perpendicular to, the plane 
of first Veflexion. But the other rays composing the cone 
will be modified in their passage through the crystal, 
and the changes which they will undergo will depend on 
their inclination to the optical axis, and on the position 
of the principal section with respect to the plane of pri- 
mitive polarization. 

Let the circle represent the sec- 
tion of the emergent cone of rays 
made by the surface AB oi, the 
crystal ; and let MM' and N N\ 
be two lines drawn through its 
centre at right angles, being the 
intersection of the same surface 
by the plane of primitive polariza- 
tion, and by the perpendicular 
plane, respectively. Now, the vi- 
brations which emerge at any 

point of these lines will not be resolved into two within the 
crystal, nor will their places of polarization^ that is, of 
vibration, be altered ; because the principal section of 



Baj coincldiDf 
with the axis 
undergoes no 
change ; 



Fig: lOa 




Other rays wlU 
be zDodided. 



Section of tne 
emergent pencil 
by the face of 
the crystal ; 



VibratioDS tbtt 
will not be 
resolved; 



Fig. 109. 




/ 



Illnetrationa ; 
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White or black 
cross. 



Yibratiens that 



Yibrationsthat the Crystal, for these vibrations, in the one case coincides 
resolved; with the plane of primitive polarization, and in the other is 

perpendicular to it. These waves, therefore, will be reflect- 
ed, or not, from the analyzer, according as the plane of 
reflexion there coincides with, or is perpendicular to, the 
plane of first reflexion. In the latter case, a Hack cross 
will be displayed on the screen, and in the former a white 
one. 

But the case is different with the vibrations which 
wiu be resolved; ^^ej-ge at any other point, such as L. The principal 
section of the crystal for these vibrations, neither coincides 
with, nor is perpendicular to, the plane of primitive po- 
larization ; and consequent- 
ly the incident polarized 
wave will be resolved into 
two, within the crystal, 
*whose planes of polariza- 
tion are respectively paral- 
lel and perpendicular to 
the principal section L, 
The vibrations jn these two 

waves are reduced to the same plane by means of the 
Eedacedtothe analyzer; they will, therefore, interfere, and the extent 
the analyzer, and of that interference will depend upon their difference of 

interfere. ^ phaSC. 



Fig. lOT. 
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Now, the difference of phase of the two waves varies 
with the interval of retardation. When this interval is 
an odd multiple of half a wave length, the two waves 
will be in complete discordance ; and, on the other hand, 
they will be in complete accordance, and will unite their 
strength, when the retardation is an even multiple of the 
same quantity. The successive dark and bright lines 
will, therefore, be arranged in circles. 



Extent of 
interference 
dependent on 
difference of 
phase. 



§ 168. We have been speaking here of homogeneous 
light. When white or compound light is used, the rings 
of different colors will be partially superposed, and the 
result will be a series of iris-colored rings separated by 
dark intervals. All the phenomena, in fact, with the ex- 
ception of the cross, are similar to those of Newton's 
rings ; and we now see that they are both cases of the 
same fertile principle, — the principle of interference. 
These rings are exhibited even in thick crystals, because 
the difference of the velocities of the two waves is very 
small for rays slightly inclined to the optic axis. 

Fig. 110. 



Phenomena 
produced with 
white light' 



Analogous to 
Newton's ringa 





niQstratloQS ; 



% 169. We will now consider briefly the case of hiaxal 
crystals. Let a plate of such a crystal be cut perpen- 
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siibctsofbiaxai dicularlj to tho line bisecting the optic axes, and let it 
"y"*^- be interposed, as before, between the polarizer and ana- 

lyzer. In this case, the bright and dark bands will no 
longer be disposed m circles, as in the former, but will 
form curves which are symmetrical with respect to the 
lines drawn from the eye in the direction of the two 
axes. The points of the same band are those for which 
the interval of retardation of the two waves, is constant. 
LemniacatiBand The curvc formcd by each band is the Lemniscata of 
James Beenottilli, — ^the fundamental property of which 
is, that the product of the radii vectores, drawn from 
any point to two fixed poles, is a constant quantity. The 
exactness of this law has been verified, in the most com- 
plete manner, by the measurements of Sir John Her- 
BCHEL. The constant varies from one curve to another, — 
being proportional to the interval of retardation, and in- 
creasing, therefore, as the numbers of the natural series 
for the successive dark bands ; for different plates of the 
same substance, the constant varies inversely as the thick- 
ness. 

The form of the dark hrushes^ which cross the entire 
system of rings, is determined by the law which governs 
the planes of polarization of the emergent waves. It 
may be shown that two such dark curves, in general, 
pass through each pole ; and that they are rectangular 
hyperbolas^ whoso common centre is the middle- point of 
the line which connects the projections of the two axes. 



Form of the 
dark brashes 
determined. 
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No. I. 

Suppose a general wave front, sensibly plane, to have reached an open- 
ing ^ ^, in a partition MN\ it is proposed 
to find the displacement which it will pro- 
duce in a molecule situated behind and 
anywhere, as at 0, on the arc of a semi- 
circle MO N^ of which the plane is normal 
to the partition, and the centre at the mid- :s^^^^(r 
die point of the opening. 

Take any molecule as Q \ draw Q and C\ make CO = r; Q =zy', 
C Q =z\ C A = b\ the angle C Q = ^\ and denote the whole dis- 
placement at by 2), then 

y = '/r*^ 2rco3&z + z\ 




and by Maclaurin's formula, 



y = r — cos d . 2 + -- — . z^ — <kc. 
2r 



(a) 



The displacement at 0, produced by the wave from Q, will, Eq. (19), be 



■^'b'^l 



and from the molecules in the distance dz^ 



adz . r Vt'-yl 



y L X 

and from those in the entire distance A £, 



_, f+^a-dz . r Vt-y\ 



(!>) 



To facilitate the integration, suppose the greatest value of z to be very small 
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as compared to r, and also the greatest displacements at 0, by the par- 
tial waves from the molecules on A B^ to be equal to one another,, then will, 
Equation (a), 

y = r — «w ^ «, 

and writing r for y in the coefficient of the circular function, Equation (b) 
becomes, 

and performing the integration without regard to limits, 

L -=. -- ;«cos---(F<— r-f cos^^); 

2«'rcosd X ^ '* 

and between the limits — h and + ^9 ^ 

D = -_?52l_ fcos ^(n -r - cos^6) - cos^ (Vi'-T-^ cos d5)l; 
2«'rcosd L X ^ ' X ^ 'y 



or. 



^ aX . 2*6 cos d . 

D = 7 • sm • sm 

*g r cos t X 



'"[-^i 



This represents a displacement whose maximum is 
_ aX .2«'6cosfl 

' flTCOSd X ^ ' 

and which, therefore, determines the intensity of sound in air, or of light in 
ether. 

But this becomes zero for such values of d, as make 5 • cos ^ -7- X, equal to 
either of the following numbers, viz : 

13 5 7^ 
? 2' 2' 2' ^'•' 

or which is the same thing, make h cos d, equal to either of the quantities 

X 3> 5X 7X , 

-> — > — > — > &C. 

• 2 V 2 2 

So that, when the radius r is very great, in comparison with 6, there will 
be upon the semicircular arc alternate places of sound or silence, light or 
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darkness, symmetrically disposed upon either side of the point E^ correspond- 
ing to which d is 00^. 

Sound decays rapidly as the distance it has travelled increases, and within 
the range of ordinary experience r cannot be very great. The relation 
assumed between r and 6, to integrate Equation (b), can only be obtained, 
therefore, for audible sounds, by making h very small. And since X may 

be many feet, let us take the case in which the fraction - is so small as to 
justify the substitution of the arc 

2 «* 6 cos d 



in Equation (c), for its sine ; in which case the intensity will be deter- 
mined by 

^ a\ 2«'5cosd _ 2fl 5 
' "" w r cos d X "~ r ' 

in other words, the sound passing through a small opening will be diffused 
with equal intensity in every direction behind the partition. 

Light follows the same law of decay as sound, but the value of X for the 
waves of ether being extremely small, the greatest not exceeding the 
0,0000266 of an inch, the limitations supposed with regard to the fraction 

-, in the case of sound, will not apply in that of light, and there must exist 
X 

the alternations of light and shade aboT^ referred to. 

When ^ approaches nearly to &0*^, cos d will be exceedingly small, and 

the arc 2 at 6 cos d -j- X may again l)e substituted for its sine, in which case, 

Equation (c), 

' r 

which determines the intensity directly opposite the opening. The maxi- 
mum value for D^ in Equation (c), will arise when 



. 2«'.i.cosd 
sin = dbl, 



which gives. Equation (c). 



D/'= "'^ 



II r cosd' 



and as the intensity of light varies as the square of the greatest displace- 
ment, § 53, we have 
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(i..r:wr: *"" '"■' 



\rhence 

iwr=(i>/y'^^, w 

Substituting the value of X for the longest wave of light, it is obvious that 
for any appreciable value for the cos 6, the intensity of light becomes insignifi- 
cant, and the only sensible illumination will be immediately opposite the 
opening. This explains the rectilinear propagation. of light ; and why it is, 
" we may not see, and yet may hear around a corner, ^^ 

No. II. 

Differentiating Equation (11), we have 

d$=zd(^ + d'],= (^+ l) <?9 = 0, 



or 



d-l 



differenfr^ting Equations (3) and (3)', we obtain from them 



(^ 4^ _ co^ 2 cos >)^' d 4^' 
c? 9 ~" cos 9' cos •]* c? 9' 



and from Equation (10), 



dV 

<^9'"" ^' 



(b) 



and this, combined with Equations (a) and (b), gives 

cos 9 cos X' 

L. • ! — — I » 

COS9' cos>)^ ' 

which will be satisfied by making 

9 = +; 9'=4''- 

That is, the deviation becomes a minimum when the angles of incidence 
and of emergence are equal. 
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No. III. 
Differentiating Equation (104), we find 

and from Equation (105). 

rf 9' __ cos 9 
dip ^ m.cos^'* 

which substituted above, gives, 

L ^ 'i»cos(p'J ' 

whence 

1 cos^ 



n + 1 . w cos 9' 

which is the first equation of § 126.- 

Diflfereiitiating Equation (a) again, we find 

(PS r2(n + l) sin9' , . , , .1 

a 9^ L m* COS39' ^ M 

snd since 9 > 9', cos 9 < cos 9' , therefore the last factor must be positive ; 
whence ^ is a maximum in the primary, and a minimum in the secondary 
bow. 
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